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Abstract

We evaluatetheperformanceof reduced-rankequalizersfor bothsingle-input,single-output(SISO)

andmulti-input/multi-output(MIMO) frequency-selective channels.Eachequalizerfilter is constrained

to lie in a Krylov subspace,and can be implementedas a reduced-rankMulti-Stage Wiener Filter

(MSWF). Both reduced–ranklinear and decision-feedbackequalizersare considered.Our resultsare

asymptoticas the filter length goesto infinity. For SISO channels,the output Mean SquaredError is

expressedin termsof the momentsof the channelspectrum.For MIMO channels,both successive and

parallel interferencecancellationareconsidered.The asymptoticperformancein that caserequiresthe

computationof moments,which dependon shiftedversionsof thechannelimpulseresponsefor different

users.Thoseare also expressedin termsof the MIMO channelfrequency response.Numericalresults

are presented,which show that near full-rank performancecan be achieved with relatively low-rank

equalizers.

I . INTRODUCTION

Reduced–rankestimationandfiltering hasbeenstudiedfor many applications,suchasspace-

time processing,channelestimation,and equalization[1], [2]. Reduced-rankestimationcan

accuratelyapproximatethe filter parameterswith relatively few observations or training data

[3, Sec.8.4]. In this paper, we apply reduced-rankestimationandfiltering to equalization,and

study the performancefor suppressionof both intersymbol interference(ISI) and co-channel

interference(CCI).

In a reduced–rankfilter, the input (observation) vectorsare projectedonto a lower dimen-

sional subspace.The filter is then optimizedwithin this subspace.If the subspaceis selected

This work wassupportedby ARO undergrantDAAD190310119andNSF undergrantCCR-0073686.
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appropriately, this canreducetheamountof training,or observationdata,neededto estimatethe

filter. Furthermore,once the subspaceis determined,the computationalcomplexity associated

with estimatingthe filter coefficientsdecreaseswith the subspacedimension.

Theperformanceof reduced-rankestimationdependson thechoiceof theprojectionsubspace.

A well-known class of reduced-rankmethodsprojects the incoming signal onto a subspace

spannedby a subsetof eigenvectorsof the input covariancematrix (e.g., [4]–[6]). When used

for interferencesuppression,the subspacedimensionmust generallyscalewith the dimension

of the signal subspace[7], which compromisesthe benefitsof reduced-rankestimationas the

load (numberof interferingsignalsnormalizedby filter length) increases.Additional discussion

aboutsubspacedecompositionsusedfor reduced-rankestimationand filtering can be found in

[5], [8]–[12].

Our focus is on reduced-rankalgorithms,which are basedon the Multi-StageWiener Filter

(MSWF) [13]. In previous work, the MSWF hasbeenappliedto suppressionof multiple access

interferencein a Code-Division Multiple Access(CDMA) system[7], [14], [15]. (Seealso[11],

[12], which discussa related”Auxiliary Vector” reduced-rankmethod.)It hasbeenshown in [7]

that for a target performance,the MSWF canoffer a dramaticreductionin subspacedimension

relative to other reduced–ranktechniques,such as principal components.This can lead to a

significantreductionin training overheadrelative to a full-rank algorithm [16]. Furthermore,it

hasbeenshown in [7] that thesubspaceassociatedwith theMSWF is a Krylov space,for which

the basisvectorsareeasilycomputed.In [17] it is shown that the outputSignal-to-Interference

Plus Noise Ratio (SINR) for the reduced-rankMSWF convergesexponentiallyto the full-rank

SINR as the rank increases.

Herewe studythe performanceof the reduced-rankMSWF whenusedfor channelequaliza-

tion. Earlier work on reduced-rankequalization,basedon an eigen-decompositionof the input

covariancematrix, is presentedin [18], [19]. The reduced-rankMSWF hasbeenconsideredfor

equalizationin [20]–[22], anda reduced-rankdecision-feedbackequalizer, basedon the MSWF,

is presentedin [23], [24]. Adaptive reduced-rankestimationis appliedto a turbo DFE in [25].

The reduced-rankDFE canprovide a significantperformancegain, relative to the conventional

full-rank DFE, when training is limited.

Ourmainresultscharacterizetheasymptoticperformanceof reduced–ranklinearanddecision–

feedbackequalizers,whereasymptoticmeansthat the filter length tendsto infinity with a fixed

channel.The performanceis measuredin terms of Mean SquareError (MSE). Becausean
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infinite impulseresponse(IIR) equalizercanoftenbeaccuratelyapproximatedasa finite impulse

response(FIR) equalizer, our resultscanbeusedto estimatetherankrequiredfor FIR equalizers.

We considerboth single-input/single-outputandmultiple-user/multiple-antennachannelmodels.

In the latter case,both successive (S-) andparallel(P-) DFEsareconsidered,in which theusers

aredecodedeithersuccessively or in parallel.In thecaseof theSDFE,we assumethatall bits for

the setof decodedusersareavailable for feedbackcancellation.(This correspondsto detection

of a received packet.) The asymptoticperformanceis expressedin termsof the momentsof the

channelspectrum(for the linear equalizer),andinner productscontainingthe channelspectrum

andphaseshiftedversionsof the channelfrequency response(for the DFE). We alsoshow that

the geometricaverageof full-rank MMSE acrossusersis the samefor both the S- andPDFEs.

Numericalresultsarepresented,which show theasymptoticperformanceof the reduced–rank

equalizersvs. rank. In all casesconsideredthe reduced–rankequalizerscan achieve close to

full-rank performancewhenthe subspacedimension,or rank, is at leastten.

In Sec.II, the single-user/singleantennasystemis considered,andwe evaluatethe minimum

MSE (MMSE) for both linear and decision-feedbackequalizers.In Sec. III, the results are

generalizedto the multiple-user/multiple-antennamodelwith linear, S- andPDFEs.SectionIV

concludesthe paper, andproofsaregiven in the appendices.

I I . REDUCED-RANK EQUALIZATION

Wefirst presentreduced-ranklinearanddecision-feedbackequalizersfor thesingle-user/single-

antennasystemmodel, and evaluatethe asymptoticperformanceas the filter length tendsto

infinity. In thenext sectionwe considerthemorecomplicatedmulti-user/multi-antennascenario.

A. Single-Input/Single-Output(SISO)Model

In this case,we form the vectorof
���������

received signalsamples

	�
����� � ��
� ����� ��������������
������������ ����
��"! ��� ��#%$
� &(')
���� �+* 
��� (1)

where �,�-# $ denotestranspose,& is the 
 �����.�/� �10�
 �����"�2�435�/� � Toeplitz channelmatrix

&6�
7 
8! 3 � ����� 7 
 3 � 9 ����� 9

9 7 
8! 3 � ����� 7 
 3 � ����� 9
. . . . . .9 ����� 9 7 
:! 3 �;����� 7 
 3 �

(2)
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correspondingto achannelimpulseresponsewith length
�43<�=�

, '>
����?�@�BA)
� �C3<�D��� ���4�����.��A)
������������E�4A>
�F!
3 ! ��� ��# $ is a 
 �G�����H�43<�=� �I0 � vectorof transmittedsymbols,and

* 
���J�K� LM
� �D��� ������������LC
���������������LC
���!
��� ��# $ is complex white Gaussiannoisewith covarianceNPO4Q .

For simplicity, we assumethe transmittedsymbolsare with unit power, i.e., R �TS,A)
�����S O #.� �
.

The Minimum MeanSquareError (MMSE) linear equalizeris given by

U ��VGW�XJY[Z]\^ R A>
���"! UP_ 	�
���� O �a`cbedgf (3)

where �,�-# _ denotesconjugatetranspose,̀ is the input covariancematrix

` � R 	�
����h	�_F
����
� &c&i_ � N O Q (4)

and f is the channelsteeringvector,

f � R � 	�
����Akj�
����#
� &ml1nGo�p8n d �K� 7 
 ��� ��� 7 
 ��� ! � ����������� 7 
:! ��� ��#%$ (5)

where qsr is the L.tu column of the matrix q , and
7 
���C�v9 for S �IS>w 3

. In what follows, we

allow the lengthof the impulseresponse,representedby
3

, to be infinite. Whenthe channelis

not known at thereceiver, thecovariancematrix andthechannelsteeringvectorcanbeestimated

adaptively from a sequenceof training symbolsand the correspondingreceived signal vectors

[25].

B. Reduced–Rank(RR)Linear Equalization

An RR equalizercan potentially reducethe training overheadand complexity associated

with adaptive equalization.This becomesan importantissuewith frequency-selective Multiple-

Input/Multiple-Output(MIMO) channels,since the numberof equalizercoefficients increases

with the productof numberof transmitantennas,numberof receive antennas,and the channel

delayspread.

The basic idea in RR filtering is to project the received vectorsonto a lower–dimensional

subspace.Let x.y be the 
 �������z� �M0|{ matrix with columnsthat are the basisvectorsfor a{ –dimensionalsubspace,andlet }	�
������ x _y 	�
���� be the projectedinput. In what follows, all { –

dimensional(projected)quantitiesaredenotedwith a “tilde”. Thesequenceof projectedreceived

vectorsis the input to a tapped–delayline filter, representedby the { –vector }U . Selecting}U to

minimize the RR MSE R�~ S,A)
����"! }U _ }	�
���IS O�� gives

}U �K
 x _y ` x�y �Fbed x _y f�� (6)
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In what follows, we take

x�y � f `�f ` O f ������` y bed f (7)

which definesa Krylov subspace.It has been shown in [7] that the associatedRR filter is

equivalent to the MSWF [13]. Additional discussionon relatedRR methodsis given in [26].

Analogousto the resultsin [7], [14], which apply to interferencesuppressionfor CDMA, our

analysisandnumericalresultsshow thattheperformanceof theRR linearequalizercanapproach

full–rankperformancewith low rank,whichdoesnot increasewith theequalizerlength.Reducing

the filter rank { canreducethe amountof training neededin an adaptive mode.

C. Performanceof the RRLinear Equalizer

The MMSE for the full-rank linear equalizeris given by

����� � � !|f _ `�bedgf (8)

where ` and f are definedby (4) and (5), respectively. The MSE for the RR linear equalizer

canbe expressedin termsof the channelmoments�>r �af _ ` r f . Let

��>y � � �>� � � d ��������� �>y bed # $�� (9)

� y �
� d � O ����� �Py
� O �)� ����� �Py n d
...

...
...

...

�>y �>y n O ����� � O y bed
(10)

The MMSE for the RR linear equalizeris

���P�P��� � � !|f _ x.y 
 x _y ` x.y �Fbed x _y f
� � ! �� _y � bedy ��>y (11)

Theprecedingresultassumesthattheequalizerhas
�������m�

taps.Wenow presenttheanalogous

result as
����� �

. In that case,the MMSE for the RR linear equalizercan be computedfrom

(11), where the moments�Pr , L���9G��������� � {�! �
, are replacedby the asymptoticmoments

���r � �]Z-Yo p8� � �>r .

Theorem1: The asymptoticmomentsaregiven by

� �r � ��4�
�
b � S,��
8�F 8¡P�IS O � N O r S,��
8�F 8¡P�IS O�¢�£ (12)
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Proof: Thecovariancematrix of the receivedvector, ` definedin (4), is an
� 0 � Toeplitz

matrix with elements ~�¤�¥8� ¥§¦ be¨ o bedª©¬« ®®:« o bed , where
� � �����C���

. The sequence~�¤�¥¯� is the

autocorrelationof the channelimpulse response,¤�¥ � l  ¦ b l 7 
�°)� 7 j 
�° � ��� � NPO�±�¥ , where

±�¥ � �
for �1�s9 and is zerootherwise,and ¤²¥ �a9 when S �IS�w �43

. We have

� �r � �]Z]Yo � �
f _ ` r f

� �]Z]Yo � �
���³µ´�¶�·�¸ � & _ ` r &¹#

� �]Z]Yo � �
�� ³µ´�¶�·�¸ � ` r 
T`º! N O Q ��#

� �]Z]Yo � �
��

o
¥§¦ d

» r n d¥ 
§`¼�"! N O » r¥ 
T`m� (13)

where
» ¥ 
§`m� , �½� � ��������� � are the eigenvaluesof ` . Since ` is a Toeplitz matrix, it follows

from [27, Theorem4.1] (restatedasTheorem9 in AppendixA) that

� �r � ��4� �
b �

¾ r n d 
8�F ¯¡¿� ¢�£ ! NPO�4� �
b �

¾ r 
:�F ¯¡¿� ¢�£
� ��4� �

b � S,��
8�F 8¡¿�IS O � N O r S,��
8�F 8¡¿�IS O�¢�£
where

¾ 
:�  ¯¡ �J� O lÀ ¦ b O l ¤ À � b   À ¡ is the power spectrumof the received signal.

As { � �
, theMMSE for theRR equalizerconvergesto the full-rank MMSE givenby [28]

� ���� � � ! �]Z-Yo � �
��+³µ´�¶�·�¸ ~ &i_:` bed & � � � ! ��4� �

b �
S,��
8�  8¡ �IS OS,��
8�  8¡ �IS O � N O ¢�£ (14)

A direct proof of (14) is given in AppendixA.

D. RRDecision–Feedback Equalizer

We now apply RR filtering to a DFE. Given the discrete-timemodel (1), for purposesof

analysiswe definethe outputof the DFE as the
�G��Á 0 �

vector

ÂE
������ÄÃ�_¯	�
���"!|ÅÆ_:'>
��� (15)

where the feedforward filter Ã is a 
 �G���J�K� �½0�
 ����Á��@� � matrix, and the feedbackfilter Å
is a 
 ����Á²�5� �Ç0º
 �G��Á²�È� � matrix. Letting

��Á � �����É3
, the vector of feedbacksymbols'>
���(� �,A)
�� �º��Á ����A)
�� �º��Á ! � ���������E��A)
��M! ��Á ��# $ . The feedbackmatrix Å is strictly lower

triangular, correspondingto causalfeedback.In whatfollows,thefeedbackdecisionsareassumed

to be correct.We wish to select Ã and Å to minimize R �¬ÊËÂE
���Ì!Í'>
����IÊ O # , which implies that the
 ��Á��Î� �¯Ï t columnof Ã , andthe 
 ��Á��(� �ÐÏ t columnof Å areselectedto minimize R �¬S,Ñe
�����!ÆA)
����IS O # .
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Ò	C
��� ÓÆÔTÕ Ö Ò × Ò! Ò Decision Ò')
����

ØÅz� × ! Q

Ù

Fig. 1: Block diagramof an optimal (MMSE) DFE.

The columnsof Ã and Å can be interpretedas a sequenceof time-varying filters, which are

usedto detectthe sequenceof symbols A)
���! ��Á ���������E��A)
�� ����Á � .
The optimal feedforward filter can be expressedas the concatenationof the linear equalizer

with an error whiteningfilter [29], asshown in Figure1. Specifically, let
ÓÆÔTÕ Ö �Ú` bed & , andlet

the correspondingerror be Û 
����J�Ä'>
����! Ó _ÔTÕ Ö 	�
���� (16)

which hascovariancematrix

`ÝÜ;� R � Û 
���� Û _µ
����#e� Q ! Ó _ÔTÕ Ö &5!|&i_ ÓÆÔTÕ Ö � Ó _ÔTÕ Ö ` ÓÆÔTÕ Ö (17)

� Q !|& _ `�bedg& (18)

The feedbackmatrix can then be computedfrom the Cholesky decomposition× _ `ÝÜ × �6Þ�Ü
where × is a lower triangularmatrix with onesalong the diagonal.The optimizedfeedforward

filter is Ã�� ÓÆÔTÕ Ö × (19)

and Åz� × ! Q .
Oneversionof a RR DFE canbeobtainedby substitutingRR approximationsfor thefull-rank

filters
ÓÆÔTÕ Ö

and Å . That is, the 
 ��Áß�v�J�Úà � tu column of
ÓÆÔTÕ Ö

, ! ��Á½áKàâáK��Á
, is replacedby

the RR approximation U�ã � x�y « ã 
 x _y « ã ` x�y « ã � bed x _y « ã f ã (20)

where x�y « ã �È� f ã �µ`Æf ã ���������µ` y bed f ã # , and f ã �Ä&mo�ä8n d n ã , denotesthe shiftedchannelimpulse

response.A full-rank feedbackfilter Å canbecomputedby performingaCholesky decomposition

of the associatederror covariancematrix given by (17). Note that the error covariancematrix

is no longergiven by (18) with a RR approximationfor
ÓÆÔTÕ Ö

. We refer to this RR DFE as the

RR DFE-Linear (RR DFE–L), sinceonly the linear equalizerpart of the feedforward filter is

approximatedby a RR filter.
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To obtaina RR feedbackfilter, we recall that the 
 ��Á"�/� � st columnof Å canbe interpreted

as an error prediction filter for the sequenceof errors, �å
����J��A)
����"!æ� ÓÆÔTÕ Ö # _oßä:n d 	�
���� . That

is, the column containsthe non–zerocoefficients ç d ��������� ç o�ä , which are selectedto minimize

R �-SB�å
����! oßä  ¦ d ç   �å
�?!è°)�IS O #�� R �-SB�å
����!Úé _ Û o�äên Oµë O o�ä8n d 
����S O # , where the vector ì l ë r contains

the
3 tu to L�tu componentsof ì . The full-rank feedbackfilter is

é<� í` bedÜ íf�Ü (21)

where

í`[Ü�� R � Û o�ä8n Oµë O o�ä:n d 
���� Û _o ä n Oµë O o ä n d 
�����#¿�î� `ÝÜË#ïo�äên Oµë O o�ä8n d (22)

íf�Ü�� R �,� j 
���� Û o ä n Oµë O o ä n d 
�����# (23)

and the matrix q l ë r containsthe
3 tu to L.tu columnsandrows of q . The RR feedbackfilter

with rank { Á is given by

}é<��} í` bedÜ } íf.Ü��@
 x _Ü í`ÝÜ x Üµ� bed x _Ü íf�Ü (24)

wherethe matrix of basisvectors

x Ü��K� íf.Üµ� í`ÝÜ íf.Üµ��������� í` y ä bedÜ íf�Üµ# (25)

andtheRRapproximationof thenon-zerocomponentsof thefeedbackfilter is x Ü�
 x _Ü í`[Ü x Ü�� bed x _Ü íf�Ü .
We will refer to the DFE with both RR linear anderror estimationfilters as the RRDFE.

We remarkthatwhenthe channelis unknown at the receiver, a LeastSquares(LS) versionof

the RR DFE is obtainedby replacingthe MMSE linear equalizerin (16) with the LS version,

given a training sequence.The estimatedfeedbackfilter é is an LS error predictionfilter, again

given by (21) or (24), where the estimatedlinear predictionerror covariancematrix and error

steeringvectoraregiven by the correspondingsampleaverages[25].

E. RRDFE Performance

From the discussionin SectionII-D, to computethe DFE filters and the associatedperfor-

mance,we must computethe error covariancematrix `ÝÜ . The correlationamongerrorsat the

outputof theRR linearequalizeris definedin termsof shiftedchannelmoments�>y « ã �Äf _ ` y f ã ,
where f ã is the shiftedchannelimpulseresponse.

Theorem2: The asymptoticshiftedchannelmomentsaregiven by

� �r « ã � �]Z-Yo � �
f _ ` r f ã

� ��4� �
b � S,��
8�F 8¡P�IS O � N O r S,��
8�F 8¡P�IS O �F  ã ¡ ¢�£ (26)
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Whenthe channelimpulseresponseis finite-length, � �r « ã �s9 for
à w �43 
�L ��� � .

The proof is given in AppendixB.

Wenow proceedto computetheasymptoticMSEfor theRRDFEby computingthecorrelation

betweenoutputerrorsfor a rank-{ linear equalizer. That is, the error at time �ð! à
is �å
��e! à �1�

A)
���! à �"!/� Ó�Ô¬Õ Ö # _o ä n d n ã 	�
���� , and

ñ�ã � Rò~ �å
������Ij�
���! à � �
� ± ã ! � �� _y � bedy ��>y « ã � �� _y � bedy � y « ã � bedy ��Py (27)

for
àóá/ô

, where
ô �sõ 3 { ,

��Py and
� y aredefinedin (9)-(10),

��>y « ã � � �)� « ã � � dg« ã �������E� �>y bedg« ã # $ (28)

� y « ã �
� dg« ã � O « ã ����� �>y « ã
� O « ã �)� « ã ����� �>y n dg« ã

...
...

...
...

�>y « ã �>y n dg« ã ����� � O y bedg« ã
(29)

and ñ�ã ��9 for
à w ô

.

The
��Á 0 ��Á

error covariancematrix is Toeplitz, i.e.,

`[Ü²�
ñ � ñ d ñ O �����
ñ jd ñ � ñ d �����
ñ jO ñ jd ñ � �����
...

. . . . . .
...

(30)

and the
��Á

-vectorof errorsis f.Ü��@� ñ d � ñ O ��������� ñ o�ä¯# _ (31)

The asymptoticMSE of the RR DFE-L canbe computedfrom a Cholesky decompositionof

thecovariancematrix of thesequenceof linearequalizererrors.Alternatively, usingthe fact that

the outputMSE is the meansquaredpredictionerror for this sequence,we canwrite

� ��>� y.ö � b � ��÷gøEù ��4� �
b � �]\

¾eú 
8�F ¯¡¿� ¢�£ (32)

where
¾eú 
8�  8¡ �J� �ã ¦ b � ñ�ã � b  

ã ¡ is the power spectrumof the error sequence,and ñ b ã � ñ jã .
Wenow evaluatetheoutputMSE for theRR DFE in which boththelinearanderrorestimation

filters arereplacedby thecorrespondingRR approximations.Herewemustassumea finite-length

channelimpulseresponse.Let û
r � íf _Ü í` rÜ íf.Ü (33)
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which we will refer to as the L th momentof the error covariancematrix, where í`ÝÜ and íf�Ü are

definedby (22) and(23). The MSE for the RR DFE is given by the analogousform to (11),

���P� y.ö � � Y[Z]\ Rò~ SB�å
���"! }é�_ }Û oßä:n Oµë O o�äên d 
�����S O �� Rò~ SB�å
����IS O � ! íf�_Ü x Ü�
 x _Ü í`[Ü x Üµ� bed x _Ü íf�Ü
� ���>�P��� ! �û _y äÐü bedy ä �

û
y ä (34)

where �û y ä��î� û � �
û
d �������E�

û
y ä bed # $ (35)

and

ü y ä��

û
d

û
O ����� û

y äû
O

û
� ����� û

y äên d
...

...
...

...û
y ä

û
y ä n d ����� û

O y ä bed
(36)

Given a finite-lengthchannelimpulseresponse,the autocorrelationof the error at the output

of the linear filter is zero after a finite time shift. Note that í`ÝÜ and íf�Ü have exactly the same

structureas `ÝÜ and f.Ü , the only differencebeing the effective length of the feedbackfilter.

Specifically, `ÝÜ and f.Ü with a feedbackfilter of length
��Á

are the sameas í`ÝÜ and íf�Ü with a

feedbackfilter of length
�G��Á��º�

. Thereforeif the size of the feedbackfilter is large enough,

thenwe cansimply use `ÝÜ and f.Ü to computethemomentsof theerrorcovariancematrix. That

is, we canwrite

û
r �Äf _Ü ` rÜ f�Ü , since f�Ü hasa finite numberof nonzerocomponentsat the top,

which doesnot increasewith the filter length.This enablesus to computethe performanceof

the RR DFE as
�ý� �

and
��ÁC� �

by evaluatingthe performancefor infinite
�

but finite��Á
.

Theorem3: With a finite-lengthchannelimpulseresponsethe asymptoticerror momentcan

be evaluatedas û
�r � �]Z-Y¨ o « o�ä © � �

û
r �af _Ü « þ ` rÜ « þ f�Ü « þ (37)

where ÿ � ����� r n dO
� ô

, f�Ü « þ �K� ñ d � ñ O �������E� ñ�� �49��������E�49G# _þ��ed , and `ÝÜ « þ �K� `ÝÜµ# d ë þ .

Proof: It is easilyobserved that for a HermitianToeplitz matrix ` with
��ô��æ�

non–zero

diagonalelements,the
ô 0 ô

upper–left block of ` r remainsconstantwhen the size of ` is

larger than
� r n dO

� ô
. Sinceonly the first

ô
entriesof f.Ü may be nonzero,the asymptoticerror

momentcanbecomputedfrom a finite–sizeÿ 0 ÿ matrix `ÝÜ « þ providedthat ÿ � ����� r n dO
� ô

.
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As the ranksof both feedforward andfeedbackfilters tendto infinity, the MSE convergesto

the classicalexpressionfor the full-rank MMSE [28],

� �y.ö � ��÷hø ù ��4� �
b � �]\

N>OSB� 
8�  ¯¡ �IS O � N O ¢�£ (38)

A direct proof that the MMSE for thefinite–lengthDFE convergesto (38) is given in Appendix

A.

F. Computationof ChannelMoments

The expressions(12) and(26) canbe computedvia the residuetheorem,i.e.,

� �r « ã � ��4� ° 	 
�	 ¦ d S,��
8Ñ��IS O � N O r SB� 
8Ñ���S O Ñ ã �Ñ ¢ Ñ
� Residues 
�S,��
8Ñ���S O � N O � r SB��
:Ñ��IS O Ñ ã bed (39)

For example,if ��
8Ñ���� dªb� 
����� d n 	 � 	�� , thentheasymptoticchannelmoments,correspondingto
à �a9 ,

canbe explicitly expressedas

� �r ��� r n d ! N O � r (40)

where

� r � Residue 
�S,��
8Ñ��IS O � N O � r Ñ bed
� � r�� O��

¥§¦��
L��
�L�! � �����¯
����-� O 


��� N O � r b O ¥ S�� S��� S�� S O
O ¥

(41)

and the residuesin the first equality are evaluatedby expandingthe argumentin powers of Ñ
andkeepingthe term which multiplies Ñ bed .

From (41) we seethat the performanceof the linear filter only dependson NPO and S�� S , the

distanceof the zero to the origin. The shiftedchannelmomentscanbe obtainedas

� �r « ã ��� r n dg« ã ! N O � r « ã (42)

where

� r « ã � ! ��� S�� S O� j
ã � ¨ r n ã © � O��

¥T¦ ã
L��
�L �2à ! � �����,� �¯
��ß! à �!� 
 ��� N O � r n ã b O ¥ S�� S��� S�� S O

O ¥
(43)

for
àDá L and � r « ã �æ9 for

à w2L . Note that � r « ã dependson the phaseof the channelzero,as

well as the magnitude.

We alsoobserve from (12) and(26) that ~4�>r « ã � is the inverseDiscreteFourier Transformof
�S,��
8�  8¡ �IS O � N>O � r SB��
:�  ¯¡ ��S O and �>r � �>r « � . Hencegiven the channelfrequency response,the

inverseFFT canbe usedto computethe momentsefficiently.
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G. NumericalResults

Fig. 2 shows theperformanceof RR equalizersfor thechannel��
8Ñ��?�K
 � !"�åÑ bed ��# ��� S$�ES O .
In this case,the channelmomentsare given by (41) and (43). The figure shows plots of MSE

vs. S�� S for different ranks with SNR� � 9 dB. The solid and dashedcurves are for the RR

linear equalizerandRR DFE-L, respectively. As S�� S � �
, the impulseresponseof the full-rank

equalizereffectively increasesin length,and the performancedegrades.Theseplots show that

a RR linear equalizeranda RR DFE–L with rank % canachieve nearfull-rank linear equalizer

andDFE performancerespectively, independentof S�� S .
Fig. 3 shows MSE vs. rank for the RR linear equalizerandRR DFE-L, andalso for the RR

DFE. For the RR DFE, eachcurve correspondsto a particularrank for the feedbackfilter, and

shows MSE vs. rank for the linear equalizerpart of the feedforward filter. Theseresultswere

generatedusing a specificrealizationof an
���

–tap Rayleighfading channelwith equalpowers

acrosstaps.The SNR is
� 9 dB. The resultsshow that in eachcase,a relatively low rank is

neededto achieve nearfull-rank performance.

0.5 1 1.5 2
10

−2

10
−1

10
0

|a|2

M
S

E

One−zero Channel, H(z) = (1 − az−1)/(1+|a|2)1/2

Full−rank
RR, Rank 1
RR, Rank 2
RR, Rank 4
RR, Rank 8

Fig. 2: Performanceof the RR linear equalizerand RR DFE-L with a one-zerochannel.The

solid curvescorrespondto the linear equalizer, and the dashedcurvescorrespondto the DFE.
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1 2 3 4 5 6 7 8 9 10
10

−2

10
−1

10
0

Rank

M
S

E

Full−rank Linear Equalizer
RR Linear Equalizer
Full−rank DFE
RRDFE−L
RRDFE, FB Rank 1
RRDFE, FB Rank 2
RRDFE, FB Rank 4

Fig. 3: MMSE vs. rank for RR linear anddecision–feedbackequalizers.

I I I . DFE WITH MULTIPLE USERS AND RECEIVE ANTENNAS

We now extend the precedingresultsto &'� �
usersand ()� �

receive antennas.Let 	+*h
����
be the vectorof received sampleson antenna, at time � . Thenwe have

	�
������ � 	E$ d 
������������.�Ë	�$� 
�����#ï$ (44)

� � & d �µ& O �������.�µ&"-M#
' d 
����

...'.- 
���
�

* d 
���
...* � 
���

�
& dg« d �����;& dg« -

...& � « d ����� & � « -

' d 
���
...'.-â
���

�
* d 
����

...* � 
����
(45)

where &"* « À is the channelfrom user / to antenna, , as definedin (2), and ' À 
���� containsthe

symbolsfor user / . That is, 	�
���� is obtainedby stackingthe received vectorsacrossantennas.

The channelfrequency response,0 
8�  8¡ � , is given by a ( 0 & matrix. That is,

0 
:�F ¯¡¿�J� 0 d 
:�F ¯¡¿����������� 0 - 
8�F ¯¡>� (46)
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where 0 À 
:�  ¯¡ �<� �,� dg« À 
:�  ¯¡ �ð������� � « À 
:�  ¯¡ ��# $ , and �1* « À 
:�  ¯¡ � is the frequency responseof the

channelfrom user / to antenna, .

A. Linear Equalizer

For the full-rank linear equalizer, the asymptoticMMSE for user
�

is given by [30]

� ���� « d � � ! ��4� �
b � 0 _d 
:�F ¯¡¿� 0 
:�F ¯¡¿� 0 _Ë
:�F ¯¡¿� � N O Q bed 0 d 
:�F ¯¡¿� ¢�£ (47)

In Appendix C, we give a different derivation from the one given in [30]. (This techniqueis

usedlater to computethe MMSE for a MIMO DFE.) The MMSE for the reduced-ranklinear

equalizeris given by (11), wherethe MIMO channelmomentfor user
�

is given by

� ¨]dª©¬« �r � ��4�
�
b � 0 _d 
8�F ¯¡>� 0 
:�F ¯¡e� 0 _F
:�F ¯¡¿� � N O Q r 0 d 
8�F 8¡¿� ¢�£ � (48)

B. Successive-DFE(SDFE)

In this sectionandthe next, the performanceof full– andRR DFEsarepresentedfor MIMO

channels.The DFE cancelsboth ISI andCo–Channel–Interference(CCI) from otherusers.We

first considera Successive (S)-DFE, and subsequentlyconsidera Parallel (P)-DFE in the next

section.

The outputof the DFE for user / is

Â À 
���J�aÃ _À 	�
���"!|Å _À ' À 
��� (49)

where ' À 
��� is the vectorof interferingsymbolsbeingfed backfor cancellation.For the SDFE,' À 
���� consistsof thepreviouslydecodedsymbolsfor user / , i.e., ~ A À 
��å! � ����A À 
��å! � ��������� � , along

with the entire symbol sequencesfor users
� � � �4������� / ! �

, i.e., ~ �������4A.2G
�� �È� ����A32�
�����4A.2G
��C!
� ��������� ��4 � � � � �������E� / ! � � . Thereis no feedbackfrom users/ �s� ��������� & . This type of DFE

is differentfrom theconventionalMIMO DFE discussedin [29]–[32] in thatbothpre-andpost-

cursor interferencefrom other usersis canceled.(The SDFE consideredhereis also described

in [33].) Herewe give closed-formexpressionsfor the MMSE correspondingto both full–rank

andRR SDFEs.We first consideran SDFEwith a full–rank feedbackfilter, which we refer to

asan SDFE-L, andsubsequentlyconsidera reduced–rankfeedbackfilter.

According to the discussionin SectionII-D, the covariancematrix of the linear prediction

errorscorrespondingto users
� �4������� / canbe written as

`�¨ À ©Ü � Q !|& _d ë À `cbedª& d ë À (50)
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where & d ë À �6� & d �µ& O ���������µ& À # . Sincethe usersare decodedsuccessively, the MMSE can be

computedvia the Cholesky decomposition

× _À ` ¨ À ©Ü × À �ÄÞ ¨ À ©Ü �65+7 ¶�8 � � À ��������� � À � � À bed ��������� � À bed �������E� � d ��������� � d # (51)

wherethe diagonalmatrix Þ ¨ À ©Ü containsthe MMSEs for users
� � � �������E� / . This decomposition

canbe usedto computeuser / ’s MMSE with an infinite-lengthfeedbackfilter.

Theasymptoticperformanceof theSDFEis givenby thefollowing theoremwhere S 9 S denotes

the determinantof the matrix 9 .

Theorem4: The asymptoticMMSE for user / with an SDFEis

� �: y.ö � « À ��÷gøEù ���� �
b � �-\

Q ! 0 _d ë À 
8�  8¡ � 0 
8�  ¯¡ � 0 _ 
8�  ¯¡ � � NPO4Q bed 0 d ë À 
8�  8¡ �
Q ! 0 _d ë À bed 
:�  ¯¡ ��
 0 
8�  ¯¡ � 0 _ 
8�  ¯¡ � � N O Q � bed 0 d ë À bed 
8�  ¯¡ �

¢�£
(52)

where 0 d ë À 
8�  8¡ ���î� 0 d 
8�  8¡ ��� 0 O 
8�  ¯¡ ����������� 0 À 
:�  ¯¡ ��# .
The proof is given in AppendixD.

An RR SDFEcanbe derived asbeforeby defining the appropriateKrylov spacein termsof

the receivedcovariancematrix andthe channelsteeringvectorsfor differentusers.Note that for

user / ,
ÓÆÔTÕ Ö �5� Ó ¨ À ©ÔTÕ Ö � Ó ¨ À bedª©ÔTÕ Ö �������E� Ó ¨-dª©ÔTÕ Ö # , where

Ó ¨ À ©ÔTÕ Ö is the
� 0 ��Á

matrix with eachcolumn in

the form of (20), i.e., a shiftedversionof the RR approximationof the linear equalizerfor user

/ . Supposethe ranksfor the usersassociatedwith the linear RR equalizerare { d ��{ O �������E��{1- .

For two users/ d and / O the error correlationcomputedin (27) thenbecomes

ñ ¨ À � « À � ©ã � R � À � 
������ jÀ � 
��! à �
� R A À � 
����"!æ� Ó ¨ À � ©ÔTÕ Ö # _oßäên d 	�
���� A À � 
���! à �"!/� Ó ¨ À � ©Ô¬Õ Ö # _o�ä:n d n ã 	�
���� j
� ± ã ± À � b À � !æ� Ó ¨ À � ©ÔTÕ Ö # _o ä n d f ¨ À � ©ã !æ
§f ¨ À � © �F_Ë� Ó ¨ À � ©Ô¬Õ Ö #%o�ä8n d n ã � � Ó ¨ À � ©ÔTÕ Ö # _o ä n d `i� Ó ¨ À � ©ÔTÕ Ö #%oßä:n d n ã
� ± ã ± À � b À � ! �� ¨ À � © _y�;<� � � ¨ À � ©y�;<� # bed �� ¨ À � « À � ©y�;<� « ã ! �� ¨ À � « À � ©,$y�; � « ã � � ¨ À � ©y�; � # bed �� ¨ À � ©y�; �� �� ¨ À � © _y�;�� � � ¨ À � ©y�;�� #Tbed � ¨ À � « À � ©y�;�� « y�; � « ã � � ¨ À � ©y�; � #Tbed �� ¨ À � ©y�; � (53)

where the cross–shiftedchannel moment� ¨ À � « À � ©r « ã � f ¨ À � © _ ` r f ¨ À � ©ã , f ¨ À ©ã is the shifted channel

impulseresponsefor user / ,

�� ¨ À � « À � ©r « ã �î� � ¨ À � « À � ©� « ã � � ¨ À � « À � ©dg« ã ��������� � ¨ À � « À � ©r bedg« ã #%$"� (54)
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and

� ¨ À � « À � ©r � « r � « ã �
� ¨ À � « À � ©dg« ã � ¨ À � « À � ©O « ã ����� � ¨ À � « À � ©r � « ã
� ¨ À � « À � ©O « ã � ¨ À � « À � ©� « ã ����� � ¨ À � « À � ©r � n dg« ã

...
...

...
...

� ¨ À � « À � ©r � « ã � ¨ À � « À � ©O « ã ����� � ¨ À � « À � ©r � n r � bedg« ã
� (55)

When L d �zL O , / d � / O or
à ��9 , we drop the repeatedexponent,user index, or the shifted

index, respectively. In analogywith the single-userDFE analyzedpreviously, ñ ¨ À � « À � ©ã ��9 whenà � �43 
:{ À � � { À � � .
Theorem5: As

�6� �
, the cross–shiftedchannelmoment� ¨ À � « À � ©r « ã convergesto

� ¨ À � « À � ©-« �r « ã � �-Z]Yo � �
f ¨ À � © _8` r f ¨ À � ©ã

� ��4� �
b � 0 _À � 
8�F 8¡¿� 0 
8�F ¯¡¿� 0 _F
8�F 8¡¿� � N O Q r 0 À � 
8�F 8¡¿���F  ã<= ¢�£

(56)

The proof is analogousto the proof of Theorem1, where Corollary 2 in Appendix A is

applied,and is omitted.

Combining(56) and(53), the linear predictionerror covariancematrix canbe written as

`ÝÜ��
` ¨ - ©Ü ` ¨ - « - bedª©Ü ����� ` ¨ - « dª©Ü

` ¨ - bedg« - ©Ü ` ¨ - bedª©Ü ����� ` ¨ - bedg« dª©Ü
...

...
...

...` ¨]dg« - ©Ü ` ¨]dg« - bedª©Ü ����� ` ¨-dª©Ü
(57)

where ` ¨ À � « À � ©Ü is an
��Á 0 ��Á

Hermitian Toeplitz matrix for
�òá / d � / O á & , which hasas its

first row ~ ñ ¨ À � « À � ©ã � ã ¦�� « dg« ®®ê« o�ä , where ñ ¨ À � « À � ©b ã �K� ñ ¨ À � « À � ©ã # j .
As

��Á1� �
, in analogywith (32) and (51), Cholesky decompositionof the predictionerror

covariancematrix gives a block diagonalmatrix, wherethe / th block containsthe asymptotic

MSE of the RR SDFE-L for the / th user. We canthereforewrite

� ��P� : y.ö � b � « À ��÷hø ù ��4� �
b � �]\

S > À 
:�  ¯¡ ��SS > À bed 
:�  ¯¡ ��S ¢�£ (58)

where

> À 
:�F ¯¡¿�J�
¾ À « À 
:�  ¯¡ � ¾ À « À bed 
8�  8¡ � ����� ¾ À « d 
8�  ¯¡ �¾ À bedg« À 
:�  ¯¡ � ¾ À bedg« À bed 
8�  8¡ �;����� ¾ À bedg« d 
8�  ¯¡ �

...
...

...
...¾ dg« À 
8�  ¯¡ � ¾ dg« À bed 
8�  8¡ � ����� ¾ dg« d 
8�  8¡ �

(59)
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and ¾ À � « À � 
8�F 8¡¿��� �
ã ¦ b �

ñ ¨ À � « À � ©ã �F  ã ¡ (60)

The asymptoticMSE for the RR SDFEwith a reduced–rankfeedbackfilter canbe evaluated

by extendingthepreviousresultsfor thesingle-userDFE.Namely, (34)–(36)still hold,wherethe

momentof theerrorcovariancematrix is replacedby a differentmoment

û ¨ À ©Ï �Äf ¨ À © _Ü 
 �` ¨ À ©Ü � Ï f ¨ À ©Ü .

The matrix
�` ¨ À ©Ü is obtainedby deletingthe first row and the first column of the / 0 / blocks

in the lower-right cornerof ` ¨ - ©Ü in (57), and f ¨ À ©Ü is the first columnof
�` ¨ À ©Ü , i.e.,

fJ¨ À ©Ü �@� ñ ¨ À ©d � ñ ¨ À ©O �������.� ñ ¨ À « À bedª©� � ñ ¨ À « À bedª©d �4������� ñ ¨ À « dª©� � ñ ¨ À « dª©d �������Ë# _ (61)

and

�` ¨ À ©Ü �
` ¨ À ©-bÜ ` ¨ À « À bedª©]bÜ ����� ` ¨ À « dª©-bÜ

` ¨ À bedg« À ©-bÜ ` ¨ À bedª©Ü �����;` ¨ À bedg« dª©Ü
...

...
...

...` ¨]dg« À ©]bÜ ` ¨]dg« À bedª©Ü ����� ` ¨-dª©Ü
(62)

where

` ¨ À « 2 ©]bÜ �
ñ ¨ À « 2 © jd ñ ¨ À « 2 ©� ñ ¨ À « 2 ©d �����
ñ ¨ À « 2 © jO ñ ¨ À « 2 © jd ñ ¨ À « 2 ©� �����
ñ ¨ À « 2 © j� ñ ¨ À « 2 © jO ñ ¨ À « 2 © jd �����

...
. . . . . .

...

(63)

for 4 � � ��������� / ! �
is thecorrespondingToeplitzmatrix with thefirst row deleted,and ` ¨ 2 « À ©-bÜ �

� ` ¨ À « 2 ©]bÜ # _ . The matrix ` ¨ À ©]bÜ is obtainedby deletingthe first columnand the first row of ` ¨ À ©Ü ,

andasymptotically�]Z-Yòo � � ` ¨ À ©-bÜ ���]Z]Y�o � � ` ¨ À ©Ü .

We also needthe following corollary to Theorem3, which saysthat the asymptotic(
�

and��ÁC� �
) MSE is achieved with finite

��Á
. Namely, we define f ¨ À ©Ü « þ and

�` ¨ À ©Ü « þ as /Pÿ 0 �
and

/¿ÿ 0 /¿ÿ versionsof f ¨ À ©Ü and
�` ¨ À ©Ü , definedby (61)–(62),respectively. That is,

f ¨ À ©Ü « þ � � ñ ¨ À ©d �������E� ñ ¨ À ©þ � ñ ¨ À « À bedª©� �������E� ñ ¨ À « À bedª©þ[bed � ñ ¨ À « dª©� �������E� ñ ¨ À « dª©þ[bed # _

�` ¨ À ©Ü « þ �
` ¨ À ©Ü « þ@? ` ¨ À « À bedª©]bÜ « þ@? ����� ` ¨ À « dª©]bÜ « þ@?` ¨ À bedg« À ©]bÜ « þ@? ` ¨ À bedª©Ü « þ@? ����� ` ¨ À bedg« dª©Ü « þ@?

...
...

...
...` ¨-dg« À ©]bÜ « þ@? ` ¨-dg« À bedª©Ü « þ@? ����� ` ¨-dª©Ü « þ@?

where A þ ? denotesthe upperleft ÿ 0 ÿ block in matrix A .
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Corollary 1: Whenthe channelimpulseresponsehasfinite length, the asymptoticerror mo-

mentcanbe evaluatedfrom a finite-sizeerror covariancematrix, namely,û ¨ À © �l �Äf ¨ À © _Ü « þ �` ¨ À ©Ü « þ
l f ¨ À ©Ü « þ (64)

where ÿ � ����� Ï n dO
� ô

, and
ô �sY[V�ø ~ �43 
8{ À � � { À � � � �Cá / d � / O á /¿� .

This corollary is a straightforward extensionof Theorem3.

Substituting(64) into (34)–(36)givesthe asymptoticMSE for the RR SDFEfor user / .

C. Parallel DFE (PDFE)

As previously discussed,the PDFE refers to the conventional DFE, in which the feedback

dependson decodedsymbols from previous sample intervals [29]–[32]. In this section we

evaluatetheperformanceof aPDFEwith aRRapproximationfor thefeedforwardlinearequalizer

only (RR PDFE-L),andthe performancewith RR approximationsfor both the feedforward and

feedbackfilters (RR PDFE).Thefeedbackconsistsof previouslydecodedsymbolsfrom all users,

i.e., ~ A d 
 � ������������A d 
��� � ����� � A À bed 
 � ���������E��A À bed 
��� � A À 
 � �����������4A À 
��4! � � � ����� � A.-�
 � ���������E�4A.-�
��4! � � � .
For the full-rank PDFE,the error covariancesequenceat the outputof the linear equalizeris

thesameasfor theSDFE,sinceit doesnot dependon thefeedback.However, beforeapplyinga

Cholesky decompositionto the error covariancematrix, the outputsof the linear equalizermust

be re-orderedto reflect the decodingorder. Namely, the linear predictioncovariancematrix in

this caseis

`ÝÜ « B y.ö � � CmoD- 
 Q !|& _ `cbedª&¹�ECF-�o

�
`[Ü�
ê9G� `ÝÜk
 � � `ÝÜ�
 � �������
` _Ü 
 � � `ÝÜk
:9G� `ÝÜ�
 � �������
` _Ü 
 � � ` _Ü 
 � � `ÝÜ�
:9��������

...
. . . . . .

...

(65)

where

`ÝÜ�
 à ���
ñ ¨ - ©ã ñ ¨ - « - bedª©ã ����� ñ ¨ - « dª©ã

ñ ¨ - bedg« - ©ã ñ ¨ - bedª©ã ����� ñ ¨ - bedg« dª©ã
...

. . . . . .
...ñ ¨-dg« - ©ã ñ ¨-dg« - bedª©ã ����� ñ ¨]dª©ã

� (66)

CmoD- is a permutationmatrix (seeAppendixC), and ñ ¨   « À ©ã is definedby (53).

Unlike the SDFEerror covariancematrix, which hasa finite numberof infinite–sizedblocks,`ÝÜ « B y.ö � hasan infinite numberof finite-sizeblocks.Namely, the 
 / � 3 � block entry, ` ¨ À « l ©Ü , in
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the SDFE error covariancematrix is the error covariancematrix correspondingto users / and3
, whereaseachentry in `[Ü « B y.ö � is theerrorcovariancematrix acrossusersfor a specifictime

shift.

We have S `ÝÜ « B y.ö � S��îS Q !|&<_:` bed &èS
Hencethe geometricaverageof asymptoticMSE acrossusersis

�� �B y.ö � � 
 � �d ����� � �- � �GB y.ö �
� �]Z-Yo ä � �

S Q !è&<_8` bed &èS �GIH

� ÷hø ù �� & � �
b � �]\ S Q ! 0 _F
8�F 8¡¿��
 0 
8�F ¯¡¿� 0 _Ë
8�F ¯¡¿� � N O Q � bed 0 
:�F ¯¡¿��S ¢�£

� 
 � �d ����� � �- � �G: y.ö �
The full–rank PDFE thereforehasthe samegeometricaverageasymptoticperformanceacross

usersas the full–rank SDFE.

If eachuserhasa rank-{ linear equalizerthenthe linear predictionerror autocorrelationcan

computedfrom (53)-(56)with { À � �/{ À � �/{ . The geometricaverageof the asymptoticMSE

for the RR PDFE-L is given by

�� ��>� B y.ö � b � ��÷gøEù �� & � �
b � �-\ >J- 
8�F ¯¡¿� ¢�£ (67)

where >J- 
8�  ¯¡ � is given by (59).

If user / hasa rank-{ Á feedbackfilter, then the asymptoticMSE for the RR PDFE can be

obtainedin an analogousform to (34) , i.e.,

���P� B y.ö � « À � ����P�P��� b � ! �û ¨ À © _y ä � ü ¨ À ©y ä #Tbed �
û ¨ À ©y ä (68)

Following themethodfor computingthemomentsof theerrorcovariancematrix associatedwith

the RR SDFE in the last section,we deletethe first / columnsandrows of `ÝÜ « B y.ö � to get

f ¨ À ©Ü �K� ñ ¨ À « À bedª©� � ñ ¨ À « À b O ©� �4������� ñ ¨ À « - ©d � ñ ¨ À « - bedª©d �4������� ñ ¨ À « - ©O � ñ ¨ À « - bedª©O �4�����µ#¬_ (69)

and

�` ¨ À ©Ü �
` ¨ À ©]bÜ 
ê9G� ` ¨ À ©-bÜ 
 � � ` ¨ À ©]bÜ 
 � �������
� ` ¨ À ©]bÜ 
 � ��# _ `ÝÜk
ê9G� `[Ü�
 � � �����
� ` ¨ À ©]bÜ 
 � ��# _ ` _Ü 
 � � `[Ü�
ê9G� �����

...
. . . . . .

...

(70)
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where ` ¨ À ©]bÜ 
�����h� � � � is the 
 / ! � �10 & matrix

` ¨ À ©-bÜ 
����J�
ñ ¨ À bedg« - ©¥ ����� ñ ¨ À bedª©¥ ����� ñ ¨ À bedg« dª©dñ ¨ À b O « - ©¥ ����� ñ ¨ À b O « À bedª©¥ ����� ñ ¨ À b O « dª©dñ ¨ À b � « - ©¥ ����� ñ ¨ À b � « À bedª©¥ ����� ñ ¨ À b � « dª©d

...
...

...
...

...ñ ¨]dg« - ©¥ ����� ñ ¨]dg« À bedª©¥ ����� ñ ¨]dª©d

(71)

and ` ¨ À ©-bÜ 
:9G��� ñ ¨ ¥ «   ©� ¥ «   ¦ À bedg« ®®T« d , is a 
 / ! � ��0Ú
 / ! � � matrix, and is obtainedfrom ` ¨ À ©Ü 
:9��
by deletingthe first row andcolumn.Finally,

û ¨ À ©r �af ¨ À © _Ü � �` ¨ À ©Ü # r f ¨ À ©Ü .

When the length of the channelimpulseresponseis finite, ñ ¨ À � « À � ©ã �59 for
à w ô �Èõ 3 { .

Consequently, f ¨ À ©Ü � f ¨ À ©Ü « � $ �49G�49?����� $
, and ` ¨ À ©Ü 
 à ���LK for

à w ô
, so that the asymptotic

momentof the error covariancematrix canbe computedas

û ¨ À © �Ï �sf ¨ À © _Ü « þ � �` ¨ À ©Ü « þ #ïÏ�f.Ü « þ , for any

finite ÿ � � Ï n dO
� ô����

.

D. NumericalResults

Fig. 4 shows performanceresults(output MSE vs. rank) for the RRSDFE–Land RRSDFE

with a MIMO channel.Thereare two equal–power userswith SNR� � 9 dB and two receive

antennas.All constituentsingle-input/single-outputchannelshavesevenequal-power independent

Rayleigh fading taps.The figure shows that for the SDFE the seconduserexperiencesbetter

performancethan the first userdue to the enhancedinterferencesuppressionand cancellation.

Theseresultsalsoshow that full–rank performancecanbenearlyachievedwith a relatively low–

rank equalizer. Resultsfor the RRSDFEare shown with a rank-onefeedbackfilter for the first

user, andrank-oneandrank-two feedbackfilters for theseconduser. TheRRSDFEperformance

is closeto the RRSDFE–Lwith a full-rank feedbackfilter.

IV. CONCLUSIONS

The output MSE for RR linear and decision-feedbackequalizershasbeenevaluatedasymp-

totically asthefilter lengthtendsto infinity. TheRR equalizersareconstrainedto lie in a Krylov

subspace,which canreducecomplexity andreducetheamountof trainingneededin anadaptive

mode.The RR DFE is basedon the representationof the feedforward filter asa linear equalizer

followed by an error whitening filter. Namely, we consideredRR approximationsfor only the

linear equalizer, andfor both feedforward filters.
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Fig. 4: MMSE vs. rank for RR linear anddecision–feedbackequalizerswith a MIMO channel.

Thereare two equal–power usersandtwo receive antennas.

In all casesthe output MSE is easily computedin termsof the channelfrequency response,

andindicatesthe degradationin performance,relative to full–rank equalization,asa function of

the equalizerrank. For the single-userSISO channel,the output MSE is expressedin the term

of momentsof the channelspectrum,which canbe easilycomputedvia an inverseFFT of the

channelpower spectrum.Numericalexamplesshow that full-rank equalizerperformancecanbe

nearlyachieved with low–rankequalizers.

TheMIMO channelmodelconsideredallows for multiple usersandmultiple receive antennas.

Thecancellationof ISI andCCI canbedonein differentways,dependingon which symbolsare

assumedto be availablefor feedback.We have evaluatedoutputMSE with both successive and

parallelinterferencecancellation.With full-rank equalization,we have shown that the geometric

averageof MMSE acrossusersis thesamefor boththeSDFEandPDFE,althougheachgenerally

givesdifferentMSEs for differentusers.The output MSE for the reduced-rankversionsof the

MIMO equalizersrequiresthecomputationof innerproductsof shiftedchannelimpulseresponses

with momentsof the received covariancematrix. The asymptoticMSE canbe computedeasily

in terms of the MIMO channelfrequency response.The resultscan be usedto quantify the
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tradeoff betweenthe benefitsof rank reduction,in termsof complexity and convergencewith

finite training, with the increasein achievableMMSE.

APPENDIX

A. AsymptoticEigenvalueDistribution of Productsof ToeplitzMatrices

Herewe introduceandextendsomewell-known propertiesof large Toeplitz matrices,which

are neededto derive the MSE expressionsfor the DFEs considered.Following [27], we first

define the notion of asymptoticequivalenceof two sequencesof matrices.Given an
� 0 �

matrix 9=o , the strongnorm (or spectralnorm) is definedas

Ê39=oòÊ OÏ ��Y[V�øM
N _ 9 _o 9=oON

N _ N � (72)

and the weaknorm (or scaledFrobeniusnorm) is definedas

S 9=oòS O = � ���³µ´]¶k·4¸ � 9 _o 9=o½#e� ��
o
¥§¦ d

o
  ¦ d

S�� ¥ «   S O (73)

where N is an
� 0 �

vector. Two sequencesof
� 0 �

matrices ~ 9=o � and ~ Åòo � are said to

be asymptoticallyequivalent if

Ê39=o Ê Ï �åÊËÅòoòÊ Ï á ÿ P � Q�� � 9 (74)

�-Z]Yo � �
S 9=o !èÅòo�S = ��9 (75)

Theorem6: ( [27] Theorem2.3)Let ~ 9=o � and ~ Åòo � beasymptoticallyequivalentsequences

of Hermitianmatriceswith eigenvalues ~SR o « À � and ~UT o « À � respectively. Since 9=o and Åòo are

bounded,thereexist finite � and A suchthat � á R o « À and T o « À á A for / �æ9�� � �4������� � ! �
.

For any function V 
XW"� continuouson �$�)� A # ,
�]Z-Yo � �

��
o bed
À ¦�� V 
 R o « À �J� �]Z]Yo � �

��
o bed
À ¦�� V 
 T o « À � (76)

The following theoremextendsthe notion of asymptoticequivalenceto productsof matrices.

In what follows we drop the sequencenotation,andstatethat 9=o is asymptoticallyequivalent

to Åòo .

Theorem7: ( [34] Theorem2.1) If 9=o is asymptoticallyequivalent to Y9=o , and Åòo is

asymptoticallyequivalentto YÅòo , then 9=oCÅòo is asymptoticallyequivalentto Y9=o YÅòo . IfY[Z-\ ~ » 
Z9=oC��� » 
 Y9=oC� �[� ��wa9 , where � is aconstantfor
Q�� � 9 , then 9(bedo Åòo is asymptotically

equivalent to Y9 bedo YÅòo .

The following theoremextendsTheorem6 to sequencesof block matrices.
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Theorem8: If 9 ¨ ¥ «   ©o is asymptoticallyequivalent to Y9 ¨ ¥ «   ©o �h�F��°2� � ������� � & , and the block

matrix 9=o��K� 9 ¨ ¥ «   ©o # , then 9=o is asymptoticallyequivalent to Y9=o��K� Y9 ¨ ¥ «   ©o # .
Proof: It is straightforward to show that (75) holds,since

S 9=o ! Y9=o S O = � -

¥ «   ¦ d
S 9 ¨ ¥ «   ©o ! Y9 ¨ ¥ «   ©o S O = � 9

for finite & . Let Na� N $ d �����\N $- $
, where N ¥ is an

� 0 �
vector. We can again apply the

Cauchy–Schwartz inequality to show that (74) is satisfied:

N _ 9 _o 9=oONÊ3N²Ê O � ¥ «   N _¥ -À ¦ d 9 ¨ À « ¥ © _o 9 ¨ À «   ©o N  Ê3N1Ê O
á ¥ «   « À 
]N _¥ 9 ¨ À « ¥ © _o 9 ¨ À « ¥ ©o N ¥ ��
]N _  9 ¨ À «   © _o 9 ¨ À «   ©o N   �Ê3N²Ê O
á ¥ «   « À ÿ Ê3N ¥ Ê O ÿ Ê3N   Ê OÊ3N²Ê O � &¹ÿ ¥ «   Ê3N ¥ Ê�Ê3N   ÊÊ3N1Ê O
á �� &¹ÿ ¥ «   
�Ê3N ¥ Ê O � Ê3N   Ê O �Ê3N²Ê O � & O ÿ ¥ Ê3N ¥ Ê OÊ3N²Ê O� & O ÿ P �

where ÿ �sY[V�ø ¥ «   Ê39 ¨ ¥ «   ©o Ê O Ï .
It is shown in [27] that the Toeplitz matrix ^ o with first row _g� ��������� _ o bed is asymptotically

equivalent to the circulantmatrix
Ó o , with first row `g� ��������� ` o bed , where

`�¥ �
_h¥ 9 á � ába o O

c ! �
_h¥ b o � o O

� á � á/� ! �
9 �1� o bedO whenN is odd

(77)

Furthermore,since
Ó o hasthe eigen-decomposition[35]Ó o�� ��edgfhd _ (78)

where d is the DFT matrix and f �i5+7 ¶�8 � » � � » d �������.� » o bed # , where

» À �
o bed
¥T¦�� `h¥ � b   �kj ;mlH � / ��9G��������� � ! �

(79)

we have the following theorem.

Theorem9: ( [27] Theorem4.1) If ^ o is a HermitianToeplitz matrix with eigenvalues
» o « À ,

then for any function V 
XW"� continuouson the appropriateinterval, we have

�-Z]Yo � �
��
o bed
À ¦�� V 
 » o « À �J�

��4� O �
� V 
 Y_ 
8�F ¯¡¿��� ¢�£ (80)
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where Y_ 
:�  ¯¡ � is the Fourier Transformof the sequence~U_ be¨ o bedª© �������.� _g� ��������� _ o bed � .
The following corollary to Theorems7 and 8 statesthat productsof block matriceswith

Toeplitzblocksareasymptoticallyequivalentto theproductsof thecorrespondingblock matrices

with circulantblocks.

Corollary 2: Let ^ dg« o�� ^ O « o be two block matriceswith Toeplitzblocks ^ ¨ ¥ «   ©dg« o and ^ ¨ ¥ «   ©O « o ,
�½á

�F�h° á & , respectively. If eachblock is asymptoticallyequivalentto a circulantmatrix
Ó ¨ ¥ «   ©* « o � , �� � � , definedas in (77), then, ^ dg« o ^ O « o is asymptoticallyequivalent to

Ó dg« o Ó O « o . If ^ dg« o is

positive definite, with eigenvaluesboundedaway from zero, then ^ beddg« o ^ O « o is asymptotically

equivalent to
Ó beddg« o Ó O « o , where

Ó dg« o��î� Ó ¨ ¥ «   ©dg« o # and
Ó
O « o2�î� Ó ¨ ¥ «   ©O « o # .

Finally, we observe that Theorem9 canbe usedto show directly that the MMSEs for finite–

length linear anddecision-feedbackequalizersconverge to the classicalformulas(14) and(38),

respectively. Namely, for the linear equalizerwe have

� ���� � �]Z-Yo � �
�� ³µ´�¶�·�¸ 
 Q !|&<_:` bed &Î�

� �]Z-Yo � �
���³µ´�¶�·�¸ 
§`�` bed !+&(&i_:` bed �

� �]Z-Yo � �
NPO�en W�Vo�÷ ` bed

� �]Z-Yo � �
NPO�

o
¥§¦ d

�» ¥
� ��4� �

b �
NPO¾ 
:�  ¯¡ � ¢�£

� ��4� �
b �

N OS,��
8�  8¡ �IS O � N O ¢�£
For the DFE, we have S `ÝÜ�S��ÈS Q !|& _ ` bed &|S��KS ÞÆÜGS�� � oy.ö � , so that

� �y.ö � � �]Z-Yo � �
S Q !|& _ `cbedg&|S d � o

� �]Z-Yo � � N O
S `�bed�S �H

� �]Z-Yo � � N O
o
¥T¦ d


 » bed¥ 
T`m��� �H

� ÷hø ù ~ �]Z-Yo � �
��

o
¥§¦ d

�-\ NPO» ¥ �
� ÷hø ù ��4� �

b � �]\
NPOSB� 
8�  ¯¡ �IS O � N O ¢�£

wherethe limit and ÷hø ù can be interchangedprovided that the exponentis bounded(sinceall

derivativesof ÷hø ù�
8�]� arecontinuous).
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B. Proof of Theorem2

We have

� �r « ã � �-Z]Yo � �
��+³µ´]¶k·4¸ ~ & _ ` r & ã �

� �-Z]Yo � �
�� ³µ´]¶k·4¸ ~ ` r ` ã � (81)

where & ã is a Toeplitz matrix, analogousto (2), with centercolumn f ã , and ` ã � & ã & _
is a Toeplitz matrix, with elements~�¤ b o b ã ��������� ¤²� ! NPO �4������� ¤ o b ã � , which are the shifted

autocorrelationswithout noise.Let
Ó

and
Ó ã be circulant matrices,which approximatè and` ã respectively, accordingto (77). Fromthe discussionin AppendixA, ` r ` ã is asymptotically

equivalent to
Ó r Ó ã , so that

� �r « ã � �]Z-Yo � �
���³µ´�¶�·�¸ ~ Ó r Ó ã �

� �]Z-Yo � �
���³µ´�¶�·�¸ ~�pFq r p _ pFq ã p _ �

� �]Z-Yo � �
�� ³µ´�¶�·�¸ ~�q r q ã �

� �]Z-Yo � �
��
o bed
2 ¦��


�SB��
:�F  � lsrH ��S O � N O � r SB��
:�F  � lsrH ��S O �F  2 ã � lH
� ��4� �

b � 
�SB� 
8�F ¯¡>�IS O � N O � r SB� 
8�F ¯¡>�IS O �F  ã ¡ ¢�£
wherethe last two equalitiesfollow from the eigen-decompositionof

Ó
and

Ó ã given in (78)-

(79), i.e.,

p � �
� � ~ ÷hø ù�
8!C° ��� 4 / # � � ��4 � / �a9�� � ������� � � ! � � (82)

and

q � 5+7 ¶�8 SB��
:�F  � ��S O � N O ���������åS,��
8�F  O � ¨ o bedª© � o �IS O � N O (83)

q ã � 5+7 ¶�8 SB��
:�   � ��S O �   ã � �4�����.�åSB��
:�   O � ¨ o bedª© � o �IS O �   ã O � ¨ o bedª© � o (84)

To show that � �r « ã ��9 for
à w �43 
�L �@� � we note that ` r is a õ 3 L -diagonalmatrix, and` ã is non-zeroonly in the upper-right triangularblock boundedby the 
 à ! �43 � tu diagonal.Ifà ! �43 w �43 L , thenall diagonalelementsof ` r ` ã arezero,so that �>r « ã ��9 accordingto (81).
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C. AlternativeDerivation of MMSEfor MIMO Linear Equalizer

From (45), the covariancematrix of the received vectorcanbe partitionedin block form as

`��Ä&(& _ � N O Q �
` dg« d ` dg« O ����� ` dg« �` O « d ` O « O ����� ` O « �

...
...

...
...` � « d ` � « O �����;` � « �

(85)

where ` ¥ «   � -À ¦ d & ¥ « À & _À «   � NPOI±�¥ b   Q is a Toeplitz matrix. With an infinite-length,full-rank

linear equalizerthe MMSE for user
�

is given by

� ���� « d � �-Z]Yo � �
�� ³µ´]¶k·4¸ Q !|& _d ` bed & d

� � ! �-Z]Yo � �
���³µ´]¶k·4¸ ` bed & d & _d

� � ! �-Z]Yo � �
�� ³µ´]¶k·4¸ ` bed ` d (86)

where ` d �5& d & _d can also be partitionedinto Toeplitz blocks. Let
Ó

and
Ó d be the corre-

spondingmatriceswith circulantblocks,which approximatè and ` d , respectively, asin (77).

Accordingto Corollary 2 in AppendixA, ` bed ` d is asymptoticallyequivalentto
Ó bed Ó d , hence

�-Z]Yo � �
�� ³µ´]¶k·4¸ `�bedg` d � �]Z]Yo � �

��+³µ´�¶�·�¸ Ó bed Ó d (87)

and from (86) we have

� ���� « d � � ! �]Z]Yo � �
�� ³µ´�¶�·�¸ Ó bed Ó d

� � ! �]Z]Yo � �
���³µ´�¶�·�¸ �p �q bed �p _ �p �q d �p _

� � ! �]Z]Yo � �
���³µ´�¶�·�¸ �q bed �q d (88)

where �p �i5+7 ¶t8 � p � p �������Ì� p #4�
and p is definedin (82).

�q and
�q d canbe partitionedinto ( 0 ( diagonalblocksgiven by

qó¥ «   � 5+7 ¶t8
-

À ¦ d
� ¥ « À 
8�F  O � rU� o ���¹jÀ «   
8�F  O � r�� o � � N O ±�¥ b   � L<��9�� � �������E� � ! �

q d�u ¥ «   � 5+7 ¶t8 � ¥ « d 
8�   O � À � o ��� j  « d 
:�   O � À � o � � Li�s9�� � ��������� � ! �
where

�Má �F�h° á ( .
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Using the vec–permutationmatrix C"v « Ï [36], (88) canbe written as

� ���� « d � � ! �]Z-Yo � �
�� ³µ´]¶k·4¸ C � « ohw bed C $� « o C � « ohw d C $� « o

� � ! �]Z-Yo � �
�� ³µ´]¶k·4¸ w bed w d

where C � « o is an ( � 0 ( � permutationmatrix definedby

� C � « oC# ¥ «   �
� � if

�?�x� �î�)yß��� �49 á � á ( ! �
° � y ( � � �/� �49 áxy�á/� ! �

9G� otherwise

The block–diagonalmatricesw and w d aregiven by

w � 5+7 ¶�8 0 
8�F  O � rU� o � 0 _F
8�F  O � r�� o � � N O Q � L<�s9�� � ������� � � ! �
w d � 5+7 ¶�8 0 d 
8�F  O � r�� o � 0 d 
8�F  O � rU� o �F_ � Li�s9G� � ��������� � ! �

so that

� ���� « d � � ! �-Z]Yo � �
��
o bed
rG¦�� 0

_d 
8�F  O � rU� o � 0 
8�F  O � rU� o � 0 _Ë
8�F  O � rU� o � � N O Q bed 0 d 
8�F  O � r�� o �
� � ! ��4� �

b � 0 _d 
:�F ¯¡¿� 0 
8�F 8¡¿� 0 _Ë
8�F 8¡¿� � N O Q bed 0 d 
8�F 8¡¿� ¢�£ �

D. Proof of Theorem4

From (51), we have

� �À � � �d � �O ����� � �À� �d � �O ����� � �À bed
� �]Z-Yo�ä � �

S ` ¨ À ©Ü S �H{zä
S ` ¨ À bedª©Ü S �H zä (89)

where
�}|Á � ����Á.�/�

. According to (50) andAppendixA, we cancompute

�]Z-Yo ä � �
S ` ¨ À ©Ü S �H{zä � �-Z]Yo ä � �

S Q !|& _d ë À ` bed & d ë À S
�H�zä

� �-Z]Yo�ä � �
S Q !|` bed & d ë À & _d ë À S

�H zä
� �-Z]Yo ä � �

S Q !|` bed ` d ë À S
�H�zä

� �-Z]Yo�ä � �
S Q ! Ó bed Ó d ë À S

�H zä
(90)
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where
Ó

and
Ó d ë À are the circulant approximationsof ` and ` d ë À , respectively. Applying the

eigen–decompositionfor
Ó

and
Ó d ë À , as in the proof of (47), (90) becomes

�-Z]Yo�ä � �
S ` ¨ À ©Ü S �H zä �a÷hø ù ��4� �

b � �]\ Q ! 0 _d ë À 
8�F 8¡¿��
 0 
:�F ¯¡¿� 0 _µ
:�F ¯¡¿� � N O Q � bed 0 d ë À 
8�F 8¡¿� ¢�£ (91)

Substituting(91) into (89) gives(52). We remarkthat (89) and(91) provide a recursive method

for obtainingthe sequenceof userMMSEs in the orderdecoded.
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