EECS 311: Data Structure and Data Management Lecture 28
Quicksort

QUiCkSOI’t e Solve for T'(n):

Tn)=Tn—-1)+n
“the fastest, most practical sorting routine” =T(n-2)+(n—1)+n
Algorithm: Quicksort =Tn—-3)+n—-2)+(n—1)+n

Input: unsorted set S of n elements.

=T(1)+24+3+---+(n—1)+n

0. if |[S| < 1, output S. n
= 1
i=1
1. pick “pivot” element x € S. n
-
2. partition S into S' = {y : y < z} and O

"= Doy > . . . . .
s vy y=za} Claim: if quicksort always picks median as

pivot, runtime is ~ n?.

3. output: Quicksort(S”), x, Quicksort(S”). Proof:

e let T'(n) be runtime on size n input.

Claim: Quicksort returns the elements in e Base Case: T(1) = 1.

sorted order.
Proof: by induction on |S]. e Recursive Case: T'(n) = 2T'(n/2) +n

Claim: if quicksort always picks smallest el- o Solve for T'(n)
. . . 2
ement as pivot, runtime 1s n T(n) = T(n/2) +n

Proof: — 2(2T(n/4) +n/2) +n
=4T(n/4) +n+n
e let T'(n) be runtime on size n input. =4(2T(n/8) + n/4) +n+n

=8T(n/8)+n+n+n
e Base Case: T(1) = 1. :
=nT(l)+n+n+---+n
e Recursive Case: T'(n) =T(n—1)+n =nlogn



O change variable of sum, d = j —i+ 1, so

Idea: pick pivot randomly!!
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Claim: if quicksort picks pivot randomly, ex-

pected runtime is n logn. i=1
Proof: But > 7, 1/k =~ logn
e runtime = number of comparisons. n—1
E[X]~2) log(n—i+1)
X {1 if ¢th and jth biggest compared i1
® A= .
0 otherwise n
~ 2 Z log j
e number of comparisions = X = g=1
Zi<j Xij

so certainly
e E[runtime|] = E[X]:

B~ B[_ )
-¥Bix

e Subclaim: E[X};| = ]_ﬁ O

n/2logn/2 < E[X] < nlogn
SO

E[X] ~ nlogn.

— ¢ and j only compared when one is
pivot.

— if k with ¢ < k < j picked as pivot
before 7 or j, never compare ¢ with
j.

— otherwise, compare ¢ with j when ¢
or j picked as pivot.

— Pr[i or j picked before k] = y—?+1‘
Pr[i or j picked before k.
e Calculate E[X]:
=> E[X,]
i<j
i=1 j=i+1 J—i +1



