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Abstract

At the integration scale of System-On-Chips (SOCs), the con-
flicts between communication and computation will become
prominent even on a chip. A big fraction of system time will
shift from computation to communication. In synchronous
systems, a large amount of communication time is spent on
multiple-clock period wires. In this paper, we explore retim-
ing to pipeline long interconnect wires in SOC designs. Behav-
iorally, it means that both computation and communication
are rescheduled for parallelism. The retiming is applied to a
netlist of macro-blocks, where the internal structures may not
be changed and flip-flops may not be able to be inserted on
some wire segments. This problem is different from that on a
gate level netlist and is formulated as a wire retiming prob-
lem. Theoretical treatment and a polynomial time algorithm
are presented in the paper. Experimental results showed the
benefits and effectiveness of our approach.

1 Introduction

With a great market drive for high performance and integra-
tion, operating frequencies and chip sizes of SOCs are dramat-
ically increasing. Industry data showed that the frequencies
of high-performance ICs approximately doubled every pro-
cess generation and the die size also increased by about 25%
per generation. With such short clock periods, the commu-
nication among different blocks on a SOC circuit of ever in-
creasing complexity is becoming a bottleneck: even with in-
terconnect optimization techniques such as buffer insertion,
the delay from one block to another may be longer than one
clock period, and multiple clock cycles are generally required
to communicate such a global signal.

This trend has motivated recent research within Intel [2]
and IBM [11] on how to insert flip-flops on a given net if the
communication between the pins requires multiple clock cy-
cles. However, inserting flip-flops within a circuit will change
its functionality, and inserting arbitrary number of them on
a net without considering global consistency will destroy the
correctness of a circuit.

Retiming [14] is a traditional sequential optimization tech-
nique that moves flip-flops within a circuit without destroying
its functionality. In traditional settings, retiming was used
only on gate level netlists and in most cases delays were dom-
inated by gate delays–that is, wire delays were ignored. With
increasing communication delays as mentioned above, this pa-
per explores the alternative utility of retiming–that is, besides
its computational function, a flip-flop can be used to fulfill
communication buffering requirements.

Since dominant wire delays can only happen on global
wires, we solve the problem at the chip level, that is, the
design we deal with is a netlist of macro-blocks. The wires
within a block are relatively much shorter thus do not need
multiple clock periods for propagation. In SOC design, many
of these macro-blocks are IP (Intellectual Property) cores.
Some of these blocks may be combinational circuits, and oth-
ers sequential. In our problem formulation, we will use tim-
ing macro-models to model the timing behavior of the blocks.
Because of the existence of pre-designed blocks such as IP
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cores or regular-structured blocks such as memories, (com-
binational) buffers or flip-flops may not be inserted every-
where [20]. We will incorporate buffering position restrictions
in our solution.

The contributions of this paper are in multiple aspects.
First, timing macro-models of both combinational and se-
quential blocks are established to facilitate retiming on them.
Second, flip-flop location restrictions within blocks and on
the wires through blocks are handled uniformly. Finally, a
polynomial time algorithm is designed for the wire retiming
problem that has both block and wire delays.

2 Problem formulation

We consider wire pipelining via retiming on a SOC design
with a given block placement (also known as floorplan) and a
global routing of the global wires. Such a design is depicted
in Figure 1. Here, we have five blocks with the floorplan and
the global routing of global wires. Each wire has an arrow
to indicate the signal direction, and a weight to specify how
many flip-flops are on the wire. Those with weight 0 have
the weight omitted. For example, the wire from u to n has 1
flip-flop, while the wire from n to v has 0 and that from n to
w has 2. Some segments of a wire may not accommodate any
buffer or flip-flop because they run over macro-blocks that do
not allow transistors to be added.
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Figure 1: Global interconnections on a SOC design

In order to take the delays within each block into con-
sideration, timing models are used for specifying the tim-
ing behavior of each block. Due to the increasing popular-
ity of SOC design and IP-core based design, recently there
are increasing research activities on timing models for macro-
blocks [7, 16, 10]. If a block is a pure combinational circuit
such as an ALU or a multiplier, then a minimum and a max-
imum delay from each input pin to every output pin can be
used to characterize the timing behavior of the block. This is
a traditional approach. Recent researches are mainly focused
on sequential blocks [7, 16, 10]. Generally speaking, if there
are combinational paths from an input pin to an output pin,
a minimum and maximum delay pair will be used to char-
acterize the delay on each path. If an input pin has a path
to a flip-flop in the block, the arrival time of the input pin
must be constrained to satisfy the set-up condition. Finally,
if an output pin has paths from flip-flops in the block, then
the arrival time of the pin is given by the path delays.

Traditional retiming is applied to logic level netlists that
are composed of simple gates. In our application, the netlist
is composed of macro-blocks. Since a combinational block
can be viewed as a complex gate, moving a flip-flop over it



is simply justified. Now we will show that retiming can be
generalized to sequential blocks.

Lemma 1 In a SOC design composed of macro-blocks, a flip-
flop can be moved from every input to every output of a block
or vice versa without changing the function of the design.

However, in order for a retiming procedure to move flip-
flops over sequential blocks, the timing model for a sequential
block must be a graph that connects its inputs to outputs.
The traditional approach of treating sequential inputs as pri-
mary outputs and sequential outputs as primary inputs will
cut off the connections through the block hence make it im-
possible to move flip-flops over the sequential block.

We will now consider how flip-flops can be moved over
timing models of macro-blocks. When the block is a combi-
national circuit, as shown in Figure 2(a), we can use edges
between inputs and outputs to represent the path delays be-
tween them, as shown in Figure 2(b). If we place these edges
in traditional retiming formulation, flip-flops can be moved
over them. However, there are two caveats. First, in tra-
ditional retiming, flip-flops may be placed on any edge. In
order to avoid flip-flops being placed on the edges we intro-
duced in timing models, we require that the retiming tags of
the input and the output connected by such an edge be the
same. This means that the number of flip-flops moved over
the input is the same as the output. Therefore, no flip-flop
will be left in between. Second, depending on the structure
of the circuit within the block, an input may not have a path
to every output. For example, in Figure 2(a), inputs a and b
do not connect to output y, and input c does not connect to
output x. If the macro-block is substituted by the edges in
its timing model, then, the number of flip-flops moved over x
may be different from that over y. On the other hand, if a
block is treated as a super-gate, it is required that the retim-
ing tags of the inputs and the outputs are all the same, and
this may give sub-optimal solutions. Since the delay edges
represent the path topology of the circuit, our timing model
for macro-blocks gives us more flexibility.
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Figure 2: A combinational block and its timing model.

The case for sequential blocks is more tricky. To under-
stand how to build a timing model for a sequential block that
can be used for retiming, we use the sequential block shown
in Figure 3(a) as an example. To simplify the presentation,
we assume that the delays come only from gates, shown in the
figure as d1, d2, and d3. Delays from wires can be similarly
included. Since there is a combinational path of delay d1 +d2

from a to x, we introduce an edge (a, x) with delay d1 + d2

in the model. The input a has a combinational path of delay
d1 to the flip-flop f1. This implies that the arrival time at
a should not be larger than T − d1. To enforce this set-up
condition, we introduce a virtual flip-flop in the timing model,
as shown in Figure 3(b), and add an edge with delay d1 from
a to this virtual flip-flop. Similarly, since the input b has a
combinational path to the flip-flop f2, an edge with delay d3

is added from b to another virtual flip-flop. The concept of
virtual flip-flops is also used to specify the arrival times at
the block outputs that are dependent on interior flip-flops.
For example, the output x has a combinational path of delay
d1 + d2 from the output of the flip-flop f1, thus an edge with

delay d1 + d2 is added from a virtual flip-flop to x. Similar
model is used for the output y. In Figure 3(b), all the vir-
tual flip-flops are combined into one flip-flop. It is done to
facilitate retiming on the block, and also to make the model
simpler. To make the model even more general, we replace
the virtual flip-flop by a directed forbidden edge from input
to output with delay −T and weight zero. By doing so, all
forbidden edges will have zero weight. We will show that as
long as the set-up conditions are satisfied, our model for se-
quential blocks correctly characterizes the timing behavior of
the blocks.
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Figure 3: A sequential block and its timing model.

We also need to consider the modeling of a net. Since it is
assumed that the (global) routing of nets is given, each net is
represented as a Steiner tree. Based on routing positions of
the wires, some wire segments of the tree may not accommo-
date buffers or flip-flops. For example, Figure 4(a) shows the
route of a net with one source and three sinks. The shaded
regions represent the areas where no buffer or flip-flop can
be inserted. The timing model used for this net is shown in
Figure 4(b). Besides the sources and sinks of the net, vertices
are created at the points where wires are getting into or out
of buffer forbidden areas, and at the Steiner points not within
buffer forbidden areas. Similar to combinational paths within
a block, a delay edge will be used to represent the wire delay
from an entering point to an exiting point through a buffer
forbidden area. For example, the edge (u, v) in Figure 4(b)
represents the wire delay from point u to point v. Applying
the timing model, each net becomes a set of edges. Some of
the edges, such as (x, y), (u, v), and (u, w) in Figure 4(b), do
not allow buffers or flip-flops inserted. But others allow such
insertions.
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Figure 4: The route of a net and its timing model.

Since the timing model of a macro-block (whether it is
combinational or sequential) is composed of a set of edges on
which no flip-flop can be placed, and the timing model of a
net is composed of a set of edges some of which accommodate
buffers and flip-flops but others forbid them, after applying
these models, our problem is represented as a directed graph
with two types of edges: one allows buffer and flip-flop in-
sertions but the other forbids them. Since the nets we are
considering are global interconnections among macro-blocks,
they have relatively long lengths. On those wire segments
where buffers and flip-flops are allowed, we can use optimal
buffering to make their delays to be linear in terms of their
lengths [17]. Therefore, we assume that the delays on buffer-
allowable edges to be linear.

In summary, in a graph model of the problem, a vertex
is used to represent a source or sink of a net, the input or



output of a virtual flip-flop, a point where a wire gets into
or out of a buffer forbidden area, or a Steiner point outside
buffer forbidden areas. A directed edge is used to represent a
fan-out relation within a block or a wire connection outside
buffer forbidden areas. On an edge representing a fan-out
relation, the delay is either a positive constant or −T , and no
flip-flop can be put on it. On the other hand, flip-flops can
be inserted on an edge representing a wire, and the delay of a
segment is positive and proportional to its length. This graph
model is very general, since it can also be used to represent
flip-flop blockages over wires. In that case, wire segments
over blockages can be represented as edges without flip-flop
insertion. Based on this unified model, the problem we want
to solve can be formulated as follows.

Problem 1 (Minimum Period Wire Retiming)
Given a directed graph G = (V, E) with two types of edges
E = E1 ∪ E2, where each edge e ∈ E has a delay d(e) and
a weight (number of flip-flops) w(e), find a retiming–i.e. a
relocation of flip-flops in the graph–such that: 1. there is no
flip-flop change on any edge e ∈ E1; 2. the delay between
two flip-flops on an edge e ∈ E2 is linear in terms of their
distance; 3. the clock period (i.e. the maximum delay between
any two consecutive flip-flops) is minimized.

Problem 1 wants to find a retiming solution to minimize
the clock period. A reasonable step to solve this problem is
to consider whether we can find a retiming to satisfy a given
clock period. Such a problem is defined as follows.

Problem 2 (Fixed Period Wire Retiming)
Given a clock period T and a directed graph G = (V, E) with
two types of edges E = E1 ∪ E2, where each edge e ∈ E has
a delay d(e) and a weight (number of flip-flops) w(e), find a
retiming–i.e. a relocation of flip-flops in the graph–such that:
1. there is no flip-flop change on any edge e ∈ E1; 2. the
delay between two flip-flops on an edge e ∈ E2 is linear in
terms of their distance; 3. the maximum delay between any
two consecutive flip-flops is smaller than T .

If we can solve this problem, Problem 1 can be solved by using
a binary search. Furthermore, this problem is applicable if a
designer only wants to target a fixed clock period.

3 Theoretical results

3.1 Notations and constraints
Before discussing the solutions to the two problems, we will
first select some essential notations to help us to clearly state
the requirements for a solution.

From the formulations of the problems, we already have a
delay d(u, v) and a weight w(u, v), for each edge (u, v) ∈ E.

We will follow the convention of Leiserson and Saxe [14] to
use an integer variable r(u) to represent the number of flip-
flops moved from the outgoing edges of a vertex u to its in-
coming edges. In [14], these variables were sufficient to specify
a retiming solution since there was no wire delay and a solu-
tion only needed to tell whether a flip-flop was on a wire. In
fact, it is not the absolute values of these variables but their
differences that are important, since the number of flip-flops
on a given edge (u, v) after retiming is given by

w(u, v) + r(v)− r(u).

However, in our problem, a retiming solution must include
the positions of flip-flops on each wire. Because retiming can
change the number of flip-flops in the system, it is not even
known how many flip-flops there will be after retiming. For-
tunately, we can overcome the problem by only specifying the
arrival time of every vertex with respect to a clock period. For
each vertex u ∈ V , we use t(u) to represent its arrival time
with respect to the nearest flip-flop on its incoming paths.

Given t(u), the positions of flip-flops directly fanning into u
can be found, and the positions of other flip-flops can also be
computed.

Using these notations, the requirements for a retiming so-
lution can be stated as follows. First, to ensure that no flip-
flop is inserted on forbidden edges, we need

r(x) = r(y), ∀(x, y) ∈ E1. (1)

Then, to make sure the availability of flip-flops, it must be
true that

w(u, v) + r(v)− r(u) ≥ 0, ∀(u, v) ∈ E2. (2)

The following inequalities will guarantee that the arrival times
are all achievable.

t(y) ≥ t(x) + d(x, y), ∀(x, y) ∈ E1, (3)

t(v) ≥ t(u) + d(u, v)− (w(u, v) + r(v)− r(u))T, (4)

∀(u, v) ∈ E2.

Finally, the set-up conditions at the flip-flop inputs are equiv-
alently stated in the following inequalities.

0 ≤ t(u) ≤ T, ∀u ∈ V. (5)

As we can see, the fixed period wire retiming problem is ac-
tually a mixed integer linear programming given by (1)-(5).
But we need also to set t(u) = 0 for every primary input u,
and r(u) = 0 for every primary input or output u. A gen-
eral mixed integer linear programming problem is NP-hard.
However, this problem can be solved in polynomial time.

3.2 Lower and upper bounds of clock period
From conditions (1)-(5), it is easy to get some lower bounds
and upper bounds of the feasible clock periods. First, from
the inequalities (3) and (5), it is easy to see that any feasible
clock period T must satisfy

T ≥ T1
def
= max

(x,y)∈E1
d(x, y).

We define the path delay d(p) to be the sum of delays of
the edges on the path p. If a path actually forms a cycle c,
we use d(c) to denote the cycle delay. Similarly, we can define
w(p) and w(c). By applying (1), (3), and (4) on any cycle
and PI-PO path, we have the following lemma.

Lemma 2 A feasible clock period T must satisfy

T ≥ T2
def
= max

c∈cycle

d(c)

w(c)
, (6)

T ≥ max
p∈PI;PO

d(p)

w(p) + 1
. (7)

To simplify the notation, we introduce a virtual vertex M as
well as directed edges from each PO to it with d=0, w=0 and
from it to each PI with d=0, w=1. Thus the meaning of cycle
is extended to cover every PI ; PO path. Therefore, (7) can
be incorporated into (6).

It has been shown in the literature [18, 15, 4] that when
the forbidden edges are introduced only by gates, the above
lower bounds are tight. In fact, we can generalize the result
to the following lemma.

Lemma 3 If each connected component in the subgraph G1 =
(V, E1) is a complete bipartite graph, the optimal clock period
can be upper bounded by T1 + T2.



Since a gate (with only one output) only gives a directed
tree with forbidden edges, Lemma 3 subsumes previous re-
sults [18, 15, 4]. However, our result also shows that it can be
extended to circuits with complex blocks such as multipliers
and adders where each output depends on all inputs. Fortu-
nately, the forbidden edges introduced by a net (as shown in
Figure 4) are always a directed forest, thus will not give any
trouble.

When the topology of forbidden edges does not satisfy the
condition in Lemma 3, the optimal clock period may not be
upper bounded by T1 + T2. As an example, consider a circuit
shown in Figure 5(a), where the forbidden edges within the
macro-block do not form a set of complete bipartite graphs.
Suppose the delay and weight of each edge are given as the
(delay, weight) label shown in the figure, we have T1 = 1 and
T2 = 34. However, T1 + T2 = 35 is no longer an upper bound
of the optimal clock period, since a period of 34 requires a
retiming as shown in Figure 5(b), from which a feasible so-
lution cannot be derived by moving only the flip-flops within
the block.
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Figure 5: A macro-block with multiple outputs.

Cong and Yuan [5], in a study of multilevel placement
and retiming, had the same problem with multiple-output
clusters. To find an upper bound, they treated each cluster
as a vertex which is equivalent to connecting all outputs of
a cluster to a super output with edges of zero delay. Used
on the circuit shown in Figure 5(a), their approach will add
edges from O1 and O2 to a super output and thus the upper
bound will be 202. As we can see from this example, even
though their approach gives a correct upper bound, the bound
is loose. Without any retiming, Figure 5(a) gives a much
better upper bound of 101.

Our approach to find a tighter upper bound is as follows.
First, we find an optimal retiming solution without consider-
ing forbidden edges. This can be done based on the compu-
tation of T2. Then a local adjustment to move flip-flops out
of forbidden edges is done to get a feasible solution. The ob-
jective in this step is to keep the increase of the clock period
as small as possible. From any set of forbidden edges that
form a complete bipartite graph, any flip-flop can be moved
out with at most an increase of T1 to the period. To move
a flip-flop out of a forbidden edge in a non-complete bipar-
tite graph, other flip-flops may be moved over the block, thus
the increase of the period could be larger. However, the local
adjustment will keep the number of flip-flops moved out of a
non-forbidden edge as small as possible. In the example in
Figure 5(a), an optimal retiming without considering forbid-
den edges is shown in Figure 5(b) and has a period of 34. The
local adjustment will move two flip-flops out from O1 and two
from I2. Therefore, our upper bound will be 3× 34 = 102.

3.3 Fixed period wire retiming
From now on, we will consider how to check whether a clock
period T that satisfies the above lower bounds can be realized
by retiming. We will use an approach similar to Leiserson and
Saxe [14] to solve this problem in polynomial time.

For any path p in the graph, we define the sequential delay
sd(p) as follows

sd(p) = d(p)− w(p)T

where T is the clock period. And we define the sequential
delay sd(u, v) of any two vertices u, v to be

sd(u, v) = max
p∈u;v

sd(p).

Then, consider the following set of inequalities

r(v)− r(u) ≥ dsd(u, v)/T e − 1 ∀u 6= v ∈ V (8)

Using the definition of the sequential delay, for any edge
(u, v) ∈ E2, (8) means that

w(u, v) + r(v)− r(u) ≥ dd(p)/T e − 1 ≥ 0.

Thus, (8) implies (2). However, the importance of (8) is more
than that. Under the lower bound condition of (6), formula
(1) and (8) give a solution to the fixed period wire retiming
problem.

Theorem 1 The fixed period wire retiming problem is feasi-
ble if and only if (1), (6) and (8) have a solution.

Proof: Suppose T is a feasible clock period, then considering
any two vertices u, v, any path p between them would have
w(p) + r(v) − r(u) flip-flops. To make sure that the delay
between any two consecutive flip-flops is not larger than T ,
we must have

d(p) ≤ (w(p) + r(v)− r(u) + 1)T

which is r(v)− r(u) ≥ (d(p)−w(p)T )/T − 1, for any path p,
or r(v)− r(u) ≥ dsd(u, v)/T e − 1. The above inequality also
justifies the forbidden edges with delay −T .

The other direction is more difficult, since besides the
number of flip-flops on each edge we also need to find the
positions for those flip-flops such that the delay between any
two consecutive ones is upper bounded by the clock period.
In other words, we need to prove that there exists a solution
for (3) -(5) determined by the solution of (1), (6) and (8).

Since (6) is true, once (1) and (8) have a solution, we can
always compute a solution for all t(u) satisfying (3), (4) and
t(u) ≥ 0 by applying Bellman-Ford’s algorithm [6], because it
will not report a positive cycle under (6). In the meanwhile,
for any v ∈ V whose t(v) > 0, there must exists at least one u
such that (u, v) ∈ E and t(v)−t(u) = sd(u, v)−(r(v)−r(u))T .
Since we have set t(u) = 0 for every primary input, we now
prove that such solution also satisfies the requirement t(u) ≤
T for all u ∈ V .

For the seek of a contradiction, we assume there exists
such a vertex v that t(v) > T . Starting from v we trace
back along those critical edges (u, v) such that t(v) − t(u) =
sd(u, v) − (r(v) − r(u))T until we reach a vertex u whose
t(u) = 0. In the worst case, u is a primary input. Now for
t(u) and t(v), we have

t(v)− t(u) = t(v) = sd(u, v)− (r(v)− r(u))T.

From (8), we know that

sd(u, v)− (r(v)− r(u))T

≤ sd(u, v)− d(sd(u, v))/T eT + T

≤ T

Hence t(v) ≤ T , which contradicts our assumption.

4 Algorithms

4.1 Detailed description
In this section, we give an algorithm (Figure 6) to solve both
the fixed and minimum period wire retiming problems. The



operation of our algorithm can be broken down to three main
steps.

In the first step, we apply an efficient algorithm to find
the lower bound of the feasible clock periods. The formula of
T2 actually reflects a cycle property of the graph also known
as maximum cycle ratio problem (MCRP). Let d(c), w(c) de-
note two parameters associated with each cycle c in G. The
maximum cycle ratio ρ∗ is then defined as

ρ∗ = max
c

d(c)

w(c)
, w(c) > 0.

In our application, d(c) is the cycle delay and w(c) is the num-
ber of flip-flops in the cycle. Then the value of ρ∗ is exactly
what we want for T2. To solve MCRP, a lot of algorithms have
been designed and presented such as Burns’ [1], Lawler’s [13],
Howard’s [3, 9], etc. In terms of complexity, Burns’ takes
O(|V ||E|), Lawler’s takes O(|V ||E| lg(|V |W )), where W is the
maximum edge delay, and Howard’s takes O(N |E|), where N
is the product of the out-degrees of all the vertices in G. In [9],
some popular algorithms that were widely used in CAD com-
munity were systematically compared and their comprehen-
sive experimental results revealed that Howard’s algorithm
was by far the fastest algorithm though the only known bound
of its running time is exponential. In our implementation, we
adopt an improved version of Howard’s algorithm [3, 9]. Af-
ter T2 is obtained, we compute a tight upper bound of the
feasible clock periods in the way as described in section 3.2.

In the second step, a binary search is used to find the
optimal clock period. Given a particular T , we need to apply
Johnson’s all-pair shortest path algorithm [6] first to compute
all sd(u, v) = maxp∈u;v sd(p). Based on the results, we create
a new graph rG incorporating all the vertices in V and edges
(u,v) with weight dsd(u, v)/T e − 1 if there exists a path from
u to v in G, for all u 6= v ∈ V . We also need to introduce
a virtual vertex M in rG as well as directed edges from each
PO to it and from it to each PI with zero weight. Then
we apply Bellman-Ford’s algorithm to check if there exists a
positive cycle in rG. When it terminates, we can decide how
to adjust the two bounds accordingly. Note that once rG
was created, its structure was kept throughout the rest of the
algorithm and its edge weights were recomputed and updated
every time T was changed.

In the third and last step, we use the optimal clock period
and corresponding r(u) computed in step two to calculate t(u)
for all u ∈ V . Due to Theorem 1, a feasible solution for t(u)
is guaranteed.

4.2 Pruning and optimization
Further examining (8), we found that some inequalities are
actually redundant. For example, if (u, v) ∈ E2, (v, y) ∈ E1

and d(v, y) > 0, according to (8)

r(y)− r(u) ≥ dsd(u, y)/T e − 1

≥ d(sd(u, v) + d(v, y))/T e − 1

≥ dsd(u, v)/T e − 1

Since r(v) = r(y), the inequality above actually implies r(v)−
r(u) ≥ dsd(u, v)/T e−1 which then becomes redundant. Gen-
erally speaking, we call an inequality in (8) a redundant in-
equality if it can be implied by other inequalities in (8) that
have not yet been proved to be redundant.

To distinguish from the graph G, we call rG retiming graph
and its edges retiming edges. We now present two pruning
techniques which could help to reduce the redundancy of (8).

First, if there exist three distinct vertices u, v, y such that

dsd(u, y)/T e − 1 + dsd(y, v)/T e − 1 = dsd(u, v)/T e − 1,

and either of r(y)− r(u) ≥ dsd(u, y)/T e−1 and r(v)− r(y) ≥

Algorithm Retiming for Wire Pipelining
Input: A graph representation G = (V, E).
Output: A retiming with minimal clock period.

Find the upper bound Tu and lower bound Tl;
Create rG;
do

T = Tu+Tl
2

;
Find sd(u, v) = maxp∈u;v sd(p) by Johnson’s;

For each u
p
; v do

Update (u, v) in rG with weight

⌈
sd(u,v)

T

⌉
− 1;

Apply Bellman-Ford’s to rG;
If T is feasible then

Record r(u) for all u ∈ V ;
Tu = T;

Else
Tl = T;

while Tu − Tl > ε;
Use T and r(u) to compute t(u),∀u ∈ V .

Figure 6: Pseudocode of the retiming algorithm

dsd(y, v)/T e−1 has not yet been proved to be redundant, then
the inequality r(v)− r(u) ≥ dsd(u, v)/T e − 1 is redundant by
definition and can be safely deleted.

Second, for the forbidden edges with positive delay, all
retiming edges from the ending points are redundant since
their effects are implied by the retiming edges from the start-
ing points. For the same reason, all retiming edges to the
starting points of those forbidden edges are redundant too.
By deleting the redundant inequalities, we can reduce the
number of retiming edges dramatically. Although we did not
improve the asymptotic complexity, we did get great benefit
in reducing the running time in reality.

Using the two techniques above, the size of rG may be
much smaller but we still have to run Bellman-Ford’s algo-
rithm during each test of the binary search. Since the outcome
of Bellman-Ford’s algorithm gives not only feasibility answer
but all corresponding r(u) values which are more than what
we need during most of the tests. Instead, we can take advan-
tage of the high efficiency of Howard’s algorithm to calculate
the maximum cycle ratio of rG. If during the calculation,
it discovers a cycle with positive weight, current test is im-
mediately finished. Hence, a second scheme to substitute the
Bellman-Ford’s algorithm is to use Howard’s algorithm during
the process of optimal period searching. After that, only one
pass of Bellman-Ford’s algorithm is needed to obtain those
corresponding r(u) values.

4.3 Computational complexity
In [8], the running time of Howard’s algorithm is bounded
by O(|V ||E|α) and O(|V |2|E|(ωmax − ωmin)/ε), where α is
the number of simple cycles in G, ωmax and ωmin are the
maximum and minimum edge delays and ε is the precision.
While in practice, using Howard’s to get the lower bound
takes much less time than doing the binary search.

Johnson’s all-pair shortest path algorithm uses the Bellman-
Ford’s algorithm and Dijkstra’s algorithm [6] as subroutines.
Since we want to find the maximum sequential delay between
any (u, v) pair if v is reachable through some path from u, we
actually run Johnson’s algorithm to solve a longest path prob-
lem. Its running time is O(|V |2 lg |V |+ |V ||E|) if the priority
queue in Dijkstra’s algorithm is implemented by a Fibonacci
heap [6].

As expected, the dominant part of running time is con-



Table 1: Experimental Results
Circuit |V | |E| T2 w/o non-CB blocks w/ non-CB blocks

No.Iter time(sec) Topt No.Part No.Iter time(sec) Topt

myex 21 24 13.0 7 0.00 18.7 2 10 0.01 24.0
s386 519 700 51.0 5 1.97 51.1 50 10 3.67 55.0
s400 511 665 32.2 6 1.64 32.2 50 10 3.38 50.6
s444 557 725 35.0 5 2.23 35.2 40 10 4.31 63.2
s838 1299 1206 76.0 5 8.79 76.0 130 11 33.42 84.0
s953 1183 1515 60.6 5 9.76 60.6 110 10 17.56 69.5
s1238 1581 2100 100.2 5 7.88 100.3 150 11 28.45 100.3
s1488 2054 2780 70.1 5 35.17 70.6 200 11 98.88 73.3
s1494 2054 2792 76.8 5 34.13 76.9 160 11 62.86 80.0
s5378 7205 8603 111.0 5 684.60 111.2 500 13 1344.74 115.3

sumed in applying Bellman-Ford’s algorithm to rG. In the
worst case, rG is a complete graph and consists of |V |2 num-
ber of edges. Solving this will take O(|V |3) time. There-
fore, the total running time inside the binary search loop is
O(|V |3) and the time complexity for the whole algorithm is

O(|V |3 lg Tu−Tl
ε

).

5 Experimental results

We implemented the algorithm in a PC with two 2.4GHz/512K
Xeon CPUs and 1GB RAM. We performed retiming on the
ISCAS-89 benchmark suite. In absence of delay information
for ISCAS-89 circuits, we randomly assign delay values be-
tween 1.0 and 2.0 units to gates (we treat them as macro-
blocks) and 0.2 to 5.0 to wires. In terms of the chip level we
are focusing on, the delay range is intentionally chosen in or-
der for the wire delay to be commensurate or even many times
larger than the block delay. To further test the cases with
non-complete bipartite(“non-CB” in Table 1) blocks, we ap-
ply hMETIS [12] to partition a circuit into groups. All edges
inside a group are then treated as forbidden edges. The num-
ber of partitions of a circuit, which is denoted as “No.Part”
in Table 1, plays an important role in determining the per-
centage of non-complete bipartite blocks. For simplicity, we
did not further apply our timing model to the partitions when
generating the results. In addition, the lower bound T2 of each
circuit is reported as a comparison with the optimal clock pe-
riods we computed.

In practical implementation, we found that the benefit we
got using the first pruning technique presented in section 4.2
did not actually pay off the time penalty. The θ(|V |3) com-
plexity for the first technique is tight hence becomes the dom-
inant part of the total running time. Therefore, we only apply
the second pruning technique and compare the running time
of the two schemes mentioned in section 4.2. Experimental
results show that the performances of the two schemes are in
the same level. Thus, we only report the running time of the
second scheme in Table 1.

6 Conclusions and future work

The wire retiming problem that relocates existing flip-flops
to multiple clock period interconnections is formulated with
the help of the block timing models. Similar to Leiserson and
Saxe [14], a set of integer difference inequalities is shown to
be both necessary and sufficient, thus gives a polynomial time
algorithm. Our current and on-going work is to investigate a
more efficient algorithm similar to [19] for the wire retiming
problem. The preliminary results are very encouraging.
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