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. INTRODUCTION

Achieving high spectral efficiencies in wireless networkguiees the ability to mitigate and manage
the associated interference. This becomes especially temidn networks where many transmitters and
receivers are randomly placed, so that in the absence oflication a particular receiver is likely to
encounter significant interference from a neighboring tratier. A challenge is then to provide a means
for coordination, which allocates available resourcedpegrees of Freedom (DoFs), at each transmitter
to avoid interference wherever possible.

In a wireless network DoFs generally refer to noninterfermgdes of transmission, and can be
defined in frequency, space, and time. DoFs in frequency aral tiypically correspond to multiple non-
overlapping channels and time slots, respectively, and DoFpace correspond to orthogonal spatial
beams.Resourceghen include available power and beams at each transnatterthe objective of the
network operator is to allocate those resources amongai@iDoFs to optimize an overall network
objective.

In principle, optimal resource allocation in a wirelesswak can be achieved if all active nodes
measure all channel gains to all other nodes, and pass twamation to a resource manager. After
collecting this information the resource manager wouldntldetermine allocations over all users, or

transmitter-receiver pairs, and announce those to thewstiransmitters. Of course, such a centralized
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scheme for resource allocation requires excessive infiimmaxchange and overhead for most practical
networkst

In this paper we discusdistributedresource allocation schemes in which each transmitterrdetes
its allocation autonomously, based on the exchangmtefference pricesThese prices arise naturally
when maximizing a sum utility objective. More specificallg, model user demands for service and
associated priorities, we assume that each user is assigaiity function, which depends on a Quality
of Service metric such as Signal-to-Interference Plus Nois®R8INR) or rate. The network objective
is to maximize the sum utility over all users. This objectigeflexible enough to accommodate a wide
range of performance metrics through an appropriate assighof utility functions. (For example, this
includes the weighted sum of all user rates.)

Each interference price is associated with a particularivegeand indicates the marginal decrease in
utility due to a marginal increase in interference assediatith a particular DoF. The cost of interfering
with the DoF at that receiver is then the interference prices$ the received interference power. Given
a set of interference prices from nearby receivers, a tratesnselects resources according tdest
response which maximizes its utility minus the total interferencest (summed over all neighboring
receivers). Users then iterate between price and resollom=a@on updates. These schemes have been
primarily motivated by theeommons moddbr spectrum sharing in which a user or service provider may
transmit in a designated band provided that they abide hipicerules (e.g., a standard such as 802.11)
[1]. An attractive property of these schemes is that theysasdable, i.e., the information exchange and
overhead can be adapted according to the size of the network.

A basic assumption for this class of distributed resourtmcation schemes is that the usemoperate
by following the rules for announcing prices and deterngnadlocations. (For example, the pricing
protocol may be built into approved devices.) This is in casiito a network ohon-cooperativausers
who may choose to deviate from the algorithm to increase then utility. It is well known that such
deviations from an optimal allocation (i.e., that maxinsizzim utility) may lead to a different allocation
(Nash equilibrium) for which most users are worse-off. Tlgiset of noncooperative behavior also arises
in the absence of information exchange, since a transmitterld then presumably optimize its own
resources ignoring the effects on neighboring receivers.

Applications of game theory to networking typically assunom-cooperative users, since those scenar-

YIn addition, depending on the objective and specific resource corisfrdire centralized optimization problem can be

nonconvex with associated worst-case complexity that increases engaily with the number of users and DoFs.



ios fit naturally within game theoretic frameworks. For exénp game theoretic approach to autonomous
power control in cellular systems is discussed in [2], [4], Noncooperative adjustments of both power
and bandwidth (spreading) for an interference channel taidies in [5]. The motivation there is to use
game theory to model the underlying preferences of selfisirsube contrast, here we use game theory
as anengineering toolto designthe preferences of each user @gen) so that “selfish actions” (best
response updates in the resulting game) lead to desirece@iye behavior, i.e., convergence to an
optimal (utility-maximizing) allocation. An analyticalifficulty, which also motivates the application of
game theory, is that the powers and beams can change sidistaafter each best response update.
Hence we require different analytical tools from those ¢gfly used to analyze the convergence of
gradient-based algorithms, which make incremental adjeists at each iteration [6], [7].

We start with a network consisting of narrowband, Singlediningle-Output (SISO) links, and state
some general conditions that guarantee convergence of igtibdted pricing algorithm to a global
optimum. We then extend this discussion to Multi-Input Séa@utput (MISO) and Multi-Input Multi-
Output (MIMO) channels. In general, a set of prices corragptg to all DoFs must be exchanged to
achieve the centralized optimal allocation. The correspmndolution is contrasted with that achieved
without information exchange (namely, iterative wateifdl [8], [9]).

Finally, although the interference pricing schemes areudised in the context of peer-to-peer networks,
the approach can also be applied to cellular networks. Spatifimterference prices could be exchanged
between neighboring cells to adjust power levels and DoFsitigate other-cell interference (e.g., see

[10]). Other extensions and limitations of distributedcprg are discussed in Section V.

Il. PEER-TO-PEER SYSTEM MODEL

We consider a wireless system consisting of a number ofrirites-receiver pairs. These pairs could,
for example, be a base station and an associated mobilerstatthe downlink of a cellular system, or
nodes in an ad-hoc network randomly placed within a geogeajggion, as shown in Figure 1. We will
refer to each transmitter-receiver pair asiser Each receiver is only interested in the signal from its
associated transmitter; the signals from all other tratiensi constitute the interference, which is assumed
to be treated as noise. In addition to the interference, @beivers w.l.0.g. all experience the same level
of background noise.

The conditions of the wireless channel are reflected in randwmnrel gains between each transmitter
and each receiver. We assume each node (receiver or tréar3mérfectly estimates all relevant channel

gains. Also, each receiver must know its direct and crossweél gains from neighboring transmitters,



Fig. 1. A wireless network with multiple peer-to-peer transmissions.

and each transmitter must know the cross-channel gainsgbbyaing receivers. In practice, these gains
can be estimated if each node periodically sends a known?pfarthermore, we assume that channel
conditions remain constant for the duration of the resoaticeation procedures discussed corresponding
to stationary users.

Given K users (transmitter/receiver pairs), the signal at recéiv@rresponding to a particular symbol

interval is
yr = Hppxr + E ij:cj+ ng , (1)
~—— : ~—~
desired signal J7#k noise
~——

interference

where in generaHy; is a complex matrix representing the channel from transmitto receiverk, x;, is

the transmitted signal vector from transmitterandn,;, is additive noise. Different assumptions concern-
ing the number of available sub-channels and antennas atnemie can be represented by changing the
structure of the channel matrices. The simplest scenari@goonds to narrowband transmissions with
single-antenna terminals (SISO model) in which case the @iarand transmitted signals are scalars,

ie., ij = hk;j anda:k = T},

2This may require some degree of synchronization among the nodemahiiely, a cross-channel gain at a transmitter might
be measured when detecting an interference price from a particuveedAlso, it is only necessary to measure cross-channel

gains for strong interferers.



A. Optimization Problem

The performance perceived by ugeris assumed to be represented by a utility functign-). The
argument can, in principle, be any quality of service mesicch as received Signal-to-Interference-Plus-
Noise-Ratio (SINR), error rate, throughput, or packet detégre we will assume that the utility depends

on a set SINRs over available DoFs. For example, for the SISO nibdebINR at receivek is

|\ e |* P
>zl o + 0

wherep;, is the power of the transmit signa), ando? is the power of the background noise. A user can

SINR;, = )

therefore increase its SINR by increasing the transmit polagtrthen decreases the SINR for all other
users. Typically the transmit powey, is constrained to be no more than a maximum valye

A prominent example of a utility function isg(1+SINRy ), which corresponds to the Shannon capacity
of the channel, since the interference is treated as addamussian noise. Other utility functions, which
have desirable properties, inclutte; SINRy, corresponding to the Shannon capacity at high SINRs, and
the “a-fair” utility function SINRJ' [?], which “flattens out” at high SINRs whea < 1, and therefore
reflects an application that becomes insensitive to rateeheil, any sensible utility function should
be non-decreasing in the SINR; more stringent criteria mastdiisfied by the utility functions to prove
convergence of the distributed pricing algorithms to beseneed. Also, when a user transmits over
multiple (L > 1) DoFs, its utility function depends on the set of SINRs overBoés. For example, the
rate utility is given byuy(SINRy, 1,--- ,SINRy 1) = Zle log(1 + SINR ;) whereSINRy, ; is userk’s
SINR for thei-th DoF.

Given an assignment of utility functions to users, the oVesgstem objective is to maximize the

sume-utility across users. For the SISO model this can be pasédeafollowing optimization problem:

max iuk(SINRk) s.t: 0<p, <P, Vke{l,...,K}. (3)
PP

The properties of this optimization problem depend on thétytiunctions. In general this is a non-
concave problem, due to the interference, so it may have mmautiyple locally optimal solutions, making
the search for the global optimum a difficult task. Howeverslhswn in [11] for the SISO model, for
many utilities of interest this can be transformed into avearproblem by applying a logarithmic change
of variables. Specifically, for a wide class of utility funat®the objective in (3) is concave in terms of
the variables:;, = In(py) and the constraint set is convex. In those cases, (3) hagjaeauldcal optimum,
which is also the global optimum, and can be solved usingdstahoptimization techniques. A sufficient

condition for this to hold is given in terms of thmefficient of relative risk aversioaf the individual
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Fig. 2. Plots of utility functions having a constant coefficient of relativi agersion (CR). As the CR increases, the functions

exhibit stronger concavity.

utility functions. This is a measure of the relative concawt a utility functions used in economics and

is defined by

()’

wherew) (z) andu}(x) denote the first and second derivatives of the utility wittpees to its argument.

CRy(z) = —

For any concave utilityC' Ry () > 0, with equality whenu(-) is linear. AsC Ry (z) increases, the utility
function becomes “more concave”. This is illustrated in Feg@r which shows examples offair utility
functions. For these utilities; Ry (x) is a constant (independent ©f. The sufficient condition needed to
transform (3) into a convex problem is th@tz,(x) > 1 for all feasible SINRs, i.e., the utilities must be

sufficiently concave??. This holds for logarithmic utilities, but not for the ratéifity log(1 + SINRy).

B. Utility Region and Nash Equilibrium

First consider a centralized solution to (3). A resource rganavould have to collect the necessary
information about channel gains and utilities, solve théinsization problem, and then tell each user
how to allocate their powers over DoFs. In this manner, a lpagitimal solution will be found (which

may be globally optimal if the problem can be transformea iatconvex problem). The information



exchange overhead required for this resource allocatiberse, however, is likely to be prohibitive for
moderate-sized to large networks.

An alternative to the previous centralized solution is towaleach transmitter to adapt its own power
autonomously. An extreme example of such a distributectation scheme, which does not require any
information exchange, is for each transmitter to chooseatser allocation to maximize its own utility.
For the SISO model the SINR and utility increase with the trabhgmiver. Hence théest responséor
each user is to transmit with as much power as possible, pre= P, regardless of the other users’
behavior. If we interpret the users as players in a game wtherstrategy is the choice of transmit power
and the payoff is the resulting utility, then transmittirtgfall power will be a dominant strategy for each
player and so this outcome is the unigNash equilibrium

It is well known that a Nash equilibrium need not maximize ghen-utility. Indeed it may not even
be Pareto optimalin which case it would be possible to improa# of the players’ payoffs by choosing
a different set of allocations. In the context of the SISO probl this means that a configuration in
which one or more users transmit with reduced power can leadhtincrease in all users’ utilities. The
set of Pareto optimal outcomes can be visualized as bounmzngs of theutility region, i.e., the set
of all possible individual utilities that can be achieved $ome feasible power allocation. For example,
the union of all combinations abg(1 + SINRy)-utilities is the achievableate region When a Nash
equilibrium is not Pareto optimal, it lies strictly in thetémior of this region.

To illustrate the preceding discussion, Fig. 3 shows a typiage region for a two-user MISO in-
terference network with two-antenna transmitters andlstagtenna receivers. In this case, the channel
matrices Hy; in (1) are row vectors, and the signal vectef = sv, where s is the scalar symbol
and v, is the beamforming vector of antenna weights (or beam) fer ksFig. 3 shows the boundary
of achievable rates over all possible choices of beamsgsulp the same power constraint for each
transmitter.

The boundary point in Fig. 3 corresponding to the maximum suhtyutas a tangent line with slope
—1. Also shown is the Nash equilibrium point, correspondinghém-cooperative users (or equivalently,
zero information exchange). (The characterization of beaonsesponding to the Nash equilibrium and
the optimal sum rate point will be discussed in Section IV-A)e Nash equilibrium point is far away
from the Pareto boundary of the achievable rate region. Ev@mple time-sharing scheme between the
two users can yield better performance for each individsalr than the non-cooperative outcome. Note
that the rate region has distinct non-convexities; the erriwll of the rate region is also achievable if

time sharing between strategies on the boundary is allowkd.shape of the rate region also depends



on the SNR. In particular, the non-convexities shown in theréigtorrespond to high SNRs (e.g., see
[?]).

For both the SISO and MISO channel models discussed so far, sntitter’'s best response in the
absence of information exchange does not depend on the pawdreams of other users. Computing
the Nash equilibrium is therefore quite simple. In contrasippose that the channel matricEg,; in
the channel model (1) are diagonal with complex diagonahelds, which corresponds to multi-carrier
transmission through frequency-selective channels (wiiigle antennas). The diagonal elements of a
channel matrix then correspond to the complex channel gainsss frequency.

Each multi-carrier transmitter can allocate powers overstiitechannels to maximize utility subject to
a total power constraint. For rate utilities the best respgmower allocation in the absence of information
exchange is water-filling. This best response depends on skébdiion of interference over sub-carriers,
which in turn is determined by power allocations at neigivmptransmitters. Hence, a Nash equilibrium
can be determined by aiterative water-filling method in which users update their power allocations
until the power allocations converg®][ [?]. (The updates could occur sequentially in any order or
synchronously.) In fact, for the peer-to-peer networksstbered, a Nash equilibrium need not exist and
even when one does exist, iterative water-filling does noagdmconverge. For the two-user channel
this depends on the relative magnitude of the cross-chayaies [?]. In contrast, the distributed pricing

algorithms to be discussed often converge even when iteratater-filling does not.

Il1. DISTRIBUTED PRICING ALGORITHMS

As shown in Fig. 3, having each user optimize its own utilitgtheut any information exchange can
lead to poor performance. On the other hand, obtaining fédrmation as in a centralized solution may
require excessive overhead. We next introduce abkgnchronous distributed pricinADP) algorithm
[12] that enables each node to adapt their resources lowdtythe aid oflimited information exchange.
In this section, we describe this algorithm for the SISO moegtensions to multiple antennas and
multi-carrier transmission will be described in subsedusattions.

The reason the non-cooperative approach in the previou®saetn result in poor performance is that
when the users optimize only their own utility functionsyttdo not account for theis-utility they cause
other users due to interference. In economic terms, a digtuf one agent due to the action of another
is referred to as aegative externalityThese negative externalities are the root of the inefficenoff
the non-cooperative approach. The main idea behind the A@ditdm is to design a new payoff, which

internalizes these externalities for each agent, i.e habvthen an agent optimizes the payoff, it is taking
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Fig. 3. lllustration of the achievable rate region for a two-user MISO ngtwo

into account the interference to other users. For an ageprtetdict the exact effect of the interference it
causes would again require excessive information exchéggentially, each agent would need to know
the entire global objective). Instead, in the ADP algoritheach agent (receiver) announces a single
interference pricewhich is the marginal cost of their own utility per unit interence. Specifically, the
interference price announced by receiyes given by

~ 9u;(SINR))

o @

T =

wherel; = Z#j pi|hji|? is the total interference power at receivellf transmitterk has powerpy, then
the “cost” of interfering with receivey is thenn;pi|h;i|?, i.e., the interference price times the received
interference power. We can again view each user as a playegame, only now instead of maximizing
its own utility, the user’'s payoff is its utility minus thetal cost (marginal decrease in utility) summed
over all receivers,

I (pr; P—k) = up(SINRy) — pp Zﬂj\hjk!27 5)

ik
wherep_,. indicates the vector of strategy choices (powers) over sk @xcept fork.

In the ADP algorithm, the users iteratively adapt their poaliocations and announce new interference
prices. When a user adapts its power, it maximizes the payd8) assuming that the power allocations

and interference prices of the other users are fixed. The popdate is therefore the best response of
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1) INITIALIZATION: Each user k chooses an arbitrary initial price 7 (0) > 0 and power 0 <
pi(0) < P.

2) POWER UPDATE: Each user in an arbitrary group updates its power to maximize (5).

3) PRICE UPDATE: Each user in an arbitrary group updates its interference price according
to (4).

4) GOTO 2 and repeat.

Fig. 4. The ADP algorithm for the SISO model (narrowband transmissigth single-antenna terminals).

an agent in the resulting game. The complete algorithm is showrig. 4. (“Arbitrary group” refers to

a subset of users that update simultaneously.) In gendasatéim be completely asynchronous, meaning
that there are no restrictions on when a specific user updatpside or power except that each quantity
must be updated infinitely often. This therefore includes #immeous updates and round-robin updates
as special cases.

To implement this algorithm, note that when updating thedgnaitted power according to (5), the
transmitter needs to know the interference prices fromrotheeivers, its own SINR, and the cross-
channel gains to neighboring receivers. It does not needchodwkhe other channel gains in the network
and other users’ utility functions. Also, to compute theeiiférence price (4), the receiver must know the
direct channel gain and the interference-plus-noise pdareequivalently, the SINR and the transmitted

power). We next discuss the convergence of this algorithm.

A. Convergence Analysis

If the ADP algorithm has converged, then each user’'s bepbree using the payoff in (5) does not
change the transmitted power. Additionally the interfeeprices should not change, i.e., they should
represent the marginal cost of interference at the equififor It can be shown that such a fixed point
must satisfy the Karush-Kuhn-Tucker (KKT) optimality cotidins for the centralized problem (3) [12].
(In words, the KKT conditions state that the marginal inse@n utility to any usek that increases its
power is equal to the total interference cost.) Thus any Ipuint of the algorithm satisfies the necessary
conditions for a local or global optimum. Likewise, any localglobal optimum of (3) must be a fixed
point of the algorithm. If in addition we hav€'R;(x) > 1 for each uselk, then as discussed in the
previous section, the overall problem can be transformaa anconvex problem in which case the only

allocation satisfying the KKT conditions (correspondirigthe only limit point of the ADP algorithm)
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is the global optimum.

We next give conditions that guarantee convergence of the Alporithm. Showing convergence in this
setting is different from the analysis of standard distiglolioptimization algorithms, such as distributed
gradient or Newton-based methods (see e.g. [I3), in that we do not place any step-size restriction on
the power update of a user. This has the advantage of not iregjginch a step-size, but also potentially
complicates the analysis since the overall utility couldradie dramatically in a single time-step. Instead,
the convergence proof of the ADP algorithm in [12] uses prige of best response updates in a game
in which each usek is represented by two players: a power player, which choastsasible power
allocationp, to maximize the payoff in (5), and a price player, which clesoan interference price by
maximizing a payoff that is optimized by the price in (4). Asbeesponse update of a power or price
player in this game corresponds to a power or price updaspentively, in the ADP algorithm. At a
Nash equilibrium of this game, no power or price player wist® deviate, i.e. all Nash equilibria must
be limit points of the ADP algorithm.

From the preceding discussion it can be seen that the comezge the ADP algorithm is equivalent
to showing that best response updates converge in the yimdegame. For an arbitrary game, a Nash
equilibrium need not exist and even if it does exist, bespoase updates need not converge to it.
However, for the class adupermodular gamegsee side-bar in Appendix), much more is known about
the convergence of such updates, even when done in an arldsgnchronous manner. For the ADP
algorithm, if the coefficients of relative risk aversion ofchauser’s utility satisfyl < C'Ry(SINRy) < 2
for all feasible SINR’s, then the resulting game is supernfexdivioreover, in this case, (3) has a unique
global optimum and so it follows that the ADP algorithm wilbgally converge to the optimum power
allocation.

The main restriction for the preceding convergence resuti@ADP algorithm is that the coefficient of
relative risk aversion for each user’s utility lie betweearid 2. This can be interpreted as requiring that
the utilities are sufficiently concave, but not too concave¢hey are not sufficiently concave€’' Ry, < 1),
then the overall problem may have multiple local optima.hié witilities are too concaveC(R;, > 2),
then the game is not supermodular and the best responsecgpdal be too aggressive to guarantee
convergence. One utility for which this condition appliesj(z) = log(z), the high-SINR approximation
of the Shannon rate. This result does not apply for the ratéyutil,(x) = log(1 + x), which has
CRp(z) < 1. However, in [14] it shown that for rate utilities a versiofi the ADP algorithm with
fixedinterference prices converges to a unique Nash equilibpumwided that the channel is diagonally

dominant, i.e., for each usér, |hy;|? > Z#k|hjk|2. Additionally, in [15], it is shown that the ADP
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monotonically converges for all utilities with < CR;, < 2 with sequential power updates provided that

after each update every user announces a new interfereioee pr

B. Multi-Carrier ADP

Consider now the channel model with diagonal channel nestricorresponding to multi-carrier trans-
mission. As for the SISO model, it is possible to improve upom performance with non-cooperative
users (iterative water-filling, or more generally, iterativtility maximization), by exchanging interference
prices. An ADP algorithm for multi-carrier transmissioncisnsidered in [12] assuming that the utility for
each usek is separable meaninguy (SINRy, 1, - - - ,SINRy as) = >, ur(SINRy, ., ), whereSINRy, ,,, is
the SINR for userk on sub-channein. (For example, this applies to the rate-utility functioin)that
case the sum utility can again be maximized by exchangirgrference prices over all sub-channels,
and using an iterative primal-dual algorithm to update pewend prices (taking into account power
constraints at each transmitter).

For many applications, the utility function could be a noekr (e.g., increasing strictly concave)
function of the total rate, in which case it cannot be exmdsss the sum of utilities across sub-channels.
Extensions of the ADP to this setting are considered4p Namely, each user announces a set of
interference prices]" = —0uy[Ri(P)]/01"(P_y), m =1,--- , M, wherel}” is the interference power
for userk on sub-channet:, andP_; denotes the set of all user powers except those for kiséhe
users then optimize surplus (a modified version of the payoft5)) as before. Although numerical
examples have indicated that this algorithm typically @ges rapidly to a locally optimal solution,
obtaining general conditions on the utility functions tigaiarantee convergence of this algorithm is an

open problem.

V. MULTIPLE ANTENNAS
A. MISO System Model

The preceding discussion applies to interference netwasksisting of single-antenna terminals. We
now discuss the extension of those results to terminals mittiiple antennas, which add spatial DoFs.
We start by considering multiple antennas at the transmittel continue to assume receivers with a
single antenna; this is a common situation in the downlinkedfular systems.

As already mentioned in Section II-B, for the MISO channel mdd the channel matrices become

row vectors, so that we definleLj = Hj,;, where " denotes Hermitian transpose. The multi-antenna



13

transmitterk can now vary both its power and the bea subject to the power constraiftby||3 < P.
In analogy to the single-antenna case, we can define the SINR as
|h2kvk|2
Z#Mhlj'“jp + o2
Once again, the system objective is to maximize the suntyytilhere each user is assigned a utility

SINRy, = (6)

function u; (SINRg,), which depends on the received SINR.

If the users are non-cooperative, and are only interestedarimizing their own utility, then each
userk chooses;, to maximize|h,zkvk\2. Consequentlyy,. should be a scaled version bf,;, using the
maximum power. This is also called theatched filtersolution, and corresponds to the Nash equilibrium
(non-cooperative) point shown in Fig. 3. Even with very low kground noise, the SINR and thus the
utility for each user is strictly limited by the interferencaused by the other users.

In contrast to the single-antenna system, the transmiitetee MISO system can make use of the
spatial DoFs (corresponding to the choice of beamgvimid interfering with other users. Consider, for
example, the followingaltruistic scheme: the interference caused to every unintended esdsi¥orced
to be zero, i. e.h}kvk =0 for all j # k. 3 When all users adhere to this scheme, there is no interferenc
at any receiver and the SINR grows without bound as the baokgrmoise decreases. In fact, as the
noise level diminishes to zero, thiero-forcingscheme optimizes the sum rate, so is clearly better for
each user than thegoisticmatched filter solution.

Referring to Fig. 3, the noise level is low, so that the zenmwifay solution is quite close to the
point corresponding to maximum sum rate. However, as theenpower increases, the gain obtained
by completely removing the interference decreases, anddhecooperative matched filter scheme even-
tually performs better. Also, at each edge of the regioniethe a section in which the boundary runs
perpendicular to the coordinate axis; these sections gorel to strategies where one user employs the
matched filter while the other user performs zero-forcing.

It is shown in [16] that for the case of two users and the raiéyufunction log(1 + SINRy), any
Pareto optimal strategy requires that both users emplayeadicombination of the altruistic and egoistic
beams. The altruistic and egoistic solutions can thus beedeas two extremes, in between which any
desirable transmit strategy should lie. As in the singleeanf case, our goal is to find distributed

transmit strategy that maximizes the sum utility (cf. (3)).

Note that such a solution exists only if the transmitter has at least as mampasitas the number of users with which it
interferes. Also note that in contrast to the matched filter solution, transniitteust know all channel vectors ;. to other

receivers, requiring additional communication among the users.
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B. MISO Pricing Algorithm

The ADP algorithm for a SISO network can be naturally extendedhtéo MISO case. Following
the same principle, each uskmwill again announce an interference pricg representing the marginal
decrease in that user’s utility following a marginal ingean interference. Given these interference
prices, we can again view each user as a player in a game wilyafmgiven by their utility minus the
cost due to the interference they generate. However, inctige user’s best response update is given by
optimizing their payoff over beams instead of power, namely

max up(SINR) - S hhuel? st (gl < P @)

J7#k
The users then iteratively update their beams and interdererices as before.

In the SISO case a user’s best response update involves salviogtimization over a single variable,
which can often be done in closed form. In (7), the optimatis over a vector and in general the
solution cannot be obtained in closed-form. (Also, for ceedble utility functions the objective is likely
to be neither convex nor concave.) **right?** Each user mhstréfore use an optimization algorithm
to calculate its best response. To reduce this complexiycan linearly approximate (SINRy) in (7)
yielding the optimization problem

max py - hloel> = mic ko st o3 < P (8)
Jj#k
wherep;, = uj (SINRy,) **right?**. The solution to this problem can be found by simmletermining the

dominant eigenvector of a matrix. It can be seen from the KKditions that stationarity in problem (8)
implies stationarity in (7), and therefore both convergettocal optimum of the sum-utility problem.
For the following convergence analysis, however, it is as=il that problem (7) is solved exactly.

To implement this MISO ADP algorithm, each user must still @nmce only a single (scalar) inter-
ference price. However, to calculate their best respohsy, how need to measure the vector of channel
gains to each neighboring receivér;() as well as their own, which increases the required overligad
channel estimation. Of course the information needed fmrm@tive approaches such as a centralized
solution also increases accordingly.

Fig. 5 shows how the schemes discussed perform in terms of astenversus the level of background
noise. **reviewer asked for different line types to distitigh in B&W** A two user network is assumed
with two antennas at each transmitter. The results are a@rager a large number of random channel
realizations. While the non-cooperative strategy is oatifor strong background noise (i. e., low SNR),

its performance deteriorates quickly compared to the athbemes when the background noise becomes
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Fig. 5. lllustration of the sum rate versus SNR for different algorithms

insignificant. It is surpassed first by the zero-forcing schewt@ch is optimal in the complete absence
of background noise, but eventually also by a simple schenwehich the two users alternately transmit
(time-sharing). The pricing algorithm performs best re@gssl of the noise conditions.

1) Convergence AnalysisAs in the SISO case, it can be shown that any limit point of the MISIP
algorithm satisfies the KKT conditions of the overall optiatibn problem. Once again such a limit point
can be viewed as a Nash equilibrium of an underlying gamendrsiSO case, when the utility functions
satisfy certain conditions this game is supermodular. Hewehe argument cannot be directly extended
to the MISO case. In particular, the notion of supermodulangm can be extended to games in which
the players have vector-valued strategies, but in this itdserequired that the set of feasible strategies
are alattice, meaning that if any two strategies are allowable, therr tb@nponentwise maximum and
minimum are also allowable. Due to the agents’ power coimésatheir strategies in terms of beam
choices do not have this property. For the special case ofusess, in [17] two alternative proofs of
convergence are given, which are based on looking at amattee formulation of the underlying game.
We discuss each of these next.

The first re-formulation is based on the observation that in@auger network, an optimal beamformer
v, can always be found that lies in the convex cone spanned bydhresponding channel-matched

beamformerh;, and zero-forcing beamformehﬁ = P,tkhkk, and always consumes the maximum
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Fig. 6. lllustration of the optimal beamformer, in a two user network. The shaded area denotes the convex conesdpann
by the channel matched filter and the zero-forcing beamformer. Bhedary of this region corresponds to those beams that

meet the power constraint.

power allowed (see Fig. 6). Using this observation, instdadewing a user’s strategy as the choice of
a beamwv, we can think of a user’s strategy as being amgle o between its beam anld,j This reduces
the strategy set to a single scalar and then using similaisids in the SISO case, we can prove that the
resulting game is supermodular if each user’s utility $i@sd < C'R(SINRy) < 2 for all feasibleSINRy,.

In fact, for 2 users, it can also be shown that the underlyengeis supermodular if < CR(SINR) < 1

for all feasibleSINR. Thus, if we start from suitable initial conditions, the MISXDBP algorithm can
again be guaranteed to converge. (In this case, in generalomeot know if the global optimization
problem has a unique optimum and so global convergence daimenguaranteed).

The second reformulation in [17] is based on the observatiahthe only aspect of a user’s strategy
choice when solving (7) that effects the utility of any othuser in the network is the total interference
power received at that other user. Based on this we can thsiea each user’s action as determining
the (scalar) interference powers received by other usévenGhis power, a user’s payoff is then given
by optimizing his own beam subject to the chosen interfexgmowers and his own power constraint.
For a two user network, each user’s strategy again becomealar «nd we can again show that the
resulting game is supermodular under the same restrictinrthe two users’ utility functions.

Both of the previous methods cannot be generalized to a MIS®@onke with more than two users.
For the method based on the angle parameterization, ther@ é¢éear generalization of this structure of
the optimal solution with more than two users. The second dation involving the interference power
can be generalized to allow each agent to specify a vectontefference powers, one for each other
receiver in the network. However, in this case we can coosgxamples which show that the resulting
game is not always supermodular. This is due to the followigyg distinction between SISO and MISO

networks. In a SISO network, when one user increases its gyrdite®. power), it results in increased
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Fig. 7. Example of the convergence of the MISO-ADP algorithmdefair utilities.

interference at every other receiver. However, in a MISO pétva user can increase the interference at
one receiver while decreasing the interference at andteice there is no natural ordering of the users’
strategies with regard to their effect on the other userd,raakes it impossible to show the properties
required by a supermodular game. Though convergence of tSB®MIDP for more than two users cannot

be proven using supermodularity, in [15] it is shown thatfasthe SISO model, if users update their

beams sequentially and exchange interference prices edtdr update, then the MISO ADP algorithm

monotonically converges for all utilities with < CRy, < 2.

Figure 7 shows plots of the total utility versus the numbertefations (each corresponding to one
beam update) for the MISO ADP algorithm in a network witlhusers and® transmit antennas. In these
simulations each beam update is always followed by all us@nguncing their interference prices, so that
the convergence results in [15] apply. Plots for feufair utilities are shown. As expected, for theg
utility (CR = 1) and thea = —1 utility (CR = 2) the algorithm converges. For the= —2 (CR = 3)

anda = —3 (CR = 4) cases it does not converge.

C. MIMO Systems

With MIMO channels the transmitted signal vector for u¢ebecomesz;, = Vi, Axsk, where s,

is a vector of transmitted symbolgy; is a diagonal matrix of corresponding amplitudes, andis
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a precoding matrix with unit-norm columns. The columnsVWaf correspond to different spatial beams
(DoFs), which multiplex different symbol streams. The cditeal problem is then to select the set of
precoding and amplitude matrices across users to maxihesum utility subject to power constraints

at each transmitter. For example, the utility for ugemight be the achievable rate

ur(Qr) =logdet | I+ HJ, (R, + > HyQiH,)™ HQx 9)
i#k
where Q. = VkAinT is the transmit covariance matrix®,, is the noise covariance matrix, and
interference is again treated as additive Gaussian noise.

For the rate utility, it is straightforward to determine thest response strategies of non-cooperative
users: each usér views all interference from other users as noise and selketgovariance matrix to
maximize its own rateR,. The solution to this single-user MIMO optimization is wkhown: after a
noise whitening filter, water-filling of powers over the singul/alues of the effective channel matrix is
performed. However, as for multi-carrier channels disedssarlier, when one user adapts its transmit
strategy in this way, the interference properties changealfcother users, forcing them to readjust their
strategies. This leads again to an iterative water-fillingcpdure for MIMO channels, which does not
always converge [9], [8].

1) MIMO Pricing Algorithm: As for MISO channels, the non-cooperative strategy does cluieae
full system potential, especially with low background moigVhen averaged over many random channel
realizations, the slope of the sum rate achieved by iteratwaterfilling versus SNR shows a clear
disadvantage compared to the optimal slope. Here we distiggibuted pricing schemes for MIMO
channels that can improve performance.

There are several important differences from the MISO modéichv makes finding a distributed
solution to the utility maximization problem with MIMO chaals considerably more complicated. First,
the preceding Shannon rate with an optimal receiver is noamsparent function of a set of received
interference powers (e.g., along different spatial dioes), which makes it more difficult to define a set
of interference prices that are used to update all precodsmsn with a centralized resource manager
the globally optimal sum-rate strategy is difficult to find, @rnthe problem is in general non-convex. A
large number of locally optimal solutions has been obsefeednoderate system dimensions and low
noise power [18].

A second complication is that the performance depends orrahlke or multiplexing gain of each
precoder matrix. For the MIMO interference channel a lamgerk (multiplexing gain) generates more

interference to neighboring receivers, since fewer DoFsiaaéable for interference avoidance. Hence the
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ranks of theV,’s must be jointly optimized along with the columns and assted powers (set afi;’s).
Finally, a third complication is that an optimal precoder rixatepends on the choice of neighboring
receivers (e.g., optimal, corresponding to (9), lineardecision-feedback). Furthermore, in the case of
linear receivers the transmitter must know the cross-oklagainscombined withthe receive filters in
order to determine the received interference ('Cé;ij, whereG; is the receive filter at nodg).

An approach presented in [19] is to view each columnV@fas a spatial “beam”, which is used
to carry a separate symbol stream, and assume that all eeseive linear. The utility for a user can
then be defined as a function of the received SINRs across beagmsqum rate over the beams), and
interference prices can be defined and announced for eachdmebafore. Each user can then select each
beam to maximize the associated utility minus cost. Of amuttse achievable rate with linear receivers
only approximates the optimal rate in (9). Also, the probiseratill complicated by the joint optimization
of precoder ranks and powers. Heuristic methods for beanatapdare presented in [19], which trade
off performance with the amount of information exchangear{gtions depend on the order in which
beams are updated (e.g., sequentially versus all at ono®)pbwers are allocated, and how often prices
are announced.) The performance of the distributed algositts typically close to that obtained with
centralized optimization, and achieves the optimal higiRSNope. The performance can therefore be

substantially better than iterative water-filling algonthespecially at high SNRs.

V. CONCLUSIONS ANDREMAINING ISSUES

Exchanging interference prices in a wireless network eisathle transmitters to adjust their resources
to optimize a network objective, as opposed to their indigidsingle-link objectives. Although algorithms
that iterate between price announcements and combinedfb@aen best response updates typically show
rapid convergence to a limiting allocation, establishiegeral conditions that guarantee such convergence
can be challenging. The concept of supermodularity, whiégbearin game theory, has been shown to
be especially useful for this purpose. Specifically, convergeto the unique globally optimal allocation
is guaranteed for SISO channels provided that the utility ione satisfy weak concavity properties.
Moreover, the order in which price and best response updatas can be arbitrary.

There are, however, several limitations of the results ptesehere. First, the condition on utility
functions that guarantees convergence excludes the abiféeyShannon) rate. In fact, the sum rate
objective can have multiple local optima, so that convergeio a global optimum cannot be guaranteed.
Still, convergence to a local optimum has always been obdanvaumerical experiments. Second, with

MISO channels supermodularity can only be applied to a nétwith two users, although convergence
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is typically observed with more than two users. Finally, Bsaing conditions for the convergence of
iterative pricing algorithms with MIMO channels and adagtreceivers remains an open problem.

Although the sum utility achieved with distributed pricilegn be substantially larger than that corre-
sponding to the Nash equilibrium (no information exchangied model presented here has ignored the
overhead associated with exchanging interference prides.information exchange overhead might be
substantially reduced by exchanging prices correspontiing subset of strongest interferers (e.g., see
[?]). In addition to the power and bandwidth needed to exchahgse prices, resources are needed to
estimate the cross-channel gains used to compute the lsgginge updates. Furthermore, in practice
the prices and cross-channel gains will contain estimatioar, the magnitude of which depends on the
resources allocated for channel estimation. An accuratesament of the benefits of distributed pricing
must ultimately take this overhead and estimation erray adcount.

Finally, our model has assumed that the users do not deviate thhe specified algorithm, meaning
that each user truthfully announces a set of interferenicegrA non-cooperative user could improve her
individual performance by falsely reporting a larger seintérference prices. (Cross-channel gains might
also be similarly manipulated.) One approach to this probie to implement policing and punishment
strategies for detecting such behavior (e.g., see [5])erA#tively, it is possible to design auction
mechanisms that provide incentives for truthful reportiatbeit with an associated loss in efficiency
(sum utility) (e.g., see [20], [21]). Understanding thediaffs among these approaches in the context of

interference networks with multiple DoFs poses major chgls for future investigation.

APPENDIXA

SIDE-BAR: SUPERMODULAR GAMES

Supermodular games represent a class of games in which tyerlexhibitstrategic complementar-
ities. Loosely, this refers to the fact that the players’ actions ba ordered so that an increase in one
player’'s action results in the best response of every otlagrep also increasing (or more precisely, not
decreasing). This notion of complementarity is formalizgddquiring that the player’s payoff functions
haveincreasing differenceslo be more concrete, consider a game in which each playerseloa real-
valued strategyr;,. Each player seeks to maximize a payoff functidp(zy, z_r), wherexz_; denotes
the vector of strategies of all players except playyeAssuming the payoffs are twice differentiable, then

player k’s payoff will have an increasing difference if for afl# k,

%11,
>
8l‘k81‘j - 07 (10)
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for all z;, andz;. The resulting game is said to lsepermodulaif each player’'s payoff has increasing
differences and each player’s set of allowable strategiaxompact subset of the real-line. This definition
can be generalized to allow for non-differentiable pay@aiif&l vector-valued strategies, see for example
[22].

For our purposes, supermodular games have the followingusedul properties:

1) If each agent’s payoff is upper semi-continuous, the gamst have a Nash equilibrium.

2) If the Nash equilibrium is unique, then best response t@sdglobally converge to that Nash

equilibrium from any initial choice of strategies.

Here, best response updates mean that players iteratipdbtaitheir strategies to optimize their payoffs
assuming that the other player's do not change their custrategy. For the preceding convergence
result, this updating can be done in a general asynchronans@n, which includes synchronous updates
as a special case. If the Nash equilibrium is not unique, thest response updates will still converge,
provided that agents initialize to either their smallesiaygest strategy choices; in these cases the set
of Nash equilibria also has lattice structure [22]. This should be contrasted with an arbitraagng in
which a Nash equilibria may not exist, and even if a Nash éajuuim exists, best response updates need

not converge.
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