IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 22, NO. 9, SEPTEMBER 2003 1261

Timing Analysis With Crosstalk is a
Fixpoint on a Complete Lattice

Hai Zhou

Abstract—increasing delay variation due to capacitive and in- a irl> a N d {>_
ductive crosstalk has a dramatic impact on deep submicron tech- 'a~I>—T—[>— L
nologies. Itis now impossible to exclude crosstalk from timing anal-
ysis. However, timing analysis with crosstalk is a mutual depen- j, |> > i )\ N /Q
dence problem since the crosstalk effect in turn depends on the °‘[> c | b {>_
timing behavior of a circuit. In this paper, we establish a theoret- @) ®) :
ical foundation for timing analysis with crosstalk. We show that
solutions to the problem are fixpoints on a complete lattice. Based
on that, we prove in general the convergence of any iterative ap-
proach. We also show that, starting from different initial solutions,
an iterative approach will reach different fixpoints. The current
prevailing practice, which starts from the worst case solution, will Assuming that coupling capacitances and inductances dom-

always reach the greatest fixpoint, which is the loosest solution. In jhate all other capacitances and inductances of a wire, failure
order to reach the least fixpoint, we need to start from the best case to take crosstalk effect into timing analysis may produce results

solution. The convergence rates for both discrete and continuous Py h i - Ik eff
models are discussed. Based on chaotic iteration and heterogeneoud@r Off from the reality. However, timing and crosstalk effect are

structures of coupled circuits, techniques to speed up iterations are mutually dependent. This makes timing analysis with crosstalk a

Fig. 1. Timing analysis with crosstalk is a mutual dependence problem. (a)
Local problem. (b) Global problem.

also provided. mutual dependence problem. Our work in this paper equally ap-
Index Terms—Crosstalk, lattice theory, noise, static timing anal-  Plies to crosstalk induced by capacitive and inductive couplings.
ysis. However, to simplify the presentation, we only talk about capac-

itive couplings in the rest of the paper. For example, consider the
two coupled nets in Fig. 1(a). The switching time onmét de-
pendent on the switching time on rietHowever, the switching
ITH the progress of deep submicron technologyime on net is not fixed, it is dependent on the switching time
shrinking geometries have led to a reduction in self-can neta.

pacitance of wires. Meanwhile, coupling capacitances haveOne way to solve the mutual dependence in timing analysis
increased as wires have a larger aspect ratio and are brougith crosstalk is by iteration. First, a switching time anis
closer together. For present day processes, the coupling @@mputed based on a fixed initial switching time @nThen,
pacitance can be as high as the sum of the area capacitaheeswitching time or: is fixed and used to compute a new
and the fringing capacitance, and trends indicate that the relgitching time orb. These two steps are iterated until we find a
of coupling capacitance will be even more dominant in theéonverged solution. By considering netandb simultaneously
future as feature sizes shrink [18]. On the other hand, with tireone system, the relative window method of Sasaki and De
reduction of gate delays and increasing clock frequencies, Wicheli [16] generates the switching time anandb directly
mutual coupling inductances are also greatly increased amdrgnm the switching time on, andi,. However, it is hard to
the wires. These make crosstalk a major problem in IC desigsay that their method avoids iterations since the simulation they
Crosstalk can affect the behavior of a circuit in two ways:  use may implicitly use iterations. Furthermore, even in the ideal

1) introducing noise among coupling wires; case, we can directly generate switching timezcemdb from

2) altering the delay of a switching signal. switching time on, andi;, we still cannot avoid the mutual de-
When coupling capacitances and inductances are big enougfifydence problem. This is because there are two kinds of mutual
signal switching on an aggressor wire can induce a large amodgPendence problems in timing analysis with crosstalk. We call
of noise on a victim line. If an aggressor and a victim switch sii€ problem in Fig. 1(a), that is, the mutual dependence of a set
multaneously in the same direction, the victim will speed uf@f directly coupled nets, local mutual dependence problem. Be-

Likewise, if an aggressor and a victim switch in opposite dire€ides that, a circuit structure may introduce cyclic dependences
tions, the victim will slow down. which form a global mutual dependence problem. For example,
even though we may be able to generate switching timeand

b directly from those at, andc, the time or (together with the
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it to modify the crosstalk coupling situation. They generally derhere functiont; is decided by the physical configuration of
each pass on the whole circuit and iterate till the solution cothe circuit and the delay model used to compute the timing in-
verges. formation on a wire. Such a function for computing the timing
In this paper, we establish a theoretical foundation for timingformation on a wire is called a local transformation. Putting
analysis with crosstalk. We show that solutions to the probleafl local transformation together, we get a transformation for the
are fixpoints on a complete lattice. Based on that, we prowéole circuit which can be written as
in general the convergence of any iterative approach. We also
show that, starting from different initial solutions, an iterative
approach will reach different fixpoints. The current prevailing
practice, which Stafts frpm thg wqrst case solution, .Wi" alwa(}/é solution of timing analysis must be an satisfying (1). Such
reach the greatest_flxp(_)mt, which is the loosest solution. In or L1 olution is also called a fixpoint af.
to reach the leastfixpoint, we need to sta(t from the best Case€ SO, traditional static timing analysis without crosstalk, eagh
lution. The convergence rates for both discrete and Commu%%omposed of the minimum and maximum switching time, and

models are discussed. Based on chaotic iteration and hetero(g,ﬁy depends on the timing of its fanins. Since the fanin relations

neous structures of cqupled circuits, techniques to speed uFﬁﬂtr'm a partial order in a combinational circuit, the timing infor-
erations are also provided.

Th t of th . ved as foll In Secti ation on all wires could be computed by one traversal from the
€ rest othe paper is organized as Iollows. In Section rimary inputs to the primary outputs. Furthermore, since the
we formulate general timing analysis (either dynamic timin

. . S . ) T inimum time (maximum time) only depends on the minimum
simulation or static timing analysis) as computing a fixpoint Yme (maximum time) of its fanins, the minimum time analysis
a mathematical transformation. In Section lll, it is shown th%tould be separated from the maxi'mum time analysis. This also
multiple fixpoints generally exist in such systems through )

| Dl ling del del. Section IV sh eans that different timing information on primary inputs will
teﬁamp_ et on a s]impf_e CO_UF 'n% ﬂ? a?/ n:?het.th ec Iolnt' SNOWRve different fixpoint. However, the timing information on pri-
€ existence of a fixpoint and the fact that the solution Spa ary inputs does not appear on the left-hand side of (1) and will
and its fixpoints form two lattices. Section V proves the conver-

. ) : e treated as given constants. Therefore, there is only one fix-
fiterat hes starting from the top and bote "X tants. Therefore, th Iy one f
gence ot iterative approaches starting from the top and bo %%'int in the traditional static timing analysis without crosstalk.

elements, under both discrete and continuous models. In Sec\’/\/hen crosstalk effects are included in timing analysis, be-
tion VI, the least fixpoint is shown to be the tightest upper bou qdes the fanins, the timing information on wiralso depends

and, thijs’ the gpumal tsotljt'.on n tt')mm% anal3r/15|si. Sficnotr) v n the timing information on its coupled wires. For the simplest
presents speeding up techniques based on chaotic iteration ling case shown in Fig. 1(a), we have

heterogeneous circuit structures. Section VIl discusses some
implications of the paper and its relations with other works. Fi-
nally, Section IX concludes the paper. T =ta(Ti,,T1),

Ty :tb(xib s xa).

X =T(X). 1)

II. TIMING ANALYSIS AS FIXPOINTS .
As we can see, a cycle is formed here because of the mutual

In this section, we will formulate general timing analdependence of, andz;. Thus, the transformatiofl becomes
ysis—whether it is static timing analysis or dynamic timingiery complex in the presence of crosstalk.
simulation—as a fixpoint computation. We are given a com- For a complex transformatidf, the iterative method is per-
binational circuit that is composed of a set of gates and theigps the only possible way to find its fixpoint. It works as fol-
interconnections. A set of interconnect wires in the circuit atews. First, an initial solutiorX is guessed, then new solutions
selected where timing information needs to be computed. Thaye iteratively computed from previous solutiakis = 7'(Xj),
include the primary inputs, primary outputs, and the inputs ard, = T(X;) = T?(Xy),... until we find a fixpoint, that
outputs of all the gates. Depending on the purpose of timing X,, = 7T"(X,) such thatT'(X,,) = X,. To the best of
analysis, the timing information on each of these wires coutslir knowledge, all previous works in the literature use iterative
be a delay, a slew, a switching window, the whole waveform, efiethods to solve timing analysis with crosstalk. Most of them
any combination of them. In terms of mathematics, it could 48], [7], [12], [15]-[17], [21], [22], deal only with the local mu-
a scalar value, a vector, or even a function of time (representiingl dependence problem, that is, they consider how to compute
the whole waveform). In general, we use a variableto the delays of a set of coupled nets given their input time. Specif-
represent such timing information on a wiie Furthermore ically, Dartu and Pileggi [7] propose to use an effective capac-
we useX to represent the vector{, zo, ..., x,), that is, the itance gate delay model to model the gates with dominant cou-
timing information for the whole circuit. pling capacitance. Then, a set of equations are solved by an it-
Depending on the actual delay model, the timing informarative approach to give the parameters. Gebss.[12] design
tion on wire: depends directly only on a subset of other wires waveform iteration approach to explicitly solve the equations
i1,12,...,1. These wires include all inputs of the gate fanningn [7]. Sasakiet al.[16], [17] propose a relative window method
out tos and the coupled wires with It means that we can com-which relates the delays of two coupled nets to their input time.
putez; by However, their process to compute such relations by simulation
may involve iterations implicitly. Iterative method is also used
T =t (X, 24,) in [3] to compute the Miller factor. Other works [1], [4], [19]



ZHOU: TIMING ANALYSIS WITH CROSSTALK IS A FIXPOINT ON A COMPLETE LATTICE 1263

analyze the whole circuit and, thus, considers the global muttalthe ground and delays are computed by the Elmore delay

dependence problem. model. The value of an effective capacitance is dependent on
In order to use an iterative method to find a fixpoint of a transghe switching time of the two coupling wires. Given a coupling
formationT’, two basic questions need to be answered. capacitance&’. between two wires, if they switch at the same

1) IsT a convergent transformation (at least on a subsettime and in the opposite direction, then an effective capacitance
of the domain)? In other words, does there exist a finite Of 2C. is used; if they switch at the same time and in the same

such thatl™~1(z) = T"(z) Vz € A. direction, then an effective capacitance of 0 is used,; if they do
2) DoesT have a unique fixpoint? not switch at the same time, then an effective capacitancg of

Most previous works provide convergence proofs for their as Used. However, in static timing analysis, a range of switching
proaches. Grosst al.[12] show the convergence based on théme is computed. Thus, the worst case analysis is used, which
approach’s similarity to waveform relaxation [14]. Both SapafiSsumes that any signal switching within the range is possible.
nekar [15] and Arunachalagt al.[1] base their convergence ar-1 e algorithm to compute the wire delays works as follows.
guments on the monotonic shrinking of the switching window&1rst, initialize a switching window on each wire such that the
However, none of them study the unigqueness of their solutiofi@inimum and maximum time are computed by using 0&pd
As we will show in the next section, uniqueness is not gu(—jﬁespectlvely, as effective capacitances. Then, the maximum time

anteed by convergence and simply finding one fixpoint is n8f! €ach wire is updated_usi_ng effective capacitancé,‘_cobr _
enough. 2C.. based on whether switching windows are overlapping. Sim-

ilarly, the minimum time on each wire is updated using @pr
. M ULTIPLE FIXPOINTS These two kinds of updates are repeated in alternate order until

. . . . there is no further change.
As will be seen in Section 1V, theoretical study of an abstract \ne now use an example to show that multiple fixpoints exist

transformation” can characterize the solution space and thg; thjs transformation. In the example, we have only two nets
structure of its fixpoints, and establish the convergence of $hdb, as shown in Fig. 1(a). The wires have the same length that
erative methods. However, it is almost impossible to establialﬂles a load capacitance of 0.5 pF. They also couple with each
the uniqueness of a fixpoint for an abstract transformation. Thigher with a capacitance of 0.5 pF. We assume that both their
is because all theorems on uniqueness of fixpoints in Mathgiers have a resistance ofAIQ and the loading gates have

matics give only sufficient conditions and these conditions af§out capacitance of fE. Suppose the minimum and maximum
generally only true for very limited transformations. Banach’g,rival time of signali,, that is Tmin (i) @and Tinax(ia), be 0

fixpoint theorem [2] is well known among such theorems. 5.4 100 ps, respectively. Similarly, L. (i) = 500 ps and
Theorem 1 (Banach)iet P be a metric space anfl: P x Tonax(iy) = 600 ps.

P — R be its distance function. If functio® : P — P is

A . According to the algorithm, the initial switching windows
a contraction, i.e., there is a constank 1 such that for any

of wires are computed by using effective capacitance of

z,y € P 0 for the minimum time and that of’. for the maximum
N time. That is, [Timin(a), Tmax(a)] = [501,1101 pg and
d(T'(x), T(y)) < kd(z,y) [Tmin(D), Tmax(b)] = [1001,1601 pg. Now, since their
thenT has a unique fixpoint. switching windows overlap with each other, updates are
In order to use this theorem, a distance function (metric) hageded. By using @. as the effective capacitance for the
to be defined on the solution space, which may not be an edggximum time, we gefl,in(a), Tmax(a)] = [501,1601 pg
task on the vector space in timing analysis. Furthermore, tABd [Tmin(b), Tmax(b) = [1001,2101 pg. Since no more

condition in the theorem is so strong that it guarantees the caipdate is needed, it is the converged solution. .
vergence of an iteration no matter what initial solution is used. However, if we assume that there is no switching window
However, since it is a sufficient condition, violation of the conoverlap at the beginning, we can uéé as effective capac-

dition in the theorem does not imply multiple fixpoints. itance for both the minimum and maximum time. In this
Generally speaking, unless it is mathematically proved, w@se, we haveliin(a), Tmax(a)] = [1001,1101 pg and
cannot assume that a solution to the timing analysis is uniglféuin(b), Tmax(b)] = [1501,1601 pg as initial solution.

under any given delay model. We will exemplify this througffhen, we find that there is no update needed, thus, it is also a
a discrete coupling delay model [9] used by Sapatnekar [15pnverged solution.
which is the simplest among existing works. An example in this
model shows that there are more than one fixpoint in timing
analysis, and starting from different initial solutions, different
fixpoints may be reached. From previous section, we know that a timing transformation
Sapatnekar [15] considered the delay computation in the pré&seould have multiple fixpoints. In this section, we will study
ence of crosstalk for a set of wires within a routing channekhether a fixpoint does exist for any given timing transforma-
For each driver, a switching windowi[;;,,, Twax] Signifying tion and, if so, the structure of the fixpoints.
the range of switching time at the input of the driver, and a Since complete information is not used (functionality is not
source resistancB, are specified. The intrinsic and couplingused), uncertainty is unavoidable in static timing analysis. This
capacitances of a wire are computed from the routing. Thangans that the timing information computed for each wire is
coupling capacitances are modeled by effective capacitaneeset representing all possible signal switchings, instead of a

IV. STRUCTURE OFFIXPOINTS
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{a, b, c} Theorem 2 (Knaster—Tarski)Let L be a complete lattice and
/ l \ T : L — L an order-preserving map. Then
{a,b} {a,c} {b,c} \/{z € Llz C T(x)} € fix(T)
where fixT") represents the set of fixpoints ot
a3 (o} {c} Besides existence, the fixpoints bf—if there are more than

one of them—are well-organized. This is stated by the following
theorem [8].
% Theorem 3:If L is a complete lattice, anfl : L. — L is an
order-preserving map, then {iX) is a complete lattice.
It means that the greatest fixpoint is the union of all fixpoints
and the least fixpoint is the intersection of them.
single switching. The timing analysis result guarantees that any
physical signal switching is within the set of signal switchings. V. SEARCHING A FIXPOINT

A set of signal switchings can be represented by a switchingEven though the Knaster—Tarski Theorem gives a fixpoint

window and a range of slew rates such that any signal switchin . . NS .
. o . ; . .. constructively, it cannot be used to compute a fixpoint since it
falling within the window and having a slew in the range is in .
. . is not feasible to compute the st € Ljz C T(x)}. The

the set. However, other representations are also possible.

Now, consider the family of all sets of signal switchings on gsual method to find a fixpoint is an iterative approach, which

wire. The inclusion relation (that iS) forms a partial order on 'S also calledsuc_ces;we a_lpproxmatloAt _th_e_ very bggmnmg,
the family, which is: a guess of the f_|xp_0|nX_0 is used as the initial soll_Jtlon. Then,
" the mappingl’ is iteratively applied to the solutionX; =

« reflexive: A C A; T(Xo),Xs = T(X1),... in the hope of finding anX,, such

* antisymmetricA C BABC A — A= B; that X,, = T'(X,,). However, this hope cannot be fulfilled by

* transitiveAC BABC C — ACC. starting from a random initial solution. For example, it is very
Actually, the sets of signal switchings on a wire are subsets pdssible that there exist # Y € L such thaf'(X) = Y and
the whole set that consists of all possible signal switchings. AL{Y') = X. Therefore, if we unfortunately sele&torY as the
cording to the lattice theory [8], a partially ordered set formigitial solution, the iterations will be kept forever.
a complete latticef any subset has a least upper bound and Fortunately, based on the monotonicity of the timing trans-
a greatest lower bound of its members. In fact, the family érmationT’, the top and bottom elements are very good candi-
all subsets of a given set with inclusion relation forms a congtates for initial solutions. Following a tradition in lattice theory,
plete lattice. Given a sef = {a, b, c}, the partial order of in- we use L and T to represent the bottom and the top elements
clusion on its subsets can be represented by a Hasse diagsfnme complete lattice, respectively. Therefore, we have-
shown in Fig. 2. Here, two sets are connected by an edge if qef), ..., 0) andT = (Py, P», ..., P,) whereP; is the set of
is a subset of the other, and the subset is placed below the glipossible signal switchings on witeSinceT'(T) C T, based
perset. Timing information of a circuit is a vector of timing in-on the monotonicity of’, we have
formation on all wires. The partial order on each wire can be

Fig. 2. Subsets of a given set form a complete lattice.

extended point-wise to get a partial order on vectors: two vec- Z(T) €T
torsA = (A1, As, ..., A,) andB = (By, B, ..., B,,) satisfy T°(T) €T(T)
A C BifandonlyifA; C B;forall1 < i < n.Itcan be shown T3(T) CT*(T)
that the vectors with such a partial order also forms a complete

lattice.

Therefore, we have a descending chai® 7'(T) 2 7?(T) 2

. Now, consider a transfor_matlciﬁ. In_ static tlm_lng analy3|_s, .--. Similarly, sinceL C T'(L), based on the monotonicity of
it works on a complete lattice we defined previously, that |s,Jr)L
or

transforms a vector of sets of signal switchings to another vec

of sets of signal switchings. We say th&tis amonotonic(or L CT(1)
order-preservin transformation when, for any vector of sub- CT?(L
setsX andY, if X C Y thenT'(X) C T'(Y'). The monotonicity cT3(L

of transformatior¥” can be proved based on the monotonicity of

its member transformationts, ¢», . . ., t,,. If a transformatior;

is not monotonic, it means that less possible switchings are piidierefore, we have an ascending chai 7'(L) C T?( L) C
duced under the condition of the same or more possible switch:. The discussion of whether and how these chains converge
ings on the fanins and coupling wires. This contradicts with tHe a fixpoint will be conducted based on the delay models used.
causality of physical effects.

Given a subsef$ of elements in a complete lattide we use
\/ S andA S to represent the least upper bound and the greatesA discrete delay model means one that has only a finite
lower bound of elements ifi, respectively. The existence of anumber of delay values on each wire. For example, Sapatnekar
fixpoint in our system is guaranteed by the following theoreffi5] uses only three possible effective capacitance’(2C)
due to Knaster and Tarski [8]. for a coupling capacitance, which means that the delay of any

A. Convergence in Discrete Model
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wire can only have a finite number of values. Thus, the mod&huous function is order-preserving:afC y, thenz A\ y = =,
is a discrete model. thusT'(z) = T(z Ny) = T(x) NT(y) C T(y).

In a discrete model, the number of possible switching win- Generally speaking, a delay model in timing analysis defines
dows on a wire is finite. This makes the solution space of tleeresponse waveform as a function of switching waveforms on
whole circuit also finite. Therefore, any chain in the space hése fanins and coupling wires. However, in static timing anal-
only finite elements, which means that an iterative process wyis, the model needs to be expanded to compute a set of re-
always reach a fixpoint within finite steps. In fact, the only propsponses as a function of sets of waveforms on the fanins and
erties we used aboidt and L are7(T) C T andL C T(L). coupling wires. A general way to expand a function from a set
Therefore, any solutioX, such that eitheiX, C T'(X,) or to its power set is by natural lifting.

Xy D T(X,) can be used as an initial solution to reach a fix- Definition 2: Givenf : S — S, a natural liftingF : 25 —
point. If X, C T(X,), we get an ascending chain; X, O 27 is
T(Xo), we get a descending chain.

The number of iterations to reach a fixpoint is upper bounded
by the length of the longest chain in the lattice. Since the lat-
tice is a vector space of the switching windows of all wires iA timing transformation defined by a natural lifting is shown to
the circuit, its longest chain length can be computed from the or-continuous, thus also order-preserving, but not necessarily

F(A) = fla), VvAe25

a€A

longest chain lengths of its elements. and-continuous.
Lemma 1: If a solutionis avectoX = (z1,zs,...,z,)and Lemma 2:If F is defined by a natural lifting, then it is
the length of the longest chain foy is /;, then the length of the or-continuous.
longest chain forX isl = S0, I;. Proof: Given any chainC' = {¢y,co,...} on the power
Proof: Let set, we need to prove that
X1 =(211,%21,---,%n,1) F(Ucl) :UF(ci>'
CXo=(219, 22,9, n2) Co - C Xy = (1.0, oty .. Tny) This can be done by a ping-pong argument. Given anyg

F (Je), there must exisy € | ¢; such thatf(y) = z. How-
to be the longest chain. We claim that any consecufiyeX; ., €very € |J ¢; means that there exisjs> 0 such thaty € c;.
in the chain have difference only in one element, thatjs,# Thereforex = f(y) € F(c;), whichimplies that: € |J #'(c;).
zpiv1 ifand only if z;; = z;,4, forall1 < j < nand Onthe other hand, given any € |J F'(c;), thatisz € F(c;)
j # k. If this is not true, then we have;; C =z;.., and forsomej,there mustbg € c; suchthat: = f(y). Obviously
24 C wr.ip1. Therefore, the chain length can be increased by< U ci, thusz = f(y) € F (Ue). o u
iNserting X’ = (#1.i,...,%ji41.- -+ Thois- .- Tn.;) between To see Wh_y a function (_1ef|ned by the _natural lifting may not
X; and X;,;. This is a contradiction. We also claim that th&€ and-continuous, consider the following example. fet
number of differences in eacfy in the chain ig;. If this is not  (0; 1), @n open interval between 0 and 1, af(d) = 1 for all
true, we can substitute the longest chaingrinto the vectors. ¢ € S-ForanyA C S, if A # 0 thenl'(4) = {1}. However,

: : - (@) = 0. Now, consider a decreasing chain= (0,1/:) for
&gwnﬂjvotﬁ'ggef‘sgﬂhe fha'” length. Based on these two C_'a'”aﬁ?rz' > 0. We haveF(c;) = {1} foralli > 0, thus( F(c;) =
- 1=1""

This Lemma shows that the iteration number is additive i 1}. However, sinc€) c; = 0§, we haveF ([ c;) = 0. Therefore
(Do) # N F(e).

terms of the number of changes on one wire. In Sapatnekar [T The following theorem shows that we need to use different

since the number of changes on one wire IS upper bounded roaches to find fixpoints for or-continuous and and-contin-
the number of coupled wires, the total number of iterations | us functions

upper bounded by the total number of couplings. Theorem 4: If T'is or-continuous, thely, ., 7™ (L) is a fix-
) ) point; if T is and-continuous, thef\,, ., 7" (T) is a fixpoint.
B. Convergence in Continuous Model Proof: SinceT™(L)andT™(T) forn > 0 are two chains,
A continuous delay model means one that has continude@sed on the definition of or-continuity and and-continuity, we
delay values on each wire. In this case, it is very possible tH¥ave
the chains generated in the iterative process have infinite ele-

ments. If this happens, an exact fixpoint cannot be generated T \/ ™(L) | = \/ (L)
in finite steps. However, if the iteration converges to a fixpoint, n>0 n>0
an approximation of the fixpoint can be found. In order for an _ v (L)

iteration to converge to a fixpoint, stronger properties than the
mono'Fo_n_|C|ty a.\re neede_d on the transformaﬂbn _ _ Y \/ (1)
Definition 1: A function? : L — L is or-continuousif

n>0

for any chainC, T(\/ C) = VV{T(c)|c € C}, or equivalently >0
T\ C) =VT(C).IfT(NC) = NT(C), T is calledand-
continuous | ATy = A\ 1)
Itis easy to show that an or-continuous function is order-pre- n>0 n>0
serving: ifx C y,thenz \/ y = y,thusT'(z) C T(z) \V T'(y) = —TA /\ T"(T).

T(x\ y) = T(y). Similarly, it is easy to show that an and-con- >0
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The properties that \/ 2 = z andT Az = z for anyz are
used. [ |
From Theorem 4 and the fact that natural lifting may not be
and-continuous, it is very possible that a fixpoint may not b
reached from the top element for a function defined by the na
ural lifting. Since the natural lifting is a popular way to extend &
function from points to subsets, this provides one strong reast
why timing analysis iterations should start from the bottom el
ements. The other reason is provided in the next section.

VI. OPTIMAL FIXPOINT ] o
Fig. 3. Structures of fixpoints.

The following theorem shows that if fixpoints are found by
the iterative method from the bottom and top elements, th

must be the least and the greatest fixpoints. %Wever, this does not imply that an approach with decreasing

Theorem 5: Let I be a complete lattice ariel : I — I windows is more efficient than that with ?ncrgasing windows.
. . Leta; andg; to be the least and greatest fixpointsgfrespec-
an order-preserving map. Define:= V”ZO (L) andf := tively. Similarly, leta,, andg,, to be the least and greatest fix-
Aoy T(T). ively. Similarly, lete, and3,, g
nz _ _ o points ofT,,. For anyz € fix (T}) we haver = Ty(x) 2 Ty, (x)
1) If @ € fix(7T), thena is the least fixpoint; which means a fixpoint of,, can be found if we start with.
2) If 5 € fix(T), theng is the greatest fixpoint. Using a diamond to represent a complete lattice, the relation be-
Proof: For anyx € fix(1'), we havel C w. Based on tween fiX7;) and fix(7,,) can be shown in Fig. 3. Depending
the monotonicity off’, we havel™ (L) C T"(z) = = forany on whether; = T,,(a1), we have two cases. if; = T,,(a1),
n > 0. Therefore)\/, 5, 7" (L) € V, 5o = = =. Similarly, we  thena; is a fixpoint of 7,,, thuse; C 3, Since we also know
havez C T and thuse = T"(x) C T"(T) foranyn > 0. thatg, C i, we can prove thas, = T1(8,). This is shown
Thereforex = A, 502 C A,5o 1" (T). B in Fig. 3(a) where the fixpoint sets df; and7;, overlap. In
From Theorem 3, the greatest fixpoint is the union of athis case, using finer and finer models framwill find g3,,, but
fixpoints and the least one is the intersection of them. In terrkeeping with the coarse model fromwill give us a better so-
of switching window, it means that a fixpoint with the largeslution «; . In the case shown in Fig. 3(ka); is not a fixpoint of
switching windows will result from an initial assumptionT,,, but sincen; 2 7T,,(«1), we can iterate using;,, from a; to
that all switching windows overlap with each other, and get/3,. That means we can keep using the coarse model until we
fixpoint with the smallest windows will result from an initial find a fixpoint, then change to a finer model. However, in both
assumption that no window overlaps with the other. Since tases, in order to find the best fixpoint,, the only way is to
worst case scenario is used in delay models, any fixpoint in theeT;, from L, which means that the solution using the coarse
timing analysis is an upper bound of the physical switchiniodel has to be discarded.
time. That is, if all the input signals switch within the given
input windows, all other signals are guaranteed to switch within
the windows given by the fixpoint. This means that the least
fixpoint is the tightest upper bound and the greatest fixpoint is In @ strict sense, applying the transformatifnto a solu-
the loosest upper bound@iherefore, in order to find the optimal tion X; in an iteration, i.e., computing; 1 = 7'(X;), must
fixpoint—the tightest upper bound or the solution with these only the previous values to compute the new values even
minimum uncertainty—we should start with an initial solutiovhen some of the new ones are available. This is similar to Ja-
where no window overlaps with the other. cobi’s method in solving matrix equations [11]. The usual prac-
Now, consider the practice of changing delay model durirfige (€.g., Cheret al. [4]), however, already deviates from this
iterations. One possible scenario is starting with a coarse Yict sense: the updating is done in a topological order of the
timation and gradually changing into more and more accurdicuit and a new value is always used if it is available. This
models. We must be very careful with this practice, since tfigmuch like Seidel's method to solve matrix equations. Many
transformation is now changing with iterations and the cotiseless updates are, thus, trimmed off. However, without further
vergence may not be guaranteed. Suppose the transforma@ploiting both circuit and coupling structures and their inter-
in the 4th iteration is7;. If we start with L, we havel C action, many updates are still wasted. For example, in Fig. 4,
Ty (L), To(L) C T»(T1(L)),..., but this only gives us a chain if updates are processed according to a topological order of the
if we also haveT;(X) C T, (X), which means a later modelCircuit, any update ai must be propagated & f, g, andh.
should not be more accurate than a previous one. So the practi@ever, if the update at is not permanent, those propaga-
of using finer and finer model can not be used in any iterative af§ons are wasted since they will be overwritten later.
proach with increasing windows, or you take the risk of looping Before designing a good update order, we need to establish
infinitely. On the other hand, it can be safely used in approacﬁ&,theoretical validity. That is, no matter what order is used, the

with decreasing windows since we a|WayS have a chain process will always converge to the same lepOlnt Thisis called
the scheme othaotic iteration[6]. Here, a transformatiofi’

TOTI(T)DTo(T) DTo(Ti(T)) D . is composed of a set of partial transformatidnsts, . . ., t,.

VIl. SPEEDING UPITERATIONS
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iaD a > d
ic_D c)\ > A

in each global cluster can be processed in two ways. The first ap-
proach, called iterative approach, recomputes the whole cluster
based on new values and repeats this until all values become
>_ stable. The second approach, called recursive approach, only
b h recomputes the wires on the outer cycle after all inner cycles
cluster A cluster B become stable. Although there is no direct relation between the
number of iterations and the number of feedback edges, fewer
Fig. 4.  Exploit circuit structure by clustering. feedback edges may give fewer possible value changes. How-
ever, finding the smallest number of feedbacks is NP-hard on a
In each step, one or more partial transformations are appligeneral graph [10].
to update timing information on one or more wires. All timing One drawback of the approach is that, since all the feed-
information on other wires is kept the same. We will Gseto backs are gate inputs, value changes on them always need to
represent such a partial transformation done in one step, Wwher@e propagated. Studying the interactions in our system, we find
represents the set of wires where timing information is updatdfat our system is a heterogeneous system. That is, there are
Lemma 3: Given a subse$ of wires, if X C T(X), then two kinds of interaction relations: fanin relation is simple but
X C Ts(X) C T(X);if X D T(X), thenX D Ts(X) D strong; coupling relation is complex but weak. Fanin relation

e >g will start with the new values. Given feedback edges, iterations

\VARY

T(X). is simple because it is unidirectional, and it is strong because
Proof: Let X = (21,22,...,2,), T(X) = signal switching on input always influences signal switching on
(Y1, Y2+ yn), and Ts(X) = (z1,22,...,2,). Then, output.On the other hand, coupling relation is complex because

for any wires, if i € S thenz; = v;. Otherwise,z; = ;. itis bidirectional, and it is weak because signal switching on one
Therefore, ifX C T(X), thatis,z; C y; forall1 <4 < n, netmaynot always influence the switching on the other. Based
thenz; C z C y; for all i. On the other hand, ik D T(X), o©on these observations, it is good to use the following principle:
thatis,z; D y; forall 1 < i < n, thenz; D z; Dy, foralli. m always treat coupling edges as feedback edgegorks as fol-

This lemma states that no matter what evaluation order!@vs. Initially, assume all switching windows are empty, that is,
used, the generated sequence is monotonic in the same diredii@goupling net switches at the same time. Thus, the first iter-
and it will not over-shoot the fixpoint generated By Further- ation is just a traditional timing analysis. After this iteration, a
more, if the evaluation order is fair, that is, a partial transfopwitching window is given on each wire. Then for each pair of
mation will always be applied if its inputs and outputs are ngoupling wiresz andb, their timing proximity can be defined as
consistent, then the chaotic iteration will always reach the same
fixpoint asT'. P(a,b) = min(Tmax(a), Tmax(b)) — max(Tmin(a), Timin(b))-

The structure of a circuit gives fan-in relations on the wires
that can be represented by a direct acyclic graph (DAG). Sin ef
each coupling capacitor introduce a bidirectional edge on t
pair of wires, we have a general directed graph. On this gra|

each of the strongly connecied components is identified an upling edges with the smallest timing proximities are selected

f:alled a cluster. The t|m|ng an'aIyS|s. IS then done in a topologé feedback edges whose removal makes the circuit acyclic (in
ical order of the clusters, iterating within one cluster to CONVeYr o sense of treating each local cluster as a block). That is, the
gence before moving to the next one. For example, in Fig. ' '

. o : ércuit will be viewed in the structure shown in Fig. 6. In the se-
tWO. cIust_ersA and B are identified. Not processing cIus_tBr uel iterations, the feedback edges are not physically broken up,
until having a stable clustet means that previous mentlonecﬂ

. . . ut the timing computation on the two wires connected by each
useless updates will be trimmed off. Notice that clustérnd 9 b y

Bh diff t struct Actuallv. clustBris simol d of them is separated. For example, when computing the time on
ave difierent structures. Actually, clusisris simpler and - ;e ; i Fig. 6, its coupling with wiré is considered but time

corresponding to the local mutu_al dependence problem, so b wireb is assumed to be fixed. Later, when computing time on
called alocal cluster Cluster A includes some local CIUSterSwireb, its coupling with wireu is considered, but time on wire

forming a feedback loop and is corresponding to the global MY assumed to be fixed. Therefore, if the switching windows on

tue_lllhdependence p(;%blem,tso It '? calleglabqtl clut§ter . | [%fmdb do not overlap during the iterations, time change on one
ere are many difierentways to arrange Iterations Ina giohgy.o 4oes not influence the other wire. Our selection of feedback
cluster. If we always compute local clusters together, as i

plicitly suggested by [12], [1], the structure of a global clust rnges based on timing proximity intends to make this happen as

Srequently as possible.
can be viewed as in Fig. 5, where each block represents a Iocaf1u y as possi

cluster. To facilitate iterations, a set of gate inputs are selected
as feedback edges whose removal makes the structure acyclic.
Given initial values on feedback edges, timing analysis can beExcept for the example in Section Ill, our paper does not
done in the acyclic part (perhaps with a complicated computdepend on any specific delay or coupling models. This is
tion on each local cluster) to give new values on feedback edgedended to achieve generality and the “separation of con-
If these values become stable (i.e., new values are the sameeaaas”—we want to separate the iteration mechanism from the
old values), then a fixpoint is reached. Otherwise, next iteratiactual coupling delay modeling. It makes all results proved in

act, it defines the overlap length of the two switching win-
Sws; when there is no overlap, it is negative and its absolute
ue defines the distance between the two windows. A set of

VIII. | MPLICATIONS AND DISCUSSIONS
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Fig. 5. Use gate fanins as feedback edges.

> T > L models, the coupling effect is calculated by updating the en-
l)’ I)'T velope waveform of the victim’s switching window under ag-
= =N T = Jﬂ} b_‘ gressor attacks [4]. In Fig. 7, assume sigmal right envelop
= 2 Te= > overlaps with signab’s switching window. Then, an updating
L JI\ will push the envelop ofi to the right, which then will enlarge
a — the switching window ob. This results in an infinite loop and
................ pushes the envelops to the infinity. To solve this problem, Chen
»'""' ~ et al.[4] used a causality based iteration scheme to reach a finite
dbacedaee— — result if the coupling is between signals along a path. In terms
eSS e e

of our framework, this scheme only defines a different coupling
Fig. 6. Use coupling edges as feedback edges. model and works within our framework. To make this clear, con-
sider another coupling delay model where the switching window
of a signal depends on the windows of its fanin signals plus an

\ a /Ll T/ adjustment based on couplings this model, the right envelop
J of signala has an upper bound and will converge within finite
= steps.
Y Finally, a critical point in our framework is to understand a
( - S switching window as a set of switching waveforms. This enables

representations other than switching windows. It is also a point
to distinguish between the iteration mechanism and the coupling
modeling: anything to relate a waveform to other waveforms be-
longs to modeling; anything based on this to establish relations
this paper applicable to any specific model. However, there aigong subsets of waveforms belongs to iteration mechanism.
some caveats worth of discussion. The monotonicity of timing transformation function proved in
First, using a specific coupling model, the example in Seghe paper is based on this view of waveform sets. Therefore,
tion Ill only shows that multiple fixpoints exist in that model.correct interpretation from a representation to the set it repre-
However, it also shows th#itie possibility of multiple fixpoints sents is very important in a timing analysis system. For example,
cannot be excluded except so proved in any mddehis as- a switching window generally represents all switching wave-
pect, it is interesting to note that Chenal. [4] reported that forms within the window. However, using only envelop wave-
their experiments reach the same result starting from differggtms of a switching window, as is done in [4], [5], may not cor-
initial solutions. Since their coupling delay model is continuougectly model this interpretation. The nonconvergence problem
Kirkpatrick [13] simply conjectured that a continuous modediscussed in Cheet al. [5] is caused by this problem. The
will have a unique fixpoint. Following up our work [23], Chennonmonotonicity they discussed belongs to the coupling delay
et al.[5] used numerical fixpoint theory to explain many resultgnodel and is different from the monotonicity we proved in this
in continuous models. However, their effort to prove the uniqugaper.
ness of fixpoints in continuous models did not succeed. Itis still Based on our discovery, Thudi and Blaauw [20] conducted
an open question whether a continuous model, or specificallgpatnekar’s iterative approach [15] from both the worst case
Chen’s model [4], always has a unique fixpoint. and the best case initial solutions. Their results showed that the
Second, even though our framework is applicable to any catiifferences between the window sizes are ranged from 0.1% to
pling delay model, the accuracy of timing analysis is heavilgs.
dependent on the model. For example, it is very common for, _ ,
a signal to couple with its transitive fanout signals in a Circui{heg?]rafl’;ag)ﬂlsl‘i#;zﬁéskxdroggf as effective capacitance based on whether
One such situation is shown in Fig. 7, where a signa cou-

e - k 2Deciding what are the waveforms within a window is not an easy task, es-
pled with its transitive fanouk. In one class of coupling delay pecially when slew rates need to be decided.

Fig. 7. Coupling between a signal and its transitive fanout.
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