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6.2 STRASSEN'S MATRIX-MULTIPLICATION ALGORITHM

Let A and B be two n x n matrices. where n ix a power of 2. By Lemma 6.2,

we can partition each of 4 and B into four (#/2) ® (n{2) matrices and eXpress
{2) malrices as:

the product of 4 and B in terms of these (12} = 1
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¢ 7 % 2 matrices. each of whose elements are (n/2} = (nil
matrices. then the product of 4 and B can be cypressed in terms of sums an
products of (m2) = (a2} matrices as given in (6,11, Suppose we can com
pute the €5 using m multiplications and ¢ additions (or subtractions) of th
(2} % (m2) matrices. By applying the algorithm recursively, we can com-
pule the product of twa = i Malrices in time 4 (n1. where for n a powero
2, Tin) satisfies

If we treat A and B a

Tin) = mT |'§"| E%d 2] T (6.2
2] " 4

‘I'he first term on the right of (5.2 is the cosl of multiplying m pairs of (7/2)
(n/21 matrices, and the second is the cost of doing « additions. assuming #*-
addition or subtraction of two Lai2] % R/ matrice:
Theorem 2.1 with ¢ = 2, we can show thata
7} is bounded from above by kn'® ™ for som
mber ol addi

ime is required [or sach
By an analysis similar to that of
long as m = 4, the solution Lo (6,
constant k. The form of the solution is independent of ¢. the nu

fjons. Thus il m < 8 we have a method asymptotically superior to the usus

Crim*) method.

V. Strasscen discovered a clever method of multiplying two 2 = 2 matrice
with clements from an arbitrary ring using oaly seven multiplications. B!
using the method recursively, he was 4hle to multiply two i X # matrices it
time {n* 7y, which is of order app roximately n*",

Lemma 6.4. The product of two 2 % 2 matrices with elements chose
from an arbitrary ring can be computed with 7 multiplications and 1

additions/subtractions.

Proof. To compute the matrix product
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first compute the following products
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my = ldyg — dgg) (g + by ).
At = (1, =+ thaa f (L + Baa ),
= Lty = g bl o Byl
mig = (e + ity ) Bas,
py =yl i — )
Mg = tigp{ hay — iy, 1,
My = [y + dp by
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sower of 2. By Lemma 6.2,

¢ (r/2) matrices and express
/2] matrices as!

Cio

Then compute the ¢ 's, using the formulas

i) =y Ha = iy Ty,
Cre = Mg + My,
Car — Mg =+ My,
L'-:z = M. g ;= fH=.

(6.1}

e elements are (/21 ¥ (/2]
pressed in terms of sums and
f.11, Suppose we can com-
jtions for subtractions) of the
hm recursively. we can com-

I (n), where for n a power of

The count of operations is straightforward. The proof thal the desired
¢,’s arc obtained is a simple algebraic exercise using the laws of 4 ring, i

Exercise €.3 gives a technigue Tor computing the product of two 2 2

matrices with 7 multiplications and 15 additions.

Theorem 6.1, Two n % # malrices with elements from an arbitrary ring
cun be multiplied in (' 7) arithmetic operations,

ml \h2) ¢ Proof. First consider the case in which # = 2% Let Tin) be the number of
' arithmetic operations nceded to multiply two n % n matrices. By application
multiplying m pairs of (n/2) X of Lemma 6.4.
ing a addilions, assuming # 4
of two (21 % (i) Mmilrices.
ith & = 2. we can show that as
Tom above by An'™ " for SOME (UM Thyy Tia) is 279" or O(a"™7) by an easy modification of Theorem 2.1
ident of a. the number of addi- =88 If 7 is not a power of 2, then we embed each matrix in & matiix whose
sotically superior to the usual dimension is the next-higher power of 2, This at most doubles the dimension
and thus increases the constant by at most a factor of 7. Thus Tiai 15
Q(rE™y forall g = 1.

n

Eur.—'.f'l j*l?.l:lli” for n=2.

multiplying two 2 = 2 naIrices
iy seven multiplications. By
nultiply two n % A malrices in

Theorem 6.1 is concerned only with the functional growth rate of Tia).

ey . But to know for what value of n Strassen’s algorithm outpertforms the vsual
TS mocthod we must determine the constant of proporlionality.  However, for a

natrices with elements chosen CSE  nor o power of 2, simplv embedding each matrix in a matrix whose dimension
with 7 multiplications and 18 7 b is the next-higher power of 2 will give too large u constant.  Instead. we can
- embed each matrix in @ matrix of dimension 27 for some small value of r,

2 ~ and use p applications of Lemma 6.4, multiplying the r % r matrices by the

comventional ¢2(r*) method.  Alternatively. we could write a more general

b b.:!'| : recursive algorithm which, when # is even, would split each matrix into four
ti, Bad” b submatrices as before and which. when » is odd, would first augment the di-

mension of the matrices by 1




