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ABSTRACT
In this paper we present a new efficient algorithm for retiming se-
quential circuits with edge-triggered registers under both setup and
hold constraints. Compared with the previous work [17], which
computed the minimum clock period inO(|V|3|E| lg |V|) time, our
algorithm solves the same problem inO(|V|2|E|) time. Experimen-
tal results validate the efficiency of our algorithm.

Categories and Subject Descriptors
B.7.2 [Hardware]: Integrated Circuits—Design Aids;
J.6 [Computer-Aided Engineering]: Computer-Aided Design

General Terms
Algorithms, Performance, Design

Keywords
Retiming

1. INTRODUCTION
Retiming is a traditional sequential optimization technique that

moves registers within a circuit without destroying its functionality.
It was originally proposed by Leiserson and Saxe in [10] to reduce
the clock period and area of edge-triggered circuits. Since then,
it has firmly established its reputation as one of the most effective
techniques for sequential circuit optimization.

Besides its steady improvements on performance [6, 9, 21, 24,
27], retiming has been extended to timing and area optimization of
level-clocked circuits [8, 13, 14], skew scheduling [18], floorplan
and placement [4, 25], circuit partitioning and clustering [3, 16],
logic synthesis [19], power optimization [20], and testability [5,15].
Recent progresses on semiconductor technology saw an increase in
the number of global wires whose delays are longer than one clock
period [2,7], and retiming is again a promising technique that could
be leveraged [1,11,12,26,28].
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Among these researches, many were focus on minimizing clock
period [1,8,11–13,24,27,28]. However, the polynomial-time retim-
ing algorithms proposed in these papers can only be used to satisfy
setup constraint.

An algorithm was presented in [22] for retiming single-phase
level-clocked circuits under both setup and hold constraints, but
its worst-case running time was exponential. On the other hand,
[23] proposed to handle hold constraint by inserting extra delays on
short paths, but it may result in significant area penalty and may fail
when the delay insertion is required to be discrete. The existence
of a polynomial-time algorithm for minimum period retiming of
edge-triggered circuits under both setup and hold constraints has
remained as an open problem until [17].

Given an edge-triggered sequential circuitG = (V,E), a target
clock period, a setup timeS, and a hold timeH, the algorithm
in [17] computed a valid retiming satisfying both setup and hold
constraints, or reported that there is no such a retiming. However,
its worst-case running time was high. In conjunction with binary
search, it tookO(|V|3|E| lg |V|) time to determine the minimum
clock period.

In this paper we present an algorithm that finds a minimum pe-
riod retiming satisfying both setup and hold constraints inO(|V|2|E|)
time. Interestingly, it was conjectured in [17] that anO(|V|2|E|)-
time algorithm may be designed for finding a valid retiming under
a target clock period. Our algorithm not only confirms the conjec-
ture, but also shows that finding a minimum period retiming can
also be solved inO(|V|2|E|) time—a much better result.

The rest of this paper is organized as follows. Section 2 presents
the problem formulation. Our algorithm is presented in Section 3,
followed by an illustration example in Section 4. Experimental re-
sults are given in Section 5. Conclusions are drawn at the end.

2. PROBLEM FORMULATION
We model an edge-triggered circuit as a directed graphG =

(V,E,d,D,w). Each vertexv∈V represents a gate and each edge
e∈E represents a signal passing from one gate to another–with gate
minimum delaysd : V→ R +, gate maximum delaysD : V→ R +

and register numbersw : E → N . Except for the minimum de-
lays d, this model is identical to the one used by Leiserson and
Saxe [10]. Without loss of generality, we assume thatG is strongly
connected, which is consistent with [17]. All registers in the circuit
are assumed to have equal setup timesSand equal hold timesH. To
ease the presentation, register delays and clock skews are assumed
to be zero. Non-zero values can be easily incorporated in the same
way as in [17].

The problem we want to solve can be formally described as fol-
lows.



PROBLEM 1. Given a circuit G= (V,E,d,D,w), find a relo-
cation of registers such that both setup and hold constraints are
satisfied under the minimum clock period.

To guarantee that the new registers are actually a relocation of the
old ones, a labelr : V→ Z is used to represent how many registers
are moved from the outgoing edges to the incoming edges of each
vertex. Based on this, the number of registers on an edge(u,v) after
retiming can be computed as

wr (u,v)
4
= w(u,v)+ r(v)− r(u).

We usew(p) to denote the number of registers on a simple path
p= u; v before retiming. Then the number of registers onp after
retiming can be represented as

wr (p)
4
= w(p)+ r(v)− r(u).

A partial order (≤) can be defined between two labelsr andr ′ as
follows.

r ≤ r ′
4
=

(
∀v∈V : r(v)≤ r ′(v)

)
.

Furthermore, to avoid explicitly enumerating paths, we introduce
two labelst : V → R + andT : V → R + to represent the earliest
and the latest output arrival times of a gate respectively. In other
words, t(v) andT(v) are the minimum and the maximum delays
to the output of gatev from the nearest preceding registers. Using
these notations, the validity of a retiming(r, t,T) is defined by the
following conditions.

P0(r)
4
=

(
∀(u,v) ∈ E : wr (u,v)≥ 0

)
P1(r)

4
=

(
∀(u,v) ∈ E : wr (u,v)≤ 1

)
P2(r, t,T)

4
=

(
∀(u,v) ∈ E : wr (u,v) = 0 ⇒

T(v)−T(u)≥ D(v) ∧ t(v)− t(u)≤ d(v)
)

P3(r, t,T)
4
=

(
∀(u,v) ∈ E : wr (u,v) = 1⇒

T(v)≥ D(v) ∧ t(v)≤ d(v)
)

P4(r, t)
4
=

(
∀(u,v) ∈ E : wr (u,v) = 1 ⇒ t(u)≥ H

)
The conditionP0 states that a valid retiming should have non-

negative number of registers on any edge. The conditionP1 comes
from the fact that an edge cannot accommodate more than one reg-
ister without causing hold violations among the registers. The con-
ditionsP2 andP3 defineT andt as the latest and the earliest arrival
times. More specifically, the latest (earliest) arrival time of a gate
is at least (at most) the summation of the gate delay and the latest
(earliest) arrival time of its fanins. The conditionP4 is the hold
constraint. These conditions altogether characterize a valid retim-
ing that permits a feasible clock period ofS+Tmax, whereS is the
setup time and

Tmax
4
= max

v∈V
T(v).

We useP to denote the conjunction ofP0-P4, i.e.,

P(r, t,T)
4
= P0(r)∧P1(r)∧P2(r, t,T)∧P3(r, t,T)∧P4(r, t)

The optimality of a min-period retiming(r, t,T) is given by the
following condition.

P5(r, t,T)
4
=

(
∀r ′, t ′,T ′ : P(r ′, t ′,T ′) ⇒ Tmax≤ T ′max

)

Therefore,(r, t,T) is a min-period retiming if and only ifP(r, t,T)∧
P5(r, t,T), i.e., among all valid retimings–those satisfyingP–, the
current(r, t,T) has the minimumTmax.

3. ALGORITHMS
We first present an algorithm in Section 3.1 for finding a retiming

that satisfies the hold constraint. We start with the original circuit,
i.e., r(v) = 0, ∀v ∈ V. While some ofP0-P4 is violated, we will
compare the currentr with an imagined valid retiming and increase
r to approach it.

Section 3.2 explains howTmax can be reduced by increasingr
to approach an imagined optimal retiming. Since it only increases
r, which is consistent with ther adjustments in the algorithm for
finding a valid retiming, we combine them to yield a min-period
retiming algorithm.

3.1 Retiming for hold constraint
Let (r̄, t̄, T̄) be a valid retiming, i.e.,P(r̄, t̄, T̄). It should be noted

that(r̄ +c, t̄, T̄), wherec∈Z is an arbitrary constant, is also a valid
retiming. Therefore in the remainder of this paper, we assume that
a valid retiming should satisfy(

∀v∈V : r̄(v)≥ 0
)
∧

(
∃v∈V : r̄(v) = 0

)
.

In addition, since(r̄, t̄, T̄) satisfiesP1, there is an upper bound for
wr (p) on any simple pathp. This is stated in the following lemma.

LEMMA 1. For any valid retiming(r̄, t̄, T̄), we have w̄r (p) ≤
|V| for every simple path or simple cycle p.

The next result is a corollary of the above lemma.

COROLLARY 1.1. For any valid retiming(r̄, t̄, T̄), we have
(
∀v∈

V : r̄(v)≤ |V|
)
.

PROOF. For the sake of contradiction, we assume that ¯r(v) > |V|
for somev ∈ V. Let u be the vertex such that ¯r(u) = 0. SinceG
is strongly connected, consider a simple pathp from u to v, we
havewr̄ (p) = w(p) + r̄(v)− r̄(u) = w(p) + r̄(v). By Lemma 1,
wr̄ (p)≤ |V|, thus ¯r(v)≤ |V|−w(p)≤ |V|.

Based on the above corollary, we can define a necessary condi-
tion for a valid retiming as

B(r)
4
=

(
∀v∈V : 0≤ r(v)≤ |V|

)
∧

(
∃v∈V : r(v) = 0

)
Thus,B(r̄) is true for any valid retiming ¯r.

To reach(r̄, t̄, T̄), we start with the original circuit, i.e.,r(v) = 0,
∀v∈V, which trivially satisfiesP0. If P1 is not satisfied under the
currentr, we havewr (u,v) > 1≥ wr̄ (u,v) for some(u,v) ∈ E, i.e.,

r(v)− r(u) > r̄(v)− r̄(u) (1)

We need to remove at leastwr (u,v)− 1 registers out of(u,v) by
increasingr(u). However, the increase ofr(u) may violateP0 on
other edges(u,x) going out ofu if wr (u,x) = 0 before the increase.
In other words, we havewr (u,x) < 0≤ wr̄ (u,x) after the increase
of r(u), i.e.,

r̄(x)− r̄(u) > r(x)− r(u) (2)

We then increaser(x) by the same amount to restoreP0 on (u,x).
The above process is iterated until bothP0 andP1 are satisfied on
all edges.

After that, we findt to satisfyP2 andP3 by shortest path compu-
tation. In addition, we keep a labelf : V →V such that a shortest
combinational path tov starts from f (v). We do not considerT
since we only focus on the hold constraint in this section.



What remains is to checkt againstP4. If it is violated, it means
thatt(u) < H for some(u,v) ∈ E with wr (u,v) = 1. Letz= f (u).
By the definition of f , a shortest combinational pathp to u starts
from z. In addition, there is at least one edge(y,z) ∈ E such that
wr (y,z) = 1, otherwisep cannot be the shortest.

To fix the hold violation atu, we can either remove the register
on (u,v), or increaset(u) by moving the register on(y,z) further
ahead. In general, the number of registers on the pathq= {(y,z)}∪
p∪ {(u,v)} should be less than 2, i.e.,w(q) + r(v)− r(y) = 2 >
w(q)+ r̄(v)− r̄(y), or

r(v)− r(y) > r̄(v)− r̄(y) (3)

We will mover closer to ¯r by increasingr(y) by 1.
The pseudocode for finding a valid retiming is given in Figure 1.

ValidHold( G,r,t)

While
(
B(r)∧¬P(r, t,∞)

)
do

.Satisfy P0 and P1
While

(
¬P0(r)∨¬P1(r)

)
do

r(v)← r(v)−wr (u,v) if wr (u,v) < 0;
r(u)← r(u)+wr (u,v)−1 if wr (u,v) > 1;

.Computer t to satisfy P2 and P3
t← ∞;
While

(
¬P2(r, t,∞)∨¬P3(r, t,∞)

)
do

If
(
wr (u,v) = 1 ∧ t(v) > d(v)

)
then

t(v), f (v)← d(v),v;
If

(
wr (u,v) = 0 ∧ t(v) > t(u)+d(v)

)
then

t(v), f (v)← t(u)+d(v), f (u);
.Fix P4
If P4(r, t) is violated on (u,v) then

r(y)← r(y)+1 if wr
(
y, f (u)

)
= 1;

Figure 1: Pseudocode of finding a valid retiming.

The next lemma establishes an invariant during the execution of
“ValidHold”.

LEMMA 2. If r ≤ r̄, wherer̄ is a valid retiming, then r≤ r̄ after
the execution of “ValidHold” in Figure 1.

PROOF. During “ValidHold”, r is increased only when we at-
tempt to satisfyP0 orP1, or to fixP4.

The first one happens when
(
∃(u,v) ∈ E : wr (u,v) < 0

)
. Let

r ′(v) = r(v)−wr (u,v) = r(v)−
(
w(u,v) + r(v)− r(u)

)
= r(u)−

w(u,v). It follows thatr ′(v)≤ r̄(u)−w(u,v) sincer(u)≤ r̄(u) due
to r ≤ r̄. Given thatwr̄ (u,v) = w(u,v)+ r̄(v)− r̄(u) ≥ 0, we have
r̄(u)−w(u,v) ≤ r̄(v). Therefore,r ′(v) ≤ r̄(v), i.e., r ≤ r̄ is kept
after the increase ofr(v).

The second one happens when
(
∃(u,v) ∈ E : wr (u,v) > 1

)
. Let

r ′(u) = r(u) + wr (u,v)− 1 = r(u) + w(u,v) + r(v)− r(u)− 1 =
w(u,v)+ r(v)−1. It follows thatr ′(u) ≤ w(u,v)+ r̄(v)−1 since
r(v) ≤ r̄(v) due tor ≤ r̄. Given thatwr̄ (u,v) = w(u,v) + r̄(v)−
r̄(u) ≤ 1, we havew(u,v) + r̄(v)− 1≤ r̄(u). Therefore,r ′(u) ≤
r̄(u), i.e.,r ≤ r̄ is kept after the increase ofr(u).

When the last one happens, (3) is true. Given thatr ≤ r̄, we
haver(y) < r̄(y), otherwiser(y) = r̄(y), thus r(v) > r̄(v), which
contradictsr ≤ r̄. Therefore,r ≤ r̄ holds afterr(y) is increased by
1.

Since none of the above three violatesr ≤ r̄, it is kept after the
execution of “ValidHold”.

Based on the above lemma, we can establishes the correctness of
“ValidHold”.

THEOREM 1. Given that r(v)≥0, ∀v∈V, the procedure “Valid-
Hold” terminates in O(|V|2|E|) time. It finds a valid retiminḡr with
r ≤ r̄, if such anr̄ exists.

PROOF. The procedure terminates only if¬B(r) or P(r, t,∞).
For either case, the total number ofr increases will not be larger
than|V|2 since we start withr(v) ≥ 0, ∀v∈V. Given that satisfy-
ing P2 andP3 can be done inO(|E|) time [10], the amount of time
between two consecutiver increases isO(|E|). Therefore, “Valid-
Hold” will terminate inO(|V|2|E|) time.

If there exists a valid retiming ¯r with r ≤ r̄, then Lemma 2 guar-
antees thatr ≤ r̄ upon termination, which impliesB(r). Therefore,
the procedure is terminated due toP(r, t,∞), i.e., it finds a valid
retiming.

As a result, we can apply “ValidHold” to the original circuit to
obtain a valid retiming, if it exists.

3.2 Min-period retiming (for setup constraint)
Once we obtain a valid retimingr, we can findT to satisfyP2

andP3 by longest path computation. Similar tof , we introduce a
labelF : V →V such that a longest combinational path tov starts
from F(v).

Suppose that the valid retiming(r, t,T) we obtained via “Valid-
Hold” from the original circuit is not optimal, i.e.,¬P5(r, t,T). Let
(r∗, t∗,T∗) be an optimal retiming. Lemma 2 guarantees thatr ≤ r∗.
In this section we extend the idea in [27] to realizer∗ by adjusting
r.

SinceT∗max< Tmax, there exists a vertexv∈V such thatT(v) =
Tmax> T∗max≥T∗(v). Let p= F(v) ; v be a longest combinational
path tov. The fact thatT∗(v) < T(v) implies that there must be at
least one register onp in (r∗, t∗,T∗), i.e., wr∗(p) > 0 = wr (p), or
equivalently,

r∗(v)− r∗
(
F(v)

)
> r(v)− r

(
F(v)

)
(4)

We can add more registers onp by increasingr(v). The amount
of increase should only be 1 since we do not want to over-adjustr.
After that, we apply “ValidHold” to restoreP0-P4. It is interesting
to notice that increasingr to approachr∗ is consistent with ther
adjustments in “ValidHold”, thus they can be combined smoothly.

The pseudocode for finding an optimal retiming is presented in
Figure 2.

The following theorem establishes the correctness of our algo-
rithm.

THEOREM 2. The algorithm in Figure 2 terminates in O(|V|2|E|)
time with an optimal retiming satisfying setup and hold constraints
under the minimum clock period, or with a report that there is no
valid retiming at all.

PROOF. The algorithm terminates only if¬B(r). Since we start
with r(v) = 0, ∀v∈V, the total number ofr increases is no larger
than|V|2. Given that satisfyingP2 andP3 can be done inO(|E|)
time, which is also the time between two consecutiver increases,
the algorithm terminates inO(|V|2|E|) time.

The algorithm first attempts to find a valid retiming from the
original circuit. If it fails, then, by Theorem 1, we know that there
is no valid retiming at all.

Otherwise, we haver ≤ r∗ before we enter the outer while loop.
We useropt to record the valid retiming with the smallest clock
periodφopt we found so far. Ifφopt is not the minimum, then (4)
is true. It implies thatr(v) < r∗(v), otherwiser(v) = r∗(v), thus
r∗(u) < r(u), which contradictsr ≤ r∗. Therefore,r ≤ r∗ is kept
afterr(v) is increased by 1. Together with Lemma 2,r ≤ r∗ is kept
before we reachr∗. The fact that¬B(r) upon termination implies



Algorithm Min-Period Retiming
Input : A circuit G = (V,E,d,D,w),

setup time S, hold time H.
Output: An optimal retiming ropt satisfying

setup and hold constraints under
minimum clock period φopt.

r ← 0;
ValidHold( G,r,t);
Return ‘‘No valid retiming’’ if ¬B(r);
φopt← ∞;
While

(
B(r)

)
do

.Compute T to satisfy P2 and P3
T← 0;
While

(
¬P2(r, t,T)∨¬P3(r, t,T)

)
do

If
(
wr (u,v) = 1 ∧ T(v) < D(v)

)
then

T(v),F(v)← D(v),v;
If

(
wr (u,v) = 0 ∧ T(v) < T(u)+D(v)

)
then

T(v),F(v)← T(u)+D(v),F(u);
.Update φopt and ropt

φopt, ropt← Tmax, r if Tmax< φopt;
.Adjust r to reduce φopt

r(v)← r(v)+1 for some v with T(v)≥ φopt;
ValidHold( G,r,t);

.Take into account setup time
φopt← φopt+S;
Return ropt and φopt;

Figure 2: Pseudocode of retiming algorithm.

that we have already reachedr∗ and went beyond it. Consequently,
the value recorded inφopt is the minimum clock period.

3.3 Additional termination criterion
From Section 3.2, we know that if a valid retiming is not opti-

mal, then (4) is true and we will increaser(v) by 1. A key observa-
tion is that ifr

(
F(v)

)
is increased before the next increase ofr(v),

then another increase ofr(v) is necessitated because the increase
of r

(
F(v)

)
cancels the previous increase ofr(v) and makes (4) true

again. The relation betweenr
(
F(v)

)
andr(v) is similar to that be-

tweenT
(
F(v)

)
andT(v) where any increase ofT

(
F(v)

)
will be

propagated toT(v) unless the path between them ceases to be the
longest.

In fact, the same relation exists betweenr(v) andr(u) when (1)
is true, and betweenr(u) and r(x) when (2) is true, and between
r(v) andr(y) when (3) is true.

Therefore, we introduce another labelm : V →V ∪{Ø}, where
Ø is the default assignment, and define it as follows. Ifr(u) is
increased due to (1), thenm(u) is set tov; if r(x) is increased due to
(2), thenm(x) is set tou; if r(y) is increased due to (3), thenm(y)
is set tov; if r(v) is increased due to (4), thenm(v) is set toF(v).

Based on the definition ofm-labeling, we can formulate the rela-
tion betweenr

(
m(i)

)
andr(i) for all i ∈V in the following lemma.

LEMMA 3. It is true before we reach an optimal retiming r∗

that (
∀i ∈V,m(i) ∈V : r∗

(
m(i)

)
− r

(
m(i)

)
≤ r∗(i)− r(i)

)
.

PROOF. By the definition of them-labeling, m(i) ∈ V only if
r(i) has ever been increased from 0,∀i ∈V. For a particular vertex
i, we will show that the inequality is kept after the first increase of
r(i) and continues to hold before an optimalr∗ is reached.

Consider the first time thatr(i) is increased. Suppose it is due
to (1) on edge(i, j). Thenm(i) will be set to j, and (1) becomes
r
(
m(i)

)
− r(i) > r∗

(
m(i)

)
− r∗(i), or r∗

(
m(i)

)
− r

(
m(i)

)
< r∗(i)−

r(i). After r(i) is increased, we haver∗
(
m(i)

)
− r

(
m(i)

)
≤ r∗(i)−

r(i). Similar arguments apply to other cases due to the occurrences
of (2)-(4).

Even if r
(
m(i)

)
may be increased thereafter, the inequality will

remain true until the next increase ofr(i), whenm(i) will be as-
signed to a new vertex which may or may not differ from the pre-
vious assignment. By the same case study as above, we can show
that the inequality will continue to hold. By induction, the lemma
is true.

In addition, if there exists a sequence of verticesxi , i = 0,1, . . . ,k−
1, such thatxi = m(xi+1) andxk = x0, we refer to it as anm-cycle.
The next theorem shows that the appearance of anm-cycle is an
evidence that we have reached the optimal clock period.

THEOREM 3. If an m-cycle appears, then we have reached the
optimal clock period.

PROOF. Suppose the lastmassignment ism(x0) = xk−1, by set-
ting which them-labeling forms a cycle, i.e., a sequence of vertices
xi , i = 0,1, . . . ,k−1, such thatxi = m(xi+1) andxk = x0.

For the sake of contradiction, we assume that an optimalr∗ is
not reached yet. Therefore, by Lemma 3 andm(x0) = xk−1, we
haver∗(xk−1)− r(xk−1) ≤ r∗(x0)− r ′(x0) after r(x0) is increased
to r ′(x0) due to any of (1)-(4). It implies thatr∗(xk−1)− r(xk−1) <
r∗(x0)− r(x0) before the increase. On the other hand, Lemma 3
guarantees thatr∗

(
m(xi)

)
−r

(
m(xi)

)
≤ r∗(xi)−r(xi), 1≤ i≤ k−1.

It follows thatr∗(x0)− r(x0)≤ r∗(xk−1)− r(xk−1), which is a con-
tradiction. Therefore, an optimal retiming is already reached.

Based on Theorem 3, the algorithm will terminate if anm-cycle
is found. Since checkingm-cycle is carried out after everyr in-
crease and the total number ofr increases is no larger than|V|2,
the complexity of checkingm-cycle is at mostO(|V|3). Therefore,
addingm-cycle checking in the algorithm will not affect the worst
case complexityO(|V|2|E|) in Theorem 2.

4. EXAMPLE
In this section we use an example in Figure 3 to show how the

proposed algorithm finds the minimum period and buildsm-labeling
to certify the optimality.

Figure 3(a) shows the original sequential circuit (taken from [17]).
It has five combinational logic blocks connected in a ring and two
edge-triggered registers. The pair of integers in each block gives
the maximum and the minimum propagation delays of the data
through that block. For example, whenever data propagate through
block A, they always require at least 1 time unit and never more
than 10 time units. For simplicity, each register is assumed to have
zero setup time and a hold timeH of 4. The steps of the algorithm
are shown by the sequence of figures (b)-(f) in Figure 3.

Starting with the original circuit, i.e.,r(A) = r(B) = r(C) =
r(D) = r(E) = 0, “ValidHold” is called. Since no edge has more
than one register,P0 andP1 are satisfied. Then it calculates the
earliest output arrival time of each block, which is shown beside
each block. Since none of the earliest arrival times is smaller than
H, the currentr is a valid retiming. The algorithm proceeds to
compute the latest output arrival time of each block and assign the
maximum of them, 60, toφopt.

In order to reduceφopt, any block whose output arrival time is
at leastφopt will have its r value increased. In our case we have



T(C) = φopt, thusr(C) is increased by 1, which means that a reg-
ister is moved from the output ofC to its input. This increment is
accompanied by settingm(C) = F(C) = A (because a longest com-
binational path toC starts fromA), which is represented by a dotted
edge in Figure 3(b). After that, “ValidHold” is called again. In this
case, a hold violation atB is identified sincet(B) = 3 < H = 4.

To fix the violation, the algorithm increasesr(E) by 1. In other
words, the register on edge(E,A) is moved ahead to increaset(B).
As an accompaniment,m(E) is set toC to indicate that future in-
creases inr(C) will be propagated tor(E) to avoid hold violation
on path fromE to C. It turns out that the hold violation is fixed
and we obtain another valid retiming whoseTmax = 50, as shown
in Figure 3(c). Therefore,φopt is updated to 50.

Next, the algorithm attempts to reduceφopt by successively in-
creasingr(B), r(D) andr(C) in Figure 3(d), 3(e), and 3(f) respec-
tively until the appearance of anm-cycle. It is an evidence that
there is no valid retiming with a period less than 50, hence 50 is the
optimal period and it is realized in Figure 3(c).

It can be seen from the example thatm-labeling can only form a
forest before the optimal period is reached. In addition, the process
of adjustingr to improveφopt and the process of buildingm to
certify optimality are carried out simultaneously. As a result, the
algorithm can keep reducingφopt until the optimality is certified in
the last iteration.

5. EXPERIMENTAL RESULTS
We implemented the algorithm on a Sun Ultra 10 machine. Our

test files were generated from ISCAS-89 benchmark suite using
ASTRA [18]. Each gate was assigned a maximum delay equal to
the number of fanouts or an upper bound 100, whichever is smaller.
The minimum delay was equal to the maximum delay. For simplic-
ity, we assumed zero setup time. Hold timeH was set to 2.

Reported in Table 1 are results for large circuits. Column “Tmax”
lists the maximum combinational delays of the original circuits.
Note thatTmaxmay not be a feasible clock period since the original
circuit may have more than one register on an edge. The minimum
periods by retiming when only setup constraint is considered are
shown in column “φS”. Taking both setup and hold constraints into
account, our proposed algorithm computes the minimum periods
in column “φSH”, where we use “NO” to indicate that there is no
valid retiming. Cases withφS 6= φSH are highlighted. For runtime
comparison, we obtained the source code of the algorithm in [27],
which considers only setup constraint for minimum period retim-
ing, and reported the runtime in column “ [27]”. The runtime of our
algorithm is listed in column “ours”. We then compute the ratio be-
tween them for each case1 and obtain the arithmetic (geometric)
mean of all the ratios in row “arith” (“geo”).

Table 1 reveals two things. Firstly, more than half of the cir-
cuits haveφSH 6= φS. In other words, the minimum period retim-
ings given by the algorithm in [27] for these circuits have hold vi-
olations. The difference betweenφSH andφS could be significant
even for smallH = 2, e.g.,(φSH− φS)/φS = 53.8% for “s838.1”.
Two circuits “s13207.1” and “s38584.1” do not even have a valid
retiming because of reconvergent paths. It happens when one path
from u to v has extra registers and thus requiresr(u) > r(v) while
another path fromu to v has no register and requiresr(u) ≤ r(v),
which contradict each other. Secondly, the proposed algorithm is
efficient. Although it checks both setup and hold constraints, it is
as efficient as the algorithm in [27] on average.

6. CONCLUSION
1If the runtime of one algorithm is “0.00”, the case is ignored.
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Figure 3: Applying the proposed algorithm on an example.



Table 1: Experimental Results
name #gates Tmax period time(s)

φS φSH [27] ours
s838.1 288 94 52 80 0.00 0.00
s1238 428 110 110 110 0.01 0.00
s1423 490 332 254 280 0.01 0.00
s1494 558 166 164 166 0.01 0.01
s5378 1004 92 92 92 0.01 0.01
s9234 2027 178 162 162 0.08 0.10
s9234.1 2027 178 162 162 0.09 0.11
s13207.1 2573 286 270 NO 0.08 0.01
s15850 3448 372 154 210 0.17 0.21
s15850.1 3448 372 290 290 0.17 0.20
s35932 12204 138 124 138 1.23 0.84
s38417 8709 220 112 120 0.32 0.75
s38584.1 11448 306 290 NO 0.37 0.03
arith 1 1.01X
geo 1 0.72X

A new algorithm is presented for retiming edge-triggered cir-
cuits to achieve the minimum clock period under both setup and
hold constraints. The worst-case running time of the algorithm is
O(|V|2|E|), which is asymptotically more efficient than the best
known resultO(|V|3|E| lg |V|) in [17]. Experimental results con-
firm the efficiency of the algorithm.
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