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ABSTRACT

In this paper we consider the optimal trade-off between av-
erage transmission power and average queueing delay for
asingle user transmitting data over awireless fading chan-
nel. In particular we study the behavior of this trade-off in
the regime of asymptotically large power and small delay.
Our focus is on channels which require infinite power to
minimize the average delay. For such channels, it is shown
that the average delay decreases no faster than e ~*F asthe
average power grows, where « is a parameter that depends
on the fading distribution and the arrival rate. We also give
an sequence of policies that nearly mathc thislower bound.
Several other sub-optimal policies are al so discussed.
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1 Introduction

For mobile wireless communication devices, energy effi-
ciency isakey issue that has attracted much interest. A ba
sic techniquefor improving the energy efficiency of awire-
less device is through transmission power control. With
data traffic, in addition to adjusting the transmission power
used to send each packet of data, energy efficiency can
be further improved by adjusting the transmission rate or
equivalently the transmission time per packet. In this con-
text, varioustransmission scheduling approaches have been
studied including [1-7]. In these approaches transmission
rate and power are adjusted over time based in part on the
offered traffic as well as any channel state information. A
theme underlying each of these approachesis managing the
fundamental trade-off between packet delay and transmis-
sion power or energy. Specifically, packet delay can be
reduced by transmitting at a higher rate, but this requires
more energy per bit. In fading channels, reducing packet
delay also prohibits users from optimally alocating their
power over timein response to channel variations.

In this paper, we revisit the basic model for trans-
mission scheduling over a fading channel studied in [2, 3].
In this model, data randomly arrives from some higher
layer application and is placed into atransmission buffer as
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Figure 1. System Model.

shown in Figure 1. Datais periodically removed from the
buffer, encoded and transmitted over the fading channel.
We focus on the case where each codeword is sent over
a fixed number of channel uses, but different codewords
may be of different rates. After the codeword is received,
it is decoded and sent on to the corresponding higher layer
application at the receiver. The transmitter can vary the
transmission power and rate based on both the channel state
and the buffer occupancy. In [2], the optimal trade-off be-
tween the average delay incurred by the arriving data and
the long-term average power was studied in aMarkov deci-
sion framework. Furthermore, the behavior of this trade-off
was characterized in the asymptotic regime of large delays
(low power). In this regime, it was shown that the rate at
which the required power decreases as the average delay,
D, increases is' © (3z). This rate can be achieved via
a sequence of policies where the only dependence on the
buffer occupancy is viaasimple threshold rule. Moreover,
some dependence on the buffer occupancy is required to
achieve this optimal convergencerate.

In this paper, we focus on the behavior of the
power/del ay trade-off in the asymptotic regime of small de-
lays (high power). In this regime we show that the optimal
power delay trade-off behaves quite differently from large
delay regime. Specifically, we show that as the average
power increases to infinity, the average delay can decrease
no faster than Q(e—%), for channels whose fading distri-

1To characterize the asymptotic behavior of g(x) asz — 2, we use
the following notation g(z) = O(f(x)) if limsup, _, .« 52 < oo,
g(x) = Q(f () if limsup,, . IL8] < oo and g(w) = ©(f(2)) if
g9(z) = O(f()), and g(z) = Q(f())-



bution is non-zero at zero (such as a Rayleigh fading chan-
nel). Where « is a parameter that depends on the fading
distribution and the arrival statistics. This bound holds for
any transmission policy. We also shown that a sequence of
simple “channel threshold” policies can nearly achievethis
bound. For comparison, we also consider two other sim-
ple suboptimal policies which correspond to a fixed water-
filling alocation and a fixed power policy, and show that
these have a suboptimal convergenceratein the small delay
regime. Note that the rate of e~ is much a much faster
decrease in power than the % decreasein delay inthelarge
delay regime. Thisimpliesthat the savingsin power gained
by relaxing the delay constraint are much more significant
when the delay constraint is stringent. We also consider a
class of channels whose distribution is zero at zero. For
this case we show that with a constant arrival rate the aver-
age delay can decrease no faster than log (PT@) , Where
P*(1) isthe minimum power required to transmit every ar-
rival independent of the channel state. Before discussing
these results we first give a more precise description of the
basic model to be considered.

2 Problem Formulation

Thefading channel is modeled adiscretetime, block fading
channel with additive Gaussian noise [8]. In such a chan-
nel the transmitted signal is multiplied by a time-varying
gain which models the fading. Over each block of N con-
secutive channel uses, the gain stays fixed. Let v/H,, de-
note the magnitude of complex (base-band) channel gain
during the mth block and ©,, denote the phase. Let
X = (Xm,l, R 7Xm7N) and Y, = (Ym71, s 7Ym,N)
be vectors in CV which denote, respectively, the channel
inputs and outputs over the mth block. These are related

by:
Ym =V Hmeijem Xm + Zm, (1)

where the additive noise Z,, is a complex, circularly sym-
metric Gaussian random vector with zero mean and covari-
ance matrix o 1. Furthermore, the sequence {Z,, } isi.i.d.
Here we assume that the sequence of channel gains, { H,, },
is a sequence of i.i.d. random variables taking values in a
set H C R with aprobability density f over this set. We
assume that both the transmitter and receiver have perfect
CSl, i.e, during the mth block, both the transmitter and
receiver know the value of H,, and ©,,. ?

To model the buffer, we consider a discrete-time
“fluid” buffer model in which the time between samples
corresponds to a block of N channel uses. Let A,, be the
number of bits that arrive between timen and n — 1, and
let S, be the buffer size at the start of the nth block. As-
sume that at the start of each block U,, bits are removed
from the buffer, encoded and transmitted over the fading

2Since both the transmitter and receiver know ©,,,, we can ignore it in
the following.

channel during the next block. Thus the buffer dynamics
are given by:3

Sn—i—l = maX{Sn + An+1 = Un, An+1}~ (2)

Here we assume that the buffer size is infinite and that no
packets are lost. We also assume that the arrival process
{A,} is asequence of i.i.d. random variables taking val-
uesinaset A = [amin, @maz] With probability distribu-
tion F4(a); here a,,i, and a,,., are respectively upper
and lower bounds on the arrival process. This process is
assumed to be independent of the channel fading and noise
processes. The expected arrival rate is denoted by A.

Let P(h,u) be the transmission power required dur-
ing a block when the channel gain is 4 and the transmitter
choosesto transmit « bits. In thefollowing, we assume that

P(h,u) = %Q(QU/N —1). ©)

Thisis the minimum power required so that the mutual in-
formation rate over the N channel uses is equal to u/N.
Provided that NV islarge enough, this choicewill givearea
sonable indication of the power needed to reliably transmit
at rate u/N using optimal coding. Most of the following
results can be generalized to other functions P(h, ) which
indicate the required power needed to transmit at rate u /N
bits per channel use in different settings.

Let S = [0, c0) denote the buffer state space, and let
i S x H — RT denote atransmission policy which indi-
cates U, at any timen asafunction of S,, and H,,. Under
agiven policy, we denote the average delay by D* and the
long-term average transmission power by P*. For agiven
channel and arrival process, in[2], the optimal power/delay
curve, P*(D) isdefined as

P*(D) = inf{P* : u suchthat D" < D}.

This curve is decreasing and convex. Asymptoticaly, as
D — oo, P*(D) is shown to converge to P(A) at arate
of ©(3z) [2]. The asymptotic value, P(A) corresponds
to the minimum power required to send at average rate A,
ignoring any delay constraints, i.e. the minimum power so
that the channel has an ergodic capacity of A/N bits per
channel use. An example power/delay trade-off curve is
shownin Fig. 2.

In the following it will also be useful to define the

optimal delay/power curve, D*(P) as

D*(P) = inf{D" : u suchthat P* < P}.
Clearly, if P*(D) is strictly decreasing, then D*(P) will
simply beitsinverse. Given the above model of the buffer
dynamics, each packet must spend at least one time unit

in the buffer, hence D*(P) > 1 for al P. The only way
that D*(P) = 1isif the transmitter used a policy such that

30ne reason for choosing this model of the buffer is that is provides
an upper bound on the delay incurred by any packet in the underlying
continuous time system.
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Figure 2. Example power/delay trade-off.

w(Sn, Hy) > A, for al n. The minimum power required
by such apolicy is given by

P*(1) = Ean P(H, A),

For many practical fading models, such as a Rayleigh fad-
ing channel, this quantity will beinfinite. In the following,
we initially restrict ourselves to such settings. Specifically,
we make the following assumption:

Assumption A: Assume that the channel gain H,,, has a
continuous density, fi on Rt and that f(0) > 0.

For example, for a Rayleigh fading channel, H has
an exponential distribution with f5(0) = =7. Thisas-
sumption has several consequencesthat will be used in the
following. First, adirect consequenceisthat fr(h) > 0 for
all h within some sufficiently small neighborhood of zero.
From thisit follows that

Pr(|H,|* < h) = ©(h)

ash goesto zero. Also, for any such distribution Eg (4) =
oo and so, P*(1) = oo. Hence, D*(P) will be strictly
greater than 1 for any finite P but will approach1 as P —
oo. Finally, for any such distribution with finite mean, we
have the following lemma.

Lemma2.1 Let fy(h) be a fading density that satisfies

Assumption A and has a finite mean. Given any h; > 0,
then there exists a constant K> such that for all h < hy,

/OO Ly dh > Kin <1> e
h h

where Ky = inf{fy(h)|h < hi} .
Likewise, these exists a constant K, such for all h <

ht!
/ —fH dh§K11n<%>+I~{2,

where K| = sup{ frr(h)|h < h;} .

Thisimplies that the integral f (h) grows like
In () ash — 0. Thelower bound foIIovvs because

*1

—fH( ) dh
h

Z/hhi %Kldh-F/oo_fH( ) dh

/ht L f(h

= K1 (ln(ht

1
= K1 In (ﬁ) + KQ.

Note that since H hasafinite mean, fx (h) must go to zero
faster than ; as H — oo. Hence, [, fu(h) dh isfinite
for al h; > 0. The upper bound can be derived in asimilar
manner.

3 Asymptotic Analysis
3.1 A Lower bound on the convergencerate

In this %cti_on we consider a lower bound on the rate at
which D*(P) approaches1.

Proposition 3.1 Assuming the fading distribution satisfies
Assumption A, as P — oo, D*(P) — 1 = Q (e*"‘P), for
any a > (B4 P(1,4) f(0) "

In other words, the buffer delay decreases to 1 no faster
than e ~*F under any sequence of policies.

PROOF. To prove this proposition, we consider a ficti-
tious system where every packet |eaves after waiting for 2
time-units without requiring any power (recall each packet
must wait at least one time-unit). The maximum delay in
the fictitious system will be no more than 2 time-units. For
agiven average power P, let D(P) be the minimum aver-
age delay experienced by a packet in this fictitious system.
Clearly wemust have D(P) < D*(P) for al P. Wederive
our lower bound on the rate of convergencefor D*(P) by
calculating the rate at which D(P) — 1 goes to zero as P
increases.
Under the assumption that every packet |leaves after 2
time-dots, the buffer dynamics can be re-written as
Sn+1 = max(An — Un + An+1,An+1).
Also, at each time n an optimal policy will set U,, < A,,
since any other packets waiting in the buffer will leave the
system anyway without requiring any power. Therefore, an
optimal policy for this system can be expressed as function
of the current channel state, H,, and the number of arrivals
A,. It follows that D(P) is the solution to the following



optimization problem:

1
minimize 1+ =E A—-U(H, AT
U:71><IA>—I>ZR+ +A i, {( (H,A)*"}

subjectto: By 4 P(H,U(H, A)) < P
U(h,a) >0, VheH,ae A

Here the objective function correspond to the expected
number of packets in the system under the policy U (H, A)
divided by the average arrival rate, which by Little'slaw is
equal to the average delay. Note, we have also used the fact
that the arrivalsarei.i.d.

The solution, U*(H, A), to this problem is similar to
the classic “water-filling” power allocation [9]. In particu-
lar it can be characterized as follows:

0 if h <hgp
P(h,U*(h,a)) =4 + — 2 if hy < h < hy(a)

2 (2¢/N — 1) if h > hy(a)

@

Here, A > 0 is a constant chosen to satisfy the average
power constraint. The parameters by, < hy(a) are chan-
nel gain thresholds that satisfy h;, = Ao? and hy(a) =
Ao22%/N  Notice that the upper threshold depends on the
value of A,,. When h < hy(a), (4) corresponds to the
usual water-filling power alocation, where % is the “wa
ter level” and h, represents the threshold below which no
power is used. When h > hy(a), the transmitter inverts
the channel to transmit at the constant rate a; thisis dueto
fact that U*(H, A) < A, as noted above. Also notice that
as P isincreased, A will decrease and thus so will A, and
hU(a).

From the above, it follows that

D(P) = 1= TEy4 (A~ U*(H, A))*

= %(Pr(H < hp)A+Pr(H > hy)

X Eia (A= U*(H, A)*H > hy) )

> Pr(H < hy)

Here, we have used that (A — U*(H, A))™ is aways non-
negativeand isequal to A for H < hr,. Using Assumption
A, wethenhave, ashy — 0,
D(P) — 1= 9Q(hy). (5)
Next we bound the average power as follows:

5 /aamw (/}:U(a) (% B %> Fur (1) dih

min

. /h > %2 (Za/N _ 1) fu(h) dh> dF(a)

H
ax

Qo
>/
a

min

foro 5 = 1) i i

Pick some constant h; such that inf{fm(h)|h <
ht} = K; > 0. Then, from Lemma 2.1, we have that
foral h < h

/ lfH(h) dh > KiIn <i> + K.

h h hH

For alarge enough average power, hy (a) will be less than
hy foral a € A. Inthiscase,

P> /mm <K1 In (ﬁ) + K2> P(1,a) dF4(a).

Note that hyr(a) = hr,2%/N. Hence,

.P Z K1 In (hi> (EAP(].,A)) + Kg,
L
where K3 is a constant independent of 4y,
From this it follows that as P — oo, h =

Q (e—ap), where o = (K(E4P(1,4)))"". Combin-
ing this with (5), we have D — 1 = © (e—ap) and so

D*(P) -1 =0 (e*aP) either, as desired. Finally, we
note that in the above bound, Ky > f(0) and be made
arbitrarily close to this value by choosing h; small enough.
This givesthe desired lower bound on .. B

3.2 A nearly order optimal sequence of poli-
cies

In this section, we show that the above bound can nearly be
achieved by a simple sequence of channel threshold poli-
ciesinwhichthetransmitter only transmittswhen the chan-
nel gain H is larger than a threshold h;,. Given that the
channel is greater than this threshold, we consider a policy
that sets U,, = A,, + 6, whered > 0 is asmal constant.*
Clearly, if s,,/N < A,, + J then there is not enough in-
formation in the buffer to transmit. In this case we can
assume the transmitter sends extra “dummy” bits. Thisis
clearly a poor choice from the view of saving power, but
is sufficient for our purposes. A sequence of these policies
can nearly achieve the optimal convergencerate in the low
power regime.

Proposition 3.2 There exists a sequenceof channel thresh-
old policies {ux} such that as & — oo, P** —
oo, and D** — 1 = O (exp(—aP*H*)), for any a <

(fu(0) (B4 P(1, A))) "

PROOF. Let {u} be a sequence of channel threshold
policies as in the lemma with a fixed parameter § for each
policy, and such that as k — oo, h;;, decreasesto 0.

4Note that policy does not base the transmission decision on only H,
and S,,, but can be viewed as using the past history of S, and U,,. Such
a dependence is not needed for an optimal policy.



The average power of such apoalicy is given by

[e%e] Amaz 2
P — /h / T (209N — 1) fra(h) dh dFa(a).
th min

a

By asimilar argument as in the proof of Prop. 3.1, it can be
shown that as P** increases, hy, = O (e—ap“‘“‘), where

a = (EaP(1,A + 0)K,)~" and K, is the congtant from
Lemma2.1.

To bound the average delay under such a policy we
use the following lemma:

Lemma 3.3 For any policy whereU,, — 4, isani.i.d. se-
guence, the average buffer occupancy is bounded by
2

ag
ES<—2 +4
_Q(A)Jr )

where A and ¢ are the mean and variance of (U,, — A4,,).

This is essentially the same as Kingman's upper bound on
the average delay for a continuous-time G/G/1 queue [10].
Notice that here we are bounding the average buffer occu-
pancy in adiscrete-time queue with dynamics given by (2);
however, the same bounding techniques can be used.

Using this lemma and applying Little's law, we that
the average delay is bounded by

2

1’)“*@—152(5141 (6)

Evaluating this for a channel threshold policy we have,

cun 1 (1= q)q(0* +264) + ¢A% — ¢*(A)?
(R X

whereq = Pr(|H|? < hyy,). Fromthisitisclear that D#* —
1 = O(¢q) asq — 0. Again using Assumption A, ¢ =
O©(h¢n), and hence we have D#** — 1 = O (exp(—aP**))
asdesired. W

()

3.3 Suboptimal policies

Next weillustrate two simple policies with suboptimal con-
vergencerates. First we consider asimple fixed power pol-
icy which does not depend on the buffer state. By this we
mean a policy in which the transmitter transmits at a fixed
power, Pineachdot, i.e,

P (h) = Nlog (1 + ’},—P) forall s, h

Using this policy the average power is clearly equal to P.
The expected rate under a fixed power policy isincreasing
with P; the rate at which it is increasing can be shown to
satisfy:

By {wP(H)} = 0(log(P).

Next we consider the variance of ¥ (H). It can be
shown that as P increases, the varianceisincreasing. How-
ever, asymptotically the variance is bounded. Specifically,
we have

Lemma 3.4 Under a fixed power policy, ¥, for all P,
var (\pP(H)) < Nvar (log(H))
To see this note that
— 1 — = o~
P _ - ~ P _ oP
var (q: (H)) = 2By g (\Ir (H) - ¥ (H)),
where H is another random variable, independent of H

and identically distributed. Substituting the expression for
UP(h), we have

_ 1 1_+_H_13
P _ = ~ o2
var (97 (H)) = “Eq s {Nlog (1 © H5> }
As P — oo this convergesto

NE, q {log (%)} = Jvar (log(H)),

as desired.

Using these observations in the bound from lemma
3.3, it follows that the average buffer occupancy using a
fixed power policy is upper bounded by

ES < 0’31 + %var (log(H))

_2@%{WWHH—A)+A

~ Therefore, from Little's law, the average buffer delay,
D is upper-bounded by

_ K
P mray At

where K isaconstant, depending onthe arrival and channel
statistics but not on the average power.

Finally, since Ey {\IIP(H)} increases at rate
©(log P), it follows that the average delay using a fixed
power policy decreases at arate faster than O (ZO;P) .

Next we give a lower bound for the convergence rate
of afixed power policy. Specifically we have

Proposition 3.5 For any sequence of fixed power policies,
D#e — 1 = Q(#gp) asP — oo.

This can be shown by considering the following lower
bound, which is analogous to Kingman's lower bound for
a G/G/1 queue [10]. Specifically, the average buffer occu-
pancy is lower bounded by

E((4 - U)*)?

& 1 (
S-Az 2(U — A)



where (A — U)" = max(A — U,0),and A and U are two
random variables with the respective steady state distribu-
tions.

As before the denominator will increase at rate
©(log(P)). Tobound the numerator, notethat by Markov’s
inequality

E((A —U)")2 >Pr(4 —U > e)e?

and

(4 —
Pr(A—UZe):Pr<|H|2§ QAP €)>.

By Assumption A, thislast termisdecreasing at rate © ().
Therefore combining these resultswe havethat D#x — 1 =
Q (ﬁgp) as desired. Note this is much slower than the
optimal convergence rate obtained by a channel threshold
policy.

Next consider a sequence of “fixed water-filling” pol-
icy. By this we mean a policy that uses a water-filling
power (and rate) allocation, once again independent of the
buffer state. For such a sequence of policies the same
bounds once again apply.

Proposition 3.6 For any sequence of fixed water-filling
policies, {ux}, with P** — oo, barDHx — 1 =
0] ( ) Furthermore assuming the channel gain sat-

isfies assumption A, then D#x — 1 =Q (*)

PHK log PFE

1
log PHK

The proof of this follows similar arguments to the
above.

3.4 Finitestate channels

In this section we briefly discuss a class of channels that
does not satisfy assumption A. Specifically, consider a fi-
nite state channel, i.e., a channel where |H| < oo, and as-
sume that for each h € H, h > 0. In this case, P*(1) will
be finite. Therefore, we consider the rate at which the av-
erage delay converges to 1 as a function of how fast P is
convergingto P*(1). Specifically we have

Proposition 3.7 For afinite state channel,as P — P*(1),
*(P) — P
D*(P)=0Q (log (T))

This can be proved using a similar argument as in
Prop. 3.1.

4 Conclusions

In this paper we consider the behavior of the optimal power
delay trade-off in the regime of small delay and large
power. In this regime we showed that the average delay
decreases at therate of e =7, asthe power P increases, as-
suming that the channel gain’sdensity is strictly positive at

zero. Thisimplies that when delay istightly constrained, a
small increase in the delay will result in substantial power
saving. We also illustrated that a simple channel threshold
policy is order optimal and discussed several other subop-
timal policies.
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