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f is computable if there is a Turing Machine M such that Vz, M (z) outputs f(z)
examples: f(z) =z, f(x) = xx, f(x) = factors of m where x is binary representation of m

e A< B, A BCXY* = A isreducible to B if there is a computable function f such that

re€A= f(x)€eB
r¢ A= f(x)¢ B

e LLemmas

If A < B and B is computable, then A is computable
If A< B and B is c.e, then A is c.e

If A< B and A is not computable, then B is not computable

If A< B and A is not c.e, then B is not c.e

e Proof of Lemma 1: Suppose A < B and B is computable, then there is a computable
function f that reduces A to B
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Figure 1. Using f to generate a T.M that computes A

e Proof of Lemma 2:
Identical to Proof of Lemma 1
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— Ly ={< M > |M(< M >) does not accept } is not c.e
— Lg={< M > |M(< M >) accepts } is not computable
— L, = {(< M >,z)|M(x) accepts }

— Proof: Ly < L,
f(<M>)=(<M><M>)
<M >¢eL;= M(< M >) accepts
f(<M>)=(<M><M>)eL,= M(< M >) accepts

— Corollary : L, is not computable
Since if L, is computable, L; is computable, which means that L; is computable
(Contradiction)
= L, is c.e, since L, is c.e

e Let C be a class, then co-C'is {L | L € C}

— co-computable = computable

— c.e N co-ce = computable

e Halting Problem
L, ={ <M > | Mf(e) halts }

— Theorem: Lj is not computable (Ly, is c.e)
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Figure 2. T.M N that accepts L, using Mj,

Proof: L, < L,

(< M >,l’) — M,

If M(x) accepts, then N(e) accepts

If M(x) rejects or does not halt , then N(e) does not halt



e Peano Arithmetic, ZFC

— Thzpe = { T|T is a theorem in ZFC }
Thyrc 1S c.e

Simply enumerate all proofs, accept if you can find a proof of T

— A ={< M > | There is a proof that “M(e) does not halt” }
A is c.e again by enumerating proofs
Ly, is not c.e, since Ly, is c.e but not computable
= There is some < N > such that < N >€ L, — A (Godel’s Incompleteness)

e Complexity

— Consider a T.M M which has a read only Input tape and several work tapes
— Time complexity: t,,(x) = number of steps M (z) takes before it halts

— Space complexity: S,,(z) = maximum position used by M on any work tape



