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..ltual Information & MMSE

B A pair of random objects
(X,Y) ~ Pxy.
B Minimum mean-squared error:
mmse(X|Y) = min € X — f(Y))?.

Achieved by E{ X | Y'}.
m Mutual information:

1(X;Y) = E{log pxy(X,Y) }

px(X)py(Y)
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ussian Channel

Y=a X+ N.

I(X;Y) «—— mmse(X|Y).
Implications & applications.
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ussian Input

m Scalar channel:
Y=+snr- X+ N, N~N(O,1).

mIf X ~ N(0,1),
I(snr) = I(X;Y) = %log(l + snr).

1
1+4snr’

mmse(snr) = mmse(X|Y) =

1
——I(snr) = §mmse(snr)
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-nary Input

m Scalar channel:
Y =+/snr- X + N.

B Binary input: X = £1 equally likely.

I(snr) = snr—/ € log cosh(snr — /snry) dy,

0o V21
2
[eS) 6_%
mmse(snr) = 1 —/ tanh(snr — v/snry) dy.
—oo V2T
d

1
dsnrI(snr) = §mmse(snr).
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d 1
- E[(snr) = §mmse(snr)
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Gaussian input, binary input.
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e
"Central Theorem

® Theorem1 LetY = \/snr- X + N.V Px withEX? < oo,
1
——I(snr) = émmse(snr).

m Also true for:
m Vector channel:
Y =+snr- HX + N.
» Continuous-time:
Y, =+snr- X, + N, tel0,T].
m Discrete-time:

Y;:\/SHI"XZ'—}—NZ', 221,2,
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-formation vs. Estimation

Information theory
I(X;Y)

likelihood ratio

/\

detection theory estimation theory
mmse(X|Y)

m Wiener, Shannon, Kolmogorov.

m Price, Kailath, '50-'60s: “Estimator-correlator” principle.
Esposito '68, Jafar-Gupta '72: Geometry.

®m Duncan ’70: Mutual information vs. filtering MMSE.
m Kadota-Zakai-Ziv '71: With feedback.
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d 1
-OOf Of Ef(snr) = §mmse(snr)

® Equivalent to:
I(snr+6) — I(snr) = g - mmse(snr) + 0(9).

m Incremental channel: o1 Ny 03Ny
X Y, Y
’esnr + 6—] ‘
, snr !
®m Chain rule:

[(X;Y1) — I(X;Ya) = [(X; Y1 | Ya).
m Given X, (Y1, Y5) jointly Gaussian:
(snr+0)-Yy =snr- Vo +6- X +N(0,9).
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-OOf Of %I(snr) = %mmse(snr)

m Lemma1 LetY =5 -Z+ N.Asd§ — 0,
IY;2) = g -varZ + o(0).

Verdu ’90, ’02, Lapidoth & Shamai '02.
® Apply Lemma 1 to X — Y] conditioned on Y53:
)
I(X;1)Y,) = 3 -var{ X | Yo} + 0(9).
®m Thus,

I(snr+0) — I(snr) = I(X; Y1]Y2) = gmmse(snr) + 0(0).

m Key property:  N(0,0%) + N(0,03) ~ N(0,0% + 73).
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e
"Continuous-time Channel

® Model:
Yi=+snr- Xy + N, t€[0,T].

® Mutual information rate:
1
I(snr) = Z1(X35 YY),
T
® MMSEs per unit time:

1 /T

cmmse(snr) = T/ E(X
0

1

T/OTE (X, —E{X,] YT})* d

mmse(snr) =
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.)ecial Input: Gaussian Sy (w)

m Shannon 49

I(snr) = %/_oo log[1 + sanX(w)]%.

. 2m
m Wiener ’'49

mmse(snr) = /OO _ Sx(w)  dw
oo T +snrSx(w) 21

m Yovits-Jackson '55
& dw

1
cmmse(snr) = ;/ log (1 4 snrSx(w)) p

%cmmse(snr) = I(snr)

1 snr
= —/ mmse(7y) d.
2 Jo
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ecial Input: Random Telegraph

LT U

m Wonham '65 ) L,
floo w2 (u—1)"Ze " du

I wi(u—1)"2¢ % du

cmmse(snr) =

= Yao '85

_2v

1 1 (1+my)eXP[ snr<ﬁ_+ﬁ2—>] dl’dy

-1J-1  —(1-2)*(-y)3(1+z)(1+y)

ru 2
[floo u%(u — 1>_%6_25nr du]

mmse(snr) =

1

snr
cmmse(snr) = —/ mmse(y) d.
snr Jo
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iangle Relationship

® All {X,} that satisfies [ EX? dt < cc.

® Theorem 2

d 1
ﬁf(snr) = §mmse(snr).

® Theorem 3 (Duncan ’70)

I(snr) = % - cmmse(snr).

m Theorem 4

1 snr
cmmse(snr) = E/ mmse(7y) d.
0
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nlinear Filtering (Telegraph)
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oof: Incremental Channels

®Lemma2 LetY/ =0 X+ N,. Asd — 0,

I(6) = %/o var{X}} dt + o(9).

m SNR-incremental channel:

1
I(Snr + 5) - I(snr) = ?I (X(:)T7 }/E)j,?snr—i-éu/g:snr)
= (0/2) - mmse(snr) + o(9).
®m Time-incremental channel:
T (Xé—i-(s’ th-l—zS) —7 (Xé; th) =7 (Xf+6’ Y;t-‘rts | }/Ot)
= (0/2) - snr- cmmse(t, snr) + o(9).
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qepresentation of Info. Measures

B VX with EX? < oo,

1 snr
I(X;\/san—l—N):§/ mmse (X|/7 X + N) dv.
0

® Theorem 5 V discrete r.v. X. VY 1-to-1 mapping g to R,

1

H(X) = 5/000 mmse (g(X)|v/snrg(X) + N) dsnr.

m Theorem 6 V continuous r.v. X inR.

1 [~ varX
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—mmse(snr) dsnr.

!eneral Channel

ian
X Pyx 7 |Gaussia
~ Px channel

——Y =./snr-Z + N

I(X;Y)=1(Z;Y) - I(Z;Y | X).
m Theorem 7

1 snr
I(X;Y) = 5/{) mmse(Z|Y, X;v) — mmse(Z|Y;~) dv.
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" Applications & Extensions

®m Representation of information measures in estimation
errors.

® Key relationship in nonlinear filtering/smoothing.

®m Upper bound on MMSE =- upper bound on mutual
information.

® Large-population CDMA.

m Lévy processes (independent increments):
= Gaussian channel — E {XE - )A(E};

= Poisson channel — E {log X, — log )A(t}.
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dsnr

-hy iI(snr) = %mmse(snr) ?

00 snry snry snrs 0
X

I(snry) = Z H(X;Y,) — 1(X;Yoq)]

n=1

n=1

— % Z A, - mmse(snr,,) + o(A,)

n=1

1 snri
= 5/ mmse(y) dv.
0
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‘ctor/Discrete-time Channel

®m Theorem8 Y = \/snr- HX + N. IfE|| X|* < oo,

d 1
a4 YY) = - . — XY %
dsnrI(X,Y) 5 E|HX -HE{X|Y}]|

m Discrete-time:
Y=+snr- X;+N;, 1=1,2,...,n.

m Theorem 9 If > EX? < oo, then
1
——I(snr) = immse(snr).

m Theorem 10

ﬂcmmse(snr) < I(snr) < ﬂpmmse(snr).
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.Jplication: CDMA/MIMO

Y:HLXKFX+N, th/L:ﬁ
m Guo-Verdu '03

Csep(ﬁ) = B E{I(nsnr)}a
Coint(0) = B-E{I(nsnr)} + (n — 1 —logn)/2,
n~' = 1 4+ BE{snr-mmse(nsnr)}.

®m Guo-Verdu 03 5
1 / /
Cjoint(ﬂ) = @Csep(ﬁ) dﬂ .
0

Proof: By %I(snr) = %mmse(snr) and fixed-point eqn.

m Interpretation: chain rule. Successive cancellation.
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