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Two-Level Hierarchical Stackelberg Game
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A Significant New Direction — Dynamic Pricing
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Incentive-Design Problem

[1 Incentive Policy — usage-based policy

[1 Team Solution
— Pareto-optimal solution (action outcome desired by the leader)

[1 Solution of the Incentive-Design Problem
— incentive policy to achieve the team solution

[1 Incentive Controllability
— existence of the solution of the incentive-design problem

[1 Complete Information — the ISP knows the user types
Incomplete Information — the ISP knows only the probability distribution

T. Basar and G. J. Olsder (1999), Dynamic Noncooperative Game Theory, pp. 392—396.
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Complete Information

Incentive-Design Problem Formulation

Team Solution

[
[
0 Incentive-Design Problem Solution
O Incentive Controllability

N

Team Solution vs Stackelberg Game Solution

Complete Information
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Incentive-Design Problem Formulation

0 User’s net utility: F,(z;7) :=wlog(l+2z)— = —r, 0<z<1

1—=x

[J Restriction: forz =0, » =0 and F,(0;r) = —1

[ Team solution:

()= arg max -
s. 1. Fy(x;r) > —1

[1 Incentive-Design Problem Solution: ~:[0,1) — R, ~(0) =0,

. _ it
g, men B (@) =2

y(z') =1
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Team Solution

Define: Q(z;w) :=wlog(l+z) — = +1

t

Complete Information

Q(a(w); w)

Solve: (z*,r") = arg max T,
0<x<1,r>0

s. t. Fo(z;r) =Q(zr;w) —1—1r > —1

60
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[ Team solution: 2! = a(w) = H2LVHESY gy > 1, pl =
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Incentive-Design Problem Solution

v:10,1) = R: ~(0)=0; arg max Fo(z;v(z)) =zt ~(zt) =rt
Sx<

[1 No linear incentive

[0 Unique quadratic incentive: ~(z) = a12 + asx?, a1 = 2%, as = BCOL

60

T

50
= _ 2
r—y(x)—alx+a2x
40k . . .

/ Fo(xr)=-1(r=Q(xw))

— 30}
20

10

[1 General incentive

[1 Incentive controllable?
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e-Incentive Controllability
Make a small “dip”: (z,r!) — (2%, 7" —¢)
Unique maximizing point for the user: F, (2% r" —¢) = -1+ ¢
ISP’s profit: 7! — ¢

60

o4
50
w =100

40+
F,(xr)=-1(r=Q(xw))
- 30F

20F

10

T. Basar and G. J. Olsder (1999), Dynamic Noncooperative Game Theory, pp. 392—396.

Hongxia Shen and Tamer Basar, Tucson, Arizona, December 18-21, 2004 -10-



11th ISDG Symposium Complete Information

Team Solution vs Stackelberg Game Solution
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Incomplete Information

Incentive-Design Problem Formulation

Team Solution

[
[
0 Incentive-Design Problem Solution
O Incentive Controllability

N

Numerical Examples

Incomplete Information
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Incentive-Design Problem Formulation

0 Userstype: w=w'w.p.¢q € (0,1),i=1,---,m; Y2 ¢ =1
0 Assumption: w! > .- >w™ > 1

[ Team solution:

™m
it at\\m ]
. . — a a E p— . g
(= e max (BET=D )

s. t. Fi(z;r) > -1, 1<i<m,
Fui(a';r') > Fui(a?;r7), 1<i#j<m

[1 Incentive-Design Problem Solution: ~:[0,1) — R, ~(0) =0,

g AT Fi(z;y(z)) =2, 1<i<m,

vz =7r", 1<i<m
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Constraint Reduction

[1 Team solution constraints:
Fi(xbrt) > —1; Fui(ahrt) > Fi(a?;r?), 1<i#j<m
0 Lemma: for w® > w’ > 1,
Fi(xb 1Y) > Fi(xd;r?) > Fi(a?;r7) > F(2%r%) and x* > )
[1 Constraint reduction:
O Fym (x™;r™) = =1
O Eyma (™ Lrm= ) = Fpmoa(z™;r™); o™ 1 > 2™
O Fye-1 (b Lk~ = Fooa(2F;rk), b= > b
[0 Reduced constraints: z! > ... > 2™ > 0;
Fym(z™;7™) = —1 and Fi(z%r") = F(zthrth), 1<i<m-—1

[ Equivalently, r™ = Q(z™;w™); r* =r"" +Q(a";w") — Q(z" Tt w")
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Team Solution — Two Types

0 Elr] = 6Q(e"iw!) + gQ(a% 0?2 1= i)

q2
0 Team solution: z'* = a(w!) and 2% = a(v?/?)

25
(1t
w! =70, w? =40
207 =q,=1/2 -
q,=d,= - .
2t 2t - \
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Team Solution — Multiple Types

0 Elr] = Q(zhwh) + X, arQ(ak; v*/m)
O If w!>e2/m>...>m/m> 1.

't = a(w'); z¥ = a(v/™) for 2<i<m

14
w! =60, w? = 40, w® = 30 1t 1t
12r : (x=,r
w* =24, w® =20
= = = = = TN
10 Gy =0,%03=9,=05=1/5 (2, th)/. - N
/_//:/ N \,
O P A e T T T Y
8 ) Z T /== N )
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7 / /’ \ oy
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Team Solution — Induction

[1 Reduce mtypesto m —1or m — 2types:

[]

if v/ < gm/m g (m=1)t — gmt gnd E[r] =

nQ(ahw!) + 45 Q@ 0*™) 4 (g + g) Q(z o/
if 1> om=t/m > gm/m

=Dt — 2t — 0 and E[r] = Q(z ;w') + .77 qeQ(ak; ok /™)

if o l/m s 1 > gm/m

™ =0 and E[r] = qQ(z';w!) + ZZL:_l Qe Q(xF; k™)

if pm—1/m > ym/m 5 1 and p™m—2/m < gm—1l/m

(m=2)t _ (m—1)t

if ym—2/m > ym—1/m > ym/m - 1

at some point v~/ < pi/m gnd gDt = gt
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0 /5 =70, v2/5

Induction — Example
=10, v¥/5 =19, v¥/5 =1, v%/5 =0

0 1> 0% > 05/5: g4 =25 =0

0 v2/5 < 93/5;
0 pl/5 > 92:3/5

22t = 23t and v23/% = 14.5

Incomplete Information

. 1t __ 1/5 2t _ .3t 2,3/5
> 1 2!t = a(/?) and 2% = 23 = a(v?3/5)
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Incentive-Design Problem Solution

0 ~v:[0,1) = R: ~(0) =0;

arg max Fi(xz;vy(z)) =2, ~@") =r" 1<i<m

Y
0<z<1
14
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e-Incentive Controllability
[ Make a small “dip™: (z**,r"") — (2", 7"t — €")
Oel>e2>S>et > >0
[0 €”’s are small enough

[ Unique maximizing point for type i: F,,(z'%; 7"t — €') = F, (2% r't) + €

[ ISP’s expected profit: E[rf] — > " ¢

14
w! =60, w? = 40, w® = 30 it 1t
12 (x7,r
wh =24, w> =20
= = = = = TN
Gy =0,%03=9,=05=1/5 (2, 7 K7 N
o NN
O Ry e T
8 AN TG
Ay NN )
4t 4t -7 A
- (x*r) ", h WA
./// /. N
5t 5t 2 \
6 (X5, ) X0 7 \ ‘\\.\,
23 K / Vel
7 //. _/ / \\\\
L, y ) =
s . Vol
4 . 7 /
s : / .
OV A
e 7 , / \\.\\
s/ 7 / '
2 5 7 / : Ll
. / o
7 A/ ./ . l
K / 7 / \_\‘H
0 i 4 i /i { i i i i il i
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

Incomplete Information

Hongxia Shen and Tamer Basar, Tucson, Arizona, December 18-21, 2004

20—



11th ISDG Symposium Incomplete Information

Another Example
0 ~v:]0,1) = R: ~(0) =0;

arg max Fi(z;vy(z)) =2, ~@") =r" 1<i<m
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e-Incentive Controllability
[ Make a small “dip™: (z**,r"") — (2", 7"t — €")
OJel>e2=e3>et =2 =0
[0 €’s are small enough

[ Unique maximizing point for type i: F,,(z'%; 7"t — €') = F, (2% r't) + €

[ ISP’s expected profit: E[rf] — > " ¢
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Multiple Users — Complete Information

1
nN—Ir; —xr_—_;

0 Useri’s netutility: F,, (x;,z_;;7;) = w; log(1+x;)— —T;

[] Team solution:

t . t\\n _ .
{(@5,rs) Hien = arg _ max E T'js
{wi>0,) " 2i<n,ri>03}7, i3
1
s. t. Fo, (i, x_4;75) > — 1<i<n
n - :C_fl,

[] Incentive-Design Problem Solution: {~;}™*,, 7(0) =0,

arg  max  Fy, (2, 2" ;7 (2) = 2,
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Multiple Users — Incomplete Information

[1 Independent Users: w; = w:Z W.p. q,{i; J = (1, gn) L

[1 Team solution:

- . T Ji n .
Jt Jt\1n _ J1 In J
{{(:1:Z T izl}j g — arg max g qy X X g T
— f 5 -,
J=Jy J=1
J T . T
s.t. F s (wy,xl;m ) 2 — —, 1 <i<n,

szz(:pf,xirgj)ZFzz(xf/ $J-‘Tj/), 1<i<n, J#£J

[] Incentive-Design Problem Solution:  {~;}™*,, 7(0) =0,

— —

arg max Fw?i (iﬁi,ﬂfﬂ;%(ﬁlfi)) — 37%”7
0<z;<n—x’t !
yi(zit) = ri*
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Conclusions
0 Dynamic pricing
0 Incentive-design problem formulation

0 Single ISP, single user
e-incentive controllability
e-optimal incentive policy

Extensions

0 Multiple users, multiple ISPs, continuously distributed user
types, ...

End of the Talk
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