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ABSTRACT 
Skin effect makes interconnect resistance and inductance 
frequency dependent. This paper addresses the problem of 
efficiently estimating the signal characteristics of any RLC 
network when skin effect is significant, which complicates 
interconnect simulation. In this paper, a new type of moments is 
defined that simplifies the interconnect simulation, namely, the 
square root moments. The time to calculate the square root 
moments is similar to the time to calculate the traditional 
moments, and the new moments preserve the recursive properties 
of the traditional moments. Hence, the method introduced here 
can handle the more complex problem of interconnect simulation 
with skin effect at almost no overhead compared to constant 
element interconnect simulation. Using the square root moments, 
higher order approximations can be reached as compared to 
traditional moments. Also, the PVL method is modified to 
implicitly match the square root moments. The simulation results 
reveal the high accuracy of the proposed methods as well as the 
apparent variation in the signal characteristics caused by skin 
effect. 

Categories and Subject Descriptors 
J.6 [Computer-Aided Engineering]: Computer-aided design 
(CAD), B.7.2 [Integrated Circuits]: Design Aids–Simulation. 

General Terms 
Algorithms, Performance, Design, Theory. 

Keywords 
Simulation, RLC, skin effect, model order reduction, VLSI 

1.  INTRODUCTION 
In deep sub-micrometer technologies, the intrinsic gate delay 
tends to decrease dramatically. However, since the average length 
of global interconnect lines increases, interconnect delay  

 

 

dominates the overall gate delay in current deep sub-micrometer 
VLSI circuits [1], [2]. To achieve high quality circuit design in as 
short a period of time as possible, it is necessary to accurately 
model interconnect lines and to find efficient algorithms for quick 
delay estimation and circuit simulation. 

The increasing on-chip clock frequencies make skin effect on 
some nets, e.g., clock and power distribution networks, 
increasingly prominent and non-negligible. Consequently, model 
order reduction techniques for constant element circuits (no 
frequency dependence) become inaccurate when skin effect is 
encountered. Existing work dealing with skin effect focuses on 
building models for SPICE or generates too complex models for 
quick delay estimation for an RLC network, e.g., [3]-[5]. 
However, the standard tools for large VLSI circuits use model 
order reduction techniques. Hence, model order reduction 
techniques are required which can handle frequency dependent 
elements. 

Many papers, e.g., [6]-[8] have shown that the skin effect 
impedance can be described by sBA +  with high accuracy. Thus, 
this approximation is used in this paper. To deal with the square 
root term s , a new type of moments is defined that simplifies 
the interconnect simulation, namely, the square root moments. 
Similar to the moments in case of constant elements, the square 
root moments obtained in this paper have the same recursive 
properties and are easy to calculate. Also, the PVL method is 
modified to include skin effect. 

The rest of this paper is organized as follows. A background for 
skin impedance models and calculating delay in RLC circuits with 
constant elements is presented in section 2. The square root 
moments of general RLC trees and grids with skin effect are 
derived in section 3. The computation of time domain signals 
from the square root moments is given in section 4. The modified 
PVL method is explained in section 5. The simulated node 
voltages of several sample circuits are offered in section 6. 
Finally, some conclusions are given in section 7. 

2.  BACKGROUND 
In the s domain, the transfer function of any constant RLC circuit 
takes the following general form 
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where ia ’s and ib ’s are real positive coefficients. The Taylor 
expansion of )(sH  exists and is given by  
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In order to efficiently evaluate the transient response, a popular 
method [9] is to match the leading moments of a reduced transfer 
function with the leading moments in the above expansion and 
use the reduced transfer function to obtain the inverse Laplace 
transform. Arbitrary accuracy can be achieved by matching 
higher number of additional moments. Elmore and Wyatt used 
only two terms of the expansion in (2) to find a closed form 
solution of the delay [10], [11]. The Wyatt approximation was 
extended in [12] to include the inductance of the interconnect. 
The capability of efficiently estimating the transient response 
makes the approximate methods mentioned above widely used in 
industry. Since the derived results do not apply to circuits with 
skin effect, it is desirable to find a new method that aims at 
calculating the transient response of circuits with skin effect with 
similar efficiency.  

Skin effect impedance of conductors of arbitrary cross section can 
be accurately approximated by sBA +  [8]. The validity of this 
claim lies in the common behavior of impedance of any 
conductor. The impedance approaches the dc resistance at low 
frequency and is proportional to s  at high frequency. At 
intermediate frequencies, the frequency dependence of the 
impedance more or less matches the simple dc/ s  skin effect 
model. A quantitative analysis of the impedance of round 
conductors will suffice to elaborate this explanation.  

For conductors of circular cross section, its skin effect impedance 
can be expressed in a closed form [13] as  
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or equivalently as 
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where 0R  is the dc resistance and cw  is the frequency where the 
penetration depth equals the radius of the cross section of the 
conductor. Using the asymptotical expression of the Bessel 
function )/2(0 cwsjJ −  in the limit ∞+→ js , the following 
equality can be obtained 
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In the limit ∞+→ js , the term )/( swO c  becomes negligible. 
Using (5) with )/( swO c  omitted, in the limit ∞+→ js , iZ  in 
(4) reduces to  

c
i w

sRRZ 25.025.0 00 +=  (6) 

Curves of the real and the imaginary part of 0/ RZi  versus cww /  
are shown in comparison with those of cws /25.025.0 + , a special 

case of sBA + , in Figure 1. It can be seen that (6) is a reliable 
approximation at higher frequencies. Note also that the skin 

impedance always increases the resistance but also adds the 
inductive impedance. Hence, contradictory to the common belief 
that skin effect may decrease inductive effects, in many cases the 
added inductive impedance may outweigh the increase in 
resistance, resulting in higher inductive effects. 

Although at low frequencies, e.g., cww 4< , 0/ RZi  differs 
significantly from cws /25.025.0 + , replacing 0/ RZi  with 

cws /25.025.0 +  for the entire frequency range does not introduce 
large errors in the calculated time domain response of RLC 
interconnect circuits. The reason is that RLC interconnect circuits 
are low pass filters, meaning that values of the skin effect 
impedance at very low frequency do not play important roles in 
the signal characteristic. For instance, the dc values of the voltage 
drops on the capacitors in Figure 2 are not affected at all by the 
inductance and resistance values in the circuit. Therefore only in a 
portion of the frequency range ]4,0[ cw  will the discrepancy 
between the exact and the approximated impedance contribute to 
small errors in the calculated responses. This behavior is 
illustrated in Figure 5. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. Exact skin effect impedance versus approximate 
skin effect impedance of round wires 

3.  SQUARE ROOT MOMENTS  
One simple structure of RLC interconnect circuits is a tree. For a 
general RLC tree (e.g., a tree of 3 RLC branches as in Figure 2), 
the node voltage at node i  is given by 

∑ +−=
k

kikikkini sLsRssVCsVsV ])([)()()(  
(7) 

where )(sVin  represents the input voltage, )(sRki  represents the 
total frequency dependent resistance shared by paths from the 
input port to node i  and from the input port to node k , and kiL  
represents the total inductance shared by paths from the input port 
to node i  and from the input port to node k .  

The skin effect makes )(sRki  frequency dependent, which, 
according to the expression of the skin effect impedance sBA+  
[6-8], consists of two parts, defined as dkiR  and sRaki  for the dc 
and ac terms of the impedance, respectively. Therefore )(sVi  can 
be re-expressed as 
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The normalized transfer function )(sH i at node i  is the voltage 
)(sVi  when a unit impulse ( 1)( =sVin ) is applied to the tree  
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As the s  term represents singularity at 0=s , )(sH i  cannot be 
expanded in powers of s . To overcome this problem, a symbol 
y  is introduced to replace s  and )(sH i  becomes a function of 
y  
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The relation between )(yHi  and the square root moment i
nm  at 

node i is  
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Using (10) and (11), the moments are obtained as 
10 =im  (12) 
01 =im  (13) 
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Figure 2. Example of a RLC tree 

Note that these moments fall back to the s  moments when 
0=akiR  since the odd square root moments become zeros. The 

closed form solutions above are not valid for circuits with 
resistive loops, e.g., grids as shown in Figure 3. A set of state 
variables consisting of the node voltage and the inductor or 
resistor current will be needed to characterize the circuit. For 
resistors connected between two capacitors in RLC interconnect 
circuits of constant elements, there is no need to assign the 
resistive current as a state variable. However, if the resistance is 
frequency dependent, the resistive current is assigned as a state 
variable. In case the inductive current is the same as the resistive 
current, then only the inductor current is taken as a state variable. 
Finding node voltages requires solving a set of equations that 
relate all the node voltages and inductive or resistive currents. For 
a circuit of N  state variables, the application of Kirchhoff’s 
current law to the node, with that a node voltage defined as a state 
variable, and the application of Kirchhoff’s voltage law to the 

elements joining two adjacent nodes lead to the matrix equation 
given by 

)()()()( 1321 sUBsXsAsXAssXA ++=  (17) 
where )(sU  represents p  inputs to the circuit and )(sX , 1A , 

2A , 3A , and 1B  represent 1×N , NN × , NN × , NN × , and 
pN ×  matrices, respectively. Each element of vector )(sX  is 

either a node voltage or an inductive or resistive current. 
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Figure 3. An example of RLC grid 

A simple example of forming (17) is given for a single level RLC 
circuit as shown in Figure 4. A voltage )(sU  is applied to the 
input port and a current )(sI  is generated to flow through the 

resistance sRR ad + , the inductance L , and the capacitance C  
to ground. Denoting the voltage drop on the capacitor as )(sV , the 
following two equations are obtained 

)()()()()( ssLIsIsRRsVsU ad ++=−  (18) 
)()( ssCVsI =  (19) 

Rewriting the above equations in the form of (17) results in 
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correspond to )(sX , 1A , 2A , 3A , and 1B  in (17), respectively. 
There is a simple way to check the singularity of the matrix 1A . 
Setting s  equal to zero, (17) reduces to  

)0()0( 11 UBXA =  (21) 
In this situation, constant inputs represented by )0(U  are applied 
to the circuit, and only dc components of node voltages and 
resistive or inductive currents are considered. Since there is no 
change in the node voltages, all the resistive or inductive currents 
are zeros. Visualizing that all the single coupling capacitor 
between two adjacent nodes is taken away, then the RLC circuit 
under consideration is split into one or more parts, with each part 
a set of the maximum number of connected elements. Unless an 
input is applied to one part, the node voltages in that part are 
undetermined. When an input is applied, obviously the dc 
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components of the node voltages in that part are the same as that 
of the input. Therefore, so long as an input is applied to each part 
of the RLC circuit, there is a unique solution to (21), which means 
that the matrix 1A  is invertible. 

 

 

 

Figure 4. Single level RLC circuit 

The output of interest of the RLC circuit, denote it )(sY , is 

)()( sXCsY T=  (22) 

where TC  represents a row vector. Assuming matrix 1A  is 
invertible, the transfer function )(sH  is obtained as 
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Again, as the right hand side of (23) contains s , which 
represents singularity at 0=s , )(sH  can’t be expanded in powers 
of s . This can be overcome by using y  to replace s  and 
expanding )( yH  in powers of y  
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Comparing the coefficients of ny on both sides of (24) yields 
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These nM ’s are 1×N  matrices and fall back to the s  moments if 
02 =A  since odd moments become zeros. Because there is no 

requirement on the structure of the RLC interconnect circuits in 
deriving the moments nM ’s, (10) and (12)-(16) for an RLC tree 
are just a special case of (24)-(27). In the following sections, only 
the general equations (24)-(27) are considered. 

4.  RESPONSES IN TIME DOMAIN  
A reduced order transfer function of the form 

n
n

n
n

n
ybybybb

yayaya
yH

++++

++++
=

−
−

2
210

1
1

2
211

)(~  (28) 

is required to approximate the exact transfer function )( yH . The 
expansion of )(~ yHn  about 0=y  can be selected to match n2  
leading coefficients in the expansion of )(yH  since it has n2  
variables ( nn bbaa ,,,,, 011 − ). By matching the first n2  
coefficients in )( yH , the transfer function )(~ yHn  represents a low 
frequency approximation of )(yH  since higher order terms in the 
Taylor expansion are negligible at low frequencies. The more the 
number of coefficients matched, the larger the range of frequency 
where )(~ yHn  is valid. 

The coefficient 0b  equals )/(1 MCT  while the coefficients 

nbbb ,,, 21  can be expressed in terms of 

1210 ,,, −n
TTT MCMCMC  as [14]  
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Denoting the zeros and poles of )(~ yHn  as 11 ,, −nzz  and 

npp ,,1  respectively, (28) can be rewritten as 
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where lk ’s satisfy [14] 
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If a unit step voltage is applied at the input port, then the output 
)(yY  becomes 2/)(

~
yyHn . The inverse Laplace transform of 

2/)(~ yyHn  defines the output in time domain, )(tY , that is 
calculated to be 
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where erf() stands for the error function. The output can be 
similarly calculated for arbitrary inputs. 

The output )(tY  is stable only under condition that either lp  or 
2

lp  ( ],1[ nl∈ ) lie on the left half of the complex plane. Any 
response of a real RLC interconnect circuit is stable, but due to 
model order reduction and round-off errors in finite-precision 
arithmetic, some of the calculated lp  or 2

lp  ( ],1[ nl∈ ) may lie 
on the right half of the complex plane, making the output )(tY  
unstable. To remedy this instability, those terms in (32) that 
contain unstable poles lp  are simply discarded and lk ’s in the 
remaining terms are rescaled such that the stable output takes the 
expected dc value ( 0MCT ). 

5.  PADé VIA LANCZOS METHOD  
In finite-precision arithmetic, moments directly obtained from 
(25)-(27) are inherently numerically unstable. In practice, this 
approach can be used only for moderate values of n , i.e., 20≤n , 
almost twice what AWE can achieve for constant elements using 
traditional moments. In some cases, accurate simulation of RLC 
interconnect circuits may require higher order of approximation. 
To handle these cases, the Padé via Lanczos algorithm (PVL) [15] 
is modified to include skin effect. However, it should be 
mentioned here that the run time of PVL with skin effect is longer 
than explicitly matching the square root moments as described 
before. 

Rd+Ra*sqrt(s) V(s)

I(s) CU(s)

L
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Defining a new state space as 
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Using (17) and (22), by means of simple matrix calculus, the 
transfer function is obtained as 
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The basis vectors jv  and kw  are biorthogonal and satisfy 

0=k
T

j vw  for all nkjkj ,,2,1,and =≠  (38) 
The inverse of the n  eigenvalues of the matrix nT  are the n  
poles in (30). Moreover, the 1−n  zeros in (30) are the inverse of 
the 1−n  eigenvalues of the matrix obtained from nT  by deleting 
the first row and the first column. In this way, PVL implicitly 
matches the first n2  square root moments of )(~ yHn  in (28) with 
the first n2  square root moments of the original transfer function 

)(yH  in (23) or (34) without using (25)-(27). 

6.  SIMULATED DATA  
Three simulated step responses of a node voltage in the time 
domain in a three branches tree are shown in Figure 5. The exact 
result is obtained by numerically solving the inverse Laplace 
transform describing the step input response. The closed form 
expression of skin effect impedance [13], which is complicated 
and exact containing Bessel functions, was used in getting the 
exact result. According to Figure 5, the approximate result based 
on constant RLC model and moment matching techniques 
underestimates the propagation delay. The other approximate 
result based on the skin effect impedance sBA +  and the square 
root moments matches the exact result very well. 

 
Figure 5. Responses of a RLC tree 

 
Figure 6. Responses of a RLC grid 

More responses are provided in Figure 6 to Figure 8. Figure 6 
shows responses of a large industrial RLC grid. Figure 7 shows 
responses of a circuit of a large RLC tree. Figure 8 shows 
responses of another industrial circuit that is a combination of an 
RLC tree and an RLC grid. When skin effect is neglected, the 
PVL (exact) method is used to obtain the responses. When skin 
effect is considered, both PVL(exact) and square root AWE 
method are used to obtain the responses, respectively. In each 
figure, the PVL(exact) and the square root AWE response when 
skin effect is considered differ significantly from the PVL(exact) 
response when skin effect is neglected. On the other hand, for 
responses when skin effect is considered, both square root AWE 
and PVL(exact) generate very similar curves although PVL(exact) 
utilizes about 80 moments while square root AWE only utilizes 
about 30 moments. 
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Figure 7. Responses of a RLC tree 

 
Figure 8. Responses of a combination of RLC tree and RLC 
grid 

7.  CONCLUSIONS  
A new type of moments, namely the square root moments, is 
defined in this paper to deal with the simulation of RLC 
interconnect circuits when skin effect is significant. The time to 
calculate the square root moments is similar to the time to 
calculate the traditional moments, and the new moments preserve 
the recursive properties of the traditional moments. In practice, 
the model order reduction approach based on the square root 
moments can use almost twice the number of moments that AWE 
can achieve for constant elements using traditional moments. 
Also, the PVL method is modified to implicitly match the square 
root moments. The simulation results reveal the high accuracy of 
the proposed methods as well as the apparent variation in the 
signal characteristics caused by skin effect. 
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