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Abstract— Signature sequences and associated powers areHere we assume that each signature, which corresponds to a
optimized jointly with linear receivers for a multi-user forward- particular frequency, is assigned to a single user. Bectigse
link CDMA system with multiple transmit and receive antennas. signatures are orthogonal, there is no need for superpositi

The performance criterion is sum capacity over all users. For the di Each si ¢ . iated with trix of amt
model considered, the optimal sighatures are sinusoids so that coding. Each signature IS assoclated with a matrix ot aenn

multi-carrier signaling, in which each carrier is assigned to a 9ains, corresponding to the Multi-Input/Multi-Output (MO)
single user, maximizes the achievable rate. An optimal assignment spatial channel. The optimal matrix transmit and receiversl
of carriers to users appears to be difficult to determine in for each signature (i.e., discrete frequency) create pialfun-
general, but can be efficiently approximated numerically. The 4 5l0q) spatial sub-channels. The optimization then ceslu
asymptotic sum capacity for large number of users and antennas I . . d tal

is characterized at high SNRs. The accuracy of these results to allocating pOW.er.S across users, S|gngtures, a}n Spﬂ.

for moderate SNRs is illustrated through comparisons with Channels to maximize the sum mutual information subject to
numerically optimized power allocations. a total power constrairtThis problem is difficult to solve in
general, but reduces to a convex optimization problem ifaise
can time-share signatures.

Adding antennas to transmitters and receivers in a cellularThe forward-link sum capacity per signature is then ana-
system can improve performance and increase capacity [hlzed for a large number of signatures, or discrete fregiesnc
[3]. Recently, there has been substantial effort devoted 10 at high SNRs, assuming channel gains aiel. across
determining the forward-link sum capacity with multipleess  frequencies, users, and antennas. Specifically, we clesizet
and multiple antennas [4]-{7]. It has been shown that thRe sum mutual information per signature as a function of
sum capacity can be achieved with dirty paper coding [&he number of user&, the number of transmit antennas;,
and superposition coding at the transmitter, and suc@ssid the number of receive antenig.. Numerical examples
decoding at the receiver. are presented, and a comparison with numerical optimizstio

In this paper, we examine the sum capacity of the forwarghr finite-size systems show that the asymptotic analysis is

link with multiple antennas at the transmitter and I’eceiveéccurate for a moderate number of users and antennas.
andlinear receivers. This constraint is motivated by practical

considerations, and simplifies the optimal coding scherhe. T Il. FORWARD-LINK MODEL

channels are assumed to be frequency-selective and arenknow/e consider the Code-Division Multiple Access (CDMA)
at both the transmitter and receiver. We start with a Cod®rward-link with short signatures having duration equetltte
Division Multiplexing (CDM) scheme in which each usersymbol duration. Each user can be assigned multiple siggstu
is assigned a set of signature sequences for each transmiich carry independent symbol streams. With appropriate
antenna. Each mobile has lmear receiver, which detects cyclic extensions on signatures and zero-padding on receiv
the data symbols across the assigned signature sequereesfiltérs, theK x 1 received vector of chip matched-filter outputs
jointly optimize the set of signature sequences, assatiatn antenna for a particular user is given by

I. INTRODUCTION

powers, and receiver filters to maximize the sum mutual M,
mformz_mon subject_to a totz_il power const_ralnt. Tr_us is an T, = ZHﬁijAjbj +w 1)
extension of our prior work in [9], [10], which applies to a =

single receive antenna. . .
g ere M, is the number of transmit antenna$§, =

Assuming circulant channel matrices, the optimal receiv Py PR ] ] )
signature sequences after passing through the channel |ges2 ~ - S ) is the matrix of signatures from transmit

orthogonal, which leads to a multi-carrier signaling sceemantennaj, A; = diag(a;j,--- ,a; k) is the corresponding

1This work was supported by Motorola Inc., NSF under Grant €CR !Since the sum rate with single-user decoding and lineaiverseequals the
0310809, and the U.S. Army Research Office under Grant DAA8@9- corresponding sum mutual information with multi-user coopregadecoding,
0288. this achieves the forward-link sum capacity [11].



K x K diagonal matrix of amplitude gains across signatures, Ill. JOINT POWER AND SIGNATURE OPTIMIZATION

= (big oo bs ) i ~ ~ - T
andb; = (b;1, ’SJ’K) is the corresponding vector of | . ¢ _ BT ,..-bT ) denote the vector of soft
symbols, whereb; | = 1. The K x K circulant channel v 1<

o . ) . _ receiver outputs over all users, wheng denotes the user
matrix HY ; between transmit antennjaand receive antenna . . . .
’J to whom signaturek is assigned. The soft receiver output

has as its first rofh} (L) - - - ¥ ;(0) - - - 0], which is the (time- . . .
bJ bJ . corresponding to signature is
reversed) channel impulse response between transmitrenten T
J and receive antennasfor useru. Finally, w} is the K x 1 by, = le’kruk
Gaussian noise vector on receive antenifiar userw, which T T A% t
. ) ' = G' H, STE;; Ab+ G ,w 7
has covariance matrix2I , . kTR M S _( )
Letting r, = (r? . "rﬂ)T denote the stacked vector ofvhere G, , denotes the receiver filter at mobile statiop

signal vectors acrosa/, receiver antennas at mobile statiorio" Symbols transmitted on signatuegrom all M, transmitter

u, we have antennas. We therefore have
Gl H, G! 1w,
r, = H,SADb + w,, (2) B u1,.1 1 STET AB u1,.1 1
~ H,STAb+w, @ > | M AP T
. . GUK,KHUK GLK,KWUK
whereS = diag (S1---Sn,) (KM, x KM, block—<%|agonal = Fx+v 8)
matrix), A = diag (A1 ---Ay,), b = (bl ---by, ) is the
vector containing thé/, K symbols transmitted over th&f; where
transmit antennas, an&, = (w]---w}, )" is the noise G, M., STE],
vector across all receive antennas. F = : 9)
The compositeK M,. x KM, channel matrix is GLK,KHUKSTETMt
H11L,1 H%,AL _
H, = : .. : 4) x = Ab (10)
U : . : ) +
HY o HY g Gy Way
_ ) v = : (11)
WhereHgfj denotes the channel matrix from transmit antenna .
j to theith receive antenna of user We have writter = ST G kW
whereS = diag (S---S), S denotes a non-singulak’ x K The sum mutual information over all users is
matrix, andT is an M; K x M;K matrix. This form will be I(x: B) — log, ‘(R;} n FTR;‘}F) Rxx| (12)

convenient in what follows.
With multiple transmit and receive antennas it is possibkhereRxx andRy are the covariance matrices ferandv,

to transmit reliably different symbols from different tsamit respectively, i.e., -

antennas on the same signature. bgt= (b - b k)T Ryx = A2 (13)

and A, = diag(ayy---an, ) represent, respectively, the L ( 2 ot 2 i )

vector of symbols transmitted on signatuke across the Rov = diag (04, Gy 1Guy 1 0y Goyp kG i ) (14)

M, transmit antennas, and the gain matrix for these SyRjze wish to maximize the mutual informatioF(x; g), given
bols. We define the stacked vector of symbols across BU (12), overS, T, Gu, 4, k = 1,--- , K, and A. This can
’ ’ ’ Uk ,R Y ) ’ .

. — — = T .
signatures asb = (b{---bj) and the corresponding pe achieved through the following procedure [13}-[15];
amplitude matrix A = diag (A;---Ag). Let Ex = 1) Choose the signature matr receiver filtersG.,, &,
1@ K eip(M,—1)K K€ - enx) and By, = k=1,---,K, and pre-coding filtefT' to diagonalize
€1€14 M, " €14 (K—1)M, """ €M, €2M, * eMtK) denote two FTR;‘}F, and

M; K x MK permutation matrices, whexg is a unit vector ) optimize the power allocation over signatures and trans-
of length M, K with the jth element equal to one and others mit antennas.

T _
equal to £ET0. Note t.haj = B, Furt_hermore,EK and SinceH} ., is circulant, it can be diagonalized by the DFT
E),, are unitary matrices, and shuffle either the rows (Whefﬂatrix & +J

.- . as
postmultiplied) or columns (when premultiplied) of a matri HY — dA" (15)
Hence, I J
Ab =E}, Ab (5) Where Af; = diag\f; - Al k) and AY L =
_ 1VE S o bt (L — 1)e 7?"%. Let T, be the M, x M,
and (3) can be rewritten as matrix consisting of\* .1 <i < M,,1 < j < M,, i.e.,

1,5,k
ry = HuSTEL, Ab + w, (6) Noe o M

In what follows, we will denoteM;,, = min(M,, M,) and Lok = : : (16)
My, = max(M,., My). Mk 0 Aok



which has singular value decomposition information I(x;f)), the signaturek should be assigned to
the “best” user, i.e., the user with the largest rate;, Py).

Dk = QuﬁkAi‘»k‘I’Lk A7 it there is only one (spatial) channel gain asstociateti with
where®,, , and ¥, ;, are M, x M, and M, x M, unitary signaturek, then the best user is simply the one with the largest
matrices, respectively; and, ; is an M, x M, diagonal channel gain [9], [10]. With multiple spatial sub-channpés
matrix with diagonal element, ;. ; > 0, wherel < i < M;,,. signature the assignment is complicated by the fact that the

Therefore,(R;)} + FTR;‘}F) R, can be diagonalized by user with the best rate (determined by water pouring overn eac

choosing the signatures, pre-coding filter, and receivier fils user’s set of spatial channels) can change, depending on the
amount of power allocated to signatuke This appears to

S=¢@ (18) require an exhaustive search over @ff user assignments.
W, 1 In order to avoid this exhaustive search, a convex relaatio
T=Eg EL (19) tech_nique can be applied by _assuming that each signature can
o be time shared among multiple users [16]. ket denote
ur K the fraction of time uset transmits on théth signature, and
and let P, ; denote the power assigned to useon signaturek.
op 0 0 -~ 0 Then (21) can be recast as
Gy — 0 ¢ O --- 0 @uk< ijjmxjum > K U P
’ oo e T\ O, — M) x M, max Z Zwu,kl(u, why (27)
0 0 0 - ¢ wuko Pk T Wuk
(20) K U
where0 is K x 1 zero vector. s.t. >N Pup<P (28)
The problem of signature and power allocation can be k=1u=1
formulated as Pp>0,1<u<Ul1<kE<K (29)

U
K
max I(x;b) = > I(uy, Py) (1) dDwp <LI<E<K (30)
Uk, P i u=1
K . . . . . .
subject to Zp’f <p 22) It is easy to_verlfy_that the objective in (2_7) is convex. Henc
= a local maximum is also the global maximum.

P.>0, 1<k<K (23) For a given set ofv, ;’S, the optimal powers’, ;. ; can be
B o obtained by a variant of water-pouring, i.e.,
where I(uy, P;) denotes the mutual information associated

with signature, or discrete frequenéy assigned to usei;, 2 \ T

with power P;. With multiple transmit and receive antennas, Py i = Wy <z — ;7“> (31)
for each signaturé assigned to user there is a set ofi/;,, u, ki

parallel spatial sub-channels with channel gains;, 1 <1i <

)

M;, 2 Hence where z is the water level that satisfies
o 2 p zf{:% Zszl gpﬁf uh;“ < fD Similarly, for a given
= i L g set of powersP, ; ;, the optimalw,, ;'S satis
I(ug, Py) = Z log, <1 + ’f;ﬂ’“) (24) p k, p Wy ks fy
1=1 u
M;n 2
in P 5u i 1
where " [ Z In (1 4 Tk ,Qk, ) _ a —0
= — Wy, kO, _WukTu 4
Z Puk,i < P;. (25) i=1 Puk,i0 4
im1 (32)

wherey is chosen to satisfszg=1 wy,r < 1. Hence, (27-30)
can be solved by iterating (31) and (32) until the sum mutual
information converges.
o2 * The weightw,, ;; can be also interpreted as the fraction of
Py, = <Z - 52“ ) , 1<i < My, (26) the bandwidth associated with signatirewhich is allocated
eyt to useru. Given a fixed total bandwidth, a& increases, the
where (z)* denotes the maximum of and 0, and z is the bandwidth associated with each signature decreases, so tha
water level, which satisfies (25). To maximize the mutudhe increase in aggregate rate due to signature-sharinggamo
multiple users also decreases. In the limit ld&s— oo, no
2In what follows, the subscriptuy, ) is used if signaturés is assumed to signature sharing occurs, and (21) and (27) become equoivale
be assigned to a particular usgy. Otherwise, if the assignment of signatire Therefore, for sufficiently Iargé(, assigning signaturle to the

has not been determined, or if the assignment is not unique ttigesubscript - i >
(u, k,4) is used. user with the largesi,, ,, gives negligible performance loss.

Given Py, I(ux, P) is maximized by water-pouring over the
spatial sub-channels, i.e.,




IV. SuM CAPACITY AT HIGH SNRs and the sum mutual information per signature per spatial sub
Although it appears to be difficult to calculate the optimathannel is

power ar_1d_ signatgre alloc_ations an_d the sum c_apa_lcity in max I (x; g) 1 X "
general, it is possible to give analytical characterizatiat R = K. & ZlogQ max ﬁzvl (38)
high SNRs. In what follows, we analyze the achievable sum m k=1 0

mutual information for a large number of users and antennasas the number of signature& — oo, the empirical

As for the single receive antenna forward-link models in [9kjistribution of y, over signatures approaches its probability

[10], the sum mutual information (x;b) maximized over density function (pdfjpy (y). Hence ask — oo, P and R
signatures and receivers is the sum capacity. That is,utho converge in probability to

I(x;b) corresponds to the situation in which the receivers -

coordinate and jointly decode all transmitted symbols, the p:/ (Z NO> py (y) dy (39)

optimized transmitted and received signatures are orttalgo Mo Y

Hence the output dofx,,, ;, contains no information about other

users’ symbols, and the sum rate with single-user decoding | o0

the same as that achieved with joint decoding. = /NO log, (
We assume that? = Ny, i.e., the noise variance is the same B

across all mobiles on all signatures and receive antennds, a e i ,

that the channel gains across signatures (discrete fremsgn 1 Pk, {Mm and g, = Iny, ;.

and pairs of transmit and receive antennas are independentin — °©, t e2d|str|but|pn ofy,, converges to a normal

complex Gaussian random variablésV (0, 1). Hence, the distribution N (i, o) [17] with

components of',, ; in (16) are independeri N (0, 1) random Moy —Min

_,30) py () dy. (40)

Min
Let y, , = (I} J

Min—1

. 1 1 7
variables. pw=—-C+ Z e Z - —InM,;, (41)
Combining (24)-(26) gives = 0 My Mo~
N N1 9 Ma,—1 Min—1 ,
P Zn:1 52 1 s 1 1 )
o 2 k up,n 2 _ - _
I(up, Py) = Z:llogz 52 n+Nlog, Nov N =1 ( ; ; Z’2>+an ; AT Vs
(33) (42)

where N denotes the number of spatial sub-channels in ud¥hereC = 0.5772 is Euler's constant. Hencgy, , has a log-
i.e., no power is allocated to spatial sub-chanmet N, and normal distribution. _ _

it is assumed without loss of generality th&at , > 6., i1 We now char_actenze th_e behavior of the sum mutual in-
for 1 <n < M, — 1. ’ formation per signature with a large number of users. From

At high SNRs we hav# > ZN 1 and asymptoti- €xtreme value theory [12, Sec. 2.3.3], as the number of users
’ =l O U — oo, the distribution ofy;, = max ! . satisfies
cally (33) becomes ' Yk 1<u<U Yy, k

Min oo\ Min lim Prob(y < uy + Bux) = e e (43)
I(ug, Pe) = My logy | 1 (I %)™ 34 .
(uk, Pe) = Min logy | 1+ M;, Ny |’ (34) where iy and By are determined as
) ) . ) ) . \/m_ ln}n l‘/+ln47r o+
which is M;, times the mutual information for sig- pu o = 22U g (44)
nature k& with transmit SNR = L& and effec- 3 g 45
five channel - gain (Hi:l 6“’”) [Min: Lt ys Let p, and o, denote the mean and standard deviation of

maxy<,<v ([0 62 1. /M;,. The maximum sum mu- Y&, réspectively. Then,

tual information, i.e., the solution to (21 - 23) at high SNR, py = pu+Chu (46)

is Bum
~ K P oy = v (47)

max [(x;b) = M;, ZIOgQ <1 + Nkyk> (35)
Pt 0 Let

_ P
No\* R=log, [ ~— 48
P = (z B yo) (36) 082 (No Py) (48)

k
wherez is chosen to satisfy (22). Therefore, the transmit power Theorem 1. ) =

lim (R — R) = 0. (49)

per signature is Usoo -
K That is, the difference betwee® and R can be made
P = 1 _MNoys 37) arbitrarily small by increasing the number of users. Fogdar
D CE) (37) b . of
P Yk U it therefore suffices to study the behavior Bf



P J\laz_Min 1 1 Min_l Z
R, = logy e ¢ In — — In M;,, + -+ — _
@ 2 { NO " ; ? Min ; Maz -1
Ma,—1 Mip—1 .
1 2 o 1 1 7E i
+ 2InU —_ — iy + — X 50
M; < 6 i=1 Z2> M, ; (Mag — Miyp +14)? 0)
Substituting (41-42) and (44-46) into (48), it follows that [ w2 sympese
limg, a7, .M, -0 R/Re = 1, where R, is defined in (50). e aampte y
(This is independent of the way in which each of the variables .| == W05 o s
tends to infinity.) Also, the sum mutual information per sign RV Vit %
ture R’ = M, R satsfiedimy ar,, a,,—oo B/ (MinRa) = 1. MMz, numerical -

Letting o« = M, /M;,, for large M;,, (41) and (42) can be 150
rewritten as [17]

Rate(bits)

Va
: 2 1 1 1 1 100
% n(vVa+1)+(a+ )n<\/a+1
Va

o )n<\/al 51 i

1 a = - ’

2= —_1In () (52) -

M7;2n a—1 00 5‘, 1‘0 SNR (dB) 1‘5 2‘0 |

and (50) can be rewritten as (53) on the next page.
We note that when there are multiple transmit and rerig. 1. Sum mutual information per signature versus SNR withigers.
ceive antennasR’ increases a®(InU), compared with the
O(InlnU) increase when there is only one receive antenna
[9], [10]. When M; = M, = M, (henceM,, = M;, = M), M, = 4. Different curves are shown for different SNRs. The

40+

(53) becomes asymptotic results accurately predict the numerical tesul
M-—1 .
_ P ) : ‘
MinRa = M |:ln _— — ln M:| + " + “° — gmgigg Sg, asymp_!ol\lc
No o M- TNz oo numeral I
—x—: SNR=20 dB, numerical - i

: SNR=15 dB, asymptotic -

2 1), 1 v
2InU | M (6 - ; ﬂ) + 2 Z%54) | SRS e
Furthermore, withv = 1 we havey = 0, 2 )
o = % (55) e - o
and (53) becomes - e 1
MR, =MIn N% +V2InUIn M (56) A |

Figure 1 shows the sum mutual information per signaftire
versus SNR withl/ = 30 users. Different curves are shown ™ 5 R 1a 1
for different numbers of transmit and receive antennas. The
asymptotic curves are computed from (50), and the numery. 2. Sum mutual information per signature versus the numbtaosmit
ical results are obtained by solving the convex optimizatigintennas with 10 users ard,. = 4.
problem (27-30), which is used to determine the assignment
of signatures to users, and using (33) to compute the rate for
each signature. The asymptotic and numerical results cgpave
as the SNR increases. The figure shows thatMbe 4 and Signatures and powers have been jointly optimized for a
M = 8 the asymptotic results accurately approximate tHeequency-selective, forward-link CDMA model with mullgp
numerical results foSNR > 10 dB. transmit and receive antennas, and linear receivers. Ttie op

Figure 2 shows the sum mutual information per signaféfre mal signatures lead to multi-carrier signaling on eachsmain
versus the number of transmit antenrdds with U = 10 and antenna. The assignment of carriers to users is complicated

V. CONCLUSIONS



M;,R, = log,y e {Mm In i +v2InU In M;,,+

No

M [2111 (Va+1)+ (a+1)n (\/(Lfrl) 4 (a-1h (\/0%/631)]} (53)

by the property that the distribution of powers over the isphat [15] A. Scaglione, S. Barbarossa, and G. B. Giannakis, éFilnk trans-

modes. and the Corresponding rate depend on the powerceivers optimizing information rate in block transmissionsragdispersive
. . . ! channels,”|EEE Trans. Inform. Theory, vol. 45, pp. 1019-1032, Apr.
assigned to each signature, which in turn depends on the {ggq

carrier assignment. The optimal solution can be efficientlys] L. Hoo, B. Halder, J. Tellado, and J. Cioffi, “Multiuseransmit opti-

approximated by allowing time-sharing of signatures. mization for multicarrier broadcast channels: asymptotic FDd&pacity
region and algorithms”JEEE Trans. Commun., vol. 52, pp. 922-930,

To gain further insight into the dependence of the sum ;yne 200a4.
capacity on system parameters, we have analyzed the durh B. Hochwald, T. Marzetta, V. Tarokh, “Multiple-antearchannel hard-
capacity at high SNRs, gnd for a large number qf users and Ier:}g‘r?nf”‘?ﬂe';sr;‘f‘"\fo“lf%%?”;pfoiéggf{Sgg*‘)ascgpingo%?edlﬂIH?;EE Trans.
antennas. The assumption that the channel gainsi.iade
across signatures (discrete frequencies) and pairs ofhrzexde
enables a characterization of the asymptotic growth rate of
the sum capacity with users and antennas. Namely, the sum

capacity grows asM;,log (P/Ny) + v2log Ulog Mj,.
Comparisons of the asymptotic results for high SNRs with
numerical optimization of signatures and powers show that
the asymptotic results are accurate at moderate SNRs with a
moderate number of antennas.
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