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Abstract —The FCC in the U.S. has recently increased the  yhis haner we study the value (social welfare) obtained
amount of spectrum available for wireless broadband data

services by permitting unlicensed access to television whi lt_)y adding unlicensed spectrum to an existing a||.00at|0n of
spaces. While this additional unlicensed spectrum allowsof licensed spectrum among incumbent Service Providers (SPs)
market expansion, it also influences competition among praders A key assumption is that each SP in the unlicensed band
and can increase congestion (interference) among consunseof  experiences a congestion cost that depends oipthétraffic

wireless services. We study the value (social welfare) obt@d by i, 14t pang (due to both incumbents and new entrants). This

adding unlicensed spectrum to an existing allocation of liensed . . L .
spectrum among incumbent Service Providers (SPs). We assem 1S motivated by the likelihood that secondary users sharing

a population of customers who choose a provider based on White space within a given region will interfere with eachet
minimum delivered price. Here, delivered price is the priceof the  even if they are associated with different SPs. In contthst,

service plus a congestion cost, which depends on the numbef 0 jnterference cost in a licensed band is due only to the traffic
subscribers in a band. For the model considered, we find thathte of the associated SP.

social welfare depends on the amount of additional unliceresl Addi i d bandwidth i h v of
spectrum, and can actually decrease over a significant rangef Ing unlicensed bandwidth increases the supply of spec-

unlicensed bandwidths. trum and, importantly, lowers the costs to entrants seetang
offer wireless services. The existence of additional @mged
. INTRODUCTION wireless services alongside services provided via licgnse

. bands can only increase competition among SPs and thus
In response to the accelerating demand for broadband wife- . ) )
. . ower prices to consumers of wireless services. However, th

less data services, the FCC in the U.S. has recently anndunce : . : : . , o
. . N |[ower prices might induce an increase in traffic, which in-
the conversion of television “white-space” to other commer : ) T .
. . ; . creases interference and congestion, resulting in lowalitgu
cial services [1]. This new spectrum has been designatg

an unlicensed “commons”, available for use bgcondary of service (e.g., smaller throughputs and/or larger délays

. . R " is uncleara priori which of these effects will dominate.
transmitters that satisfy certain etiquette constraimtdrans- . -
. . ; . . We analyze the preceding tradeoff by building upon the
mitted power, including constraints on expected interfeee

. o . . ; : framework for price competition in markets for congestible
to primary television receivers. This designation has been . . T

. : esources developed in the operations and economics-litera
motivated in part by the success of the commons model for

supporting WiFi services in the 2.4 GHz band and above. tire [6]-[10]. According to this framework, in a competétiv

A general drawback associated with the commons mo(geﬂuilibrium thedeliveredprice, consisting of the price paid to
. 9 ) o SP plus a congestion cost, is the same across all spectrum
is the tragedy of the commons.e., a low admission fee

. . ; resources. Here we assume a homogeneous user population in
encourages overuse and excessive congestion (inter&re

. . . - “Nhat each user exhibits the same preferential tradeoff dxtw
Although this has not been amajor problem Wlth WiFi serv'cecsongestion cost (equivalently, quality of service) ancceri
so far, the lower frequencies recently designated for co

. ) /ith these assumptions we characterize the effects of addi-
mons (secondary) use are associated with longer propagaﬂgnal unlicensed spectrum on prices, congestion, andakoci
distances, increasing the likelihood of interference agno ' '

: qulfare. These effects depend on both the elasticity of deima
secondary users of white space. Furthermore, from a sogidl . . . .

. T o or wireless services and the bandwidth of the unlicensed ba
welfare point of view, it is not cleaa priori that the commons

model will make the most efficient use of the additional Our main results are summarized as follows:
1) Equilibrium profits for the incumbent SPs with licensed

spectrum, e.g., compared with an exclusive use model (see bands may drop with the introduction of unlicensed
[21-15]) spectrum.

This research was supported in part by NSF under grants G4S935 2) Equilibrium pI‘O.fItS for services provided in the unli-
and CNS-0905407. censed band will be zero.



3) The incumbent SPs with licensed spectrum may increaSEs are assumed to serve all customers who accept theidposte
prices to shift part of its traffic (and associated interfeprice. Suppose an SPsets price®; for service in its licensed
ence cost) to the unlicensed band. band andp} in the unlicensed band and servesand z}*
4) The value (social welfare) of additional unlicensed specustomers, respectively. Theils profit =; is given byw;, =
trum depends on the amount added. For a particulgte; + pi’z;".
range of additional bandwidth, the social welfare can There is a congestion externality suffered by customers
actually decrease(This is illustrated in Fig. 5.) served by SPs. If SR’s licensed band serves a mass
The explanation for these results is that the incumbepk customers, then each customer served in this band ex-
SPs have an incentive to shift traffic to the unlicensed baf@riences aongestion cost;(z;), where the nature of this
since the associated interference externality is thereshaith 10Ss will depend on the bandwidth of the licensed band and
other SPs. To facilitate this shift, they may raise prices #f#e technology deployed by SP Congestion suffered in the
the licensed band (depending on the amount of unlicensédicensed band, however, is a function of teéal mass of
bandwidth), which can result in a decrease in social welfareustomers served in the unlicensed band. Specifically;"if
In addition to the previous work mentioned on pricinds the mass of customers served by Si the unlicensed
congestible resources [6]-[10], there has been otherecklapand, the congestion suffered by each customer served in the
work on congestion in networks and selfish routing [11]unlicensed band ig(X™) where X = Y.\ 2 3. The
[13], telecommunications [14], [15], and transportatidi§], Ccongestion cosy(X™) also depends on the bandwidth of the
[17]. Those papers assume that each firm has access toU@kcensed band. In Section IV we consider the case where
exclusive resource and the congestion suffered by customiérfixed andg is varied according to the available bandwidth
depends only on the number of other customers consumifgthe unlicensed spectrum.
that resource. Here we introduce an additional non-exausi
resource that models unlicensed specttum. Customers
In the next section we present the model, and in SectionAs in many other models of network literature [19], we
[Il we show that the equilibrium price in the unlicensed bandssume a unit mass of customers and denot@ tiye number
is zero, and compare equilibrium social welfare with socialf served customers. Customers choose an SP based on the
welfare with a monopoly SP for the unlicensed band. Sectialivered price which is the sum of the price announced by
IV presents our main results showing how social welfareegarian SP and the congestion cost she experiences when served
with the bandwidth of unlicensed spectrum. We conclude by that SP. For SR’s customers, the delivered price in her
Section V. licensed band ip; + l;(x;) and the delivered price in the
unlicensed band ip¥” + g(X™).
The demand for services is governed by a downward
Our model is an extension of the standard model of netwosloping demand functio®(p) with the inverse functiorP(q).
pricing games with congestion effects [19]. The economy co@ustomers always choose service from the SP with the lowest
sists ofservice providergSPs) anctustomersSPs have their delivered price. When facing the same delivered price from
own licensed bands. The investment costs for acquiringethaaultiple SPs, customers are assumed to randomly choose one
(e.g. via government auctions) as well as the infrastreciorr  of the SPs. Thus SPs with the same delivered price will draw
exploiting them are considered sunk at this stage. Besites the same customer mass in equilibrium.
licensed bands, there is also an unlicensed band available f
use by all SPs. There is no cost for acquiring such a bandR¥#cing Game and Nash Equilibrium

by design it is open for any provider to freely use. Expl@tin e consider a game in which SPs move first and simulta-
such spectrum does require investment in infrastructuné&siW neously announce prices. Then, customers choose SPs based

we again consider sunk at this stég&xamples of such on the delivered price. Given a price vectgr, p*) the non-
unlicensed bands are the WiFi band and the TV white spacgggative demand vectdxk, x%) induced by(p, p*) satisfies

Il. THE MODEL

Service Providers pi +li(z;) = P(Q) forie N with z; >0

) Le(zjt Ndbe a selt ofN SI;s. E?ch SPdhé\s ge'ro\own Iicen.sedh pi+1i(x;) > P(Q) YieN 1)
and and may also use the unlicensed band. An entrant in the w oy . R

unlicensed band can be modeled as an SP with a licensed band 7" (X" = P(Q) fgr P €N with 2 >0

of capacity zero. Y +g(XY) > P(Q) YieN,

The SPs compete for customers by simultaneously choosin ands 1 it For the whit he E |
. . P . . w stands for “white space”. For the white space case, the FQWs
prices in the unlicensed band and/or their own licensed :iaanga1y type of user to transmit as long as no substantial intETe is

caused to primary spectrum users (TV broadcasters andséidewireless

LIn this sense unlicensed spectrum is a congestible pubtici,ge.g., see microphone users) [1]. There are constraints on transmiepantenna height

[18]. and power spectral density. However, there are no additiomastraints to

°Moreover, these costs for a provider who also operates iensied reduce the interference among different white space ubtweeover, due to

spectrum may be reduced as the provider could reuse partsedfcensed the propagation characteristics of the correspondingor&diquencies, such
infrastructure. interference effects will be greater than in the WiFi band.



where X = 3. .z}’ is the total customer mass in the Tprice

unlicensed spectrum an@ = >, z; + X" is the total
customer mass in the whole market. In other words, the
demand for each SP is such that no customer can lower the
delivered price she pays by switching SPs. T

Figure 1 shows an example illustrating induced demand for
an instance with two SPs and a band of unlicensed spectrum!
There is a positive price in each of the licensed bands and®
the price in the unlicensed band is zero for both SPs. Here,
the congestion costs and service prices are shown under thd
inverse demand curveé’(q). The delivered price for any -~
customer isP(Q).

[l

DEFINITION 1: A pair  (pVZ,p¥"¥)  and
(xNE x%wNE) is a pure strategy Nash equilibrium if . N _ _
(XNE XwNE) satisfies equation (1) giver(leE prE) Fig. 1. lllustration of pricing game with two SPs and unlised spectrum.

and no SP can improve her profit by changing prices.

In general, such a game may not have a Nash equilibriugensitive to service price. Third, SPs are not permitted to
However when congestion costs(z;), are linear, existence impose capacity controls, that is to ration customers oitlim
and uniqueness of a NE can be shown by a simple extensiba number of customers they choose to serve at a given price.
of the arguments in [8]. We summarize the results as Lemma
1 in Appendix D. Here we focus on cases such as this where I1l. M ARKET FORUNLICENSED SPECTRUM

a unique NE exists. A. Equilibrium Price

Social Welfare We first characterize equilibrium prices in the unlicensed
Next, we define thesocial welfarein this market which band. The result serves as a building block for the analysis

represents the total surplus of both producers (SPs) andthe succeeding sections. Lpt and x* denote the Nash

consumers (customers). equilibrium price vector and demand vector in the licensed

_ s bands, whilep”* andx™* denote the corresponding equilib-
~ DEFINITION 2: Suppose(x,x™) is the demand vector vj,m prices and demands in the unlicensed band.
induced by some price vect¢p, p%) according to (1). Then

social welfareis given by THEOREM 1: If (p*,p**) and (x*,x“*) form an NE,
Q thenp®* = 0.
SW:/ P(q)dq — xili(z;) — g( X)X (2)
0 @ g\:/ (@) (&) Proof: For simplicity, we prove the theorem for the case

wherel;(0) = 0 for all ¢ € A and g(0) = 0. Nevertheless,
the result can be extended to the case whgi® > 0 and

The shaded areas in Fig. 1 represents the social welfare 469) = 0-
the example. Specifically, the areas and, are the welfare ~ Assume for a contradiction, that in equilibriupt™ # 0.
of the two SPs and the topmost shaded area represents @# an SPactiveif in equilibrium she sets a positive price that
welfare of the consumers. results in a strictly positive quantity of customers. Filistis
Since the congestion cost is the same for every SP in tB@sy o see that in equilibrium all active SPs in the unliedns
unlicensed band, the total cost only depends on the top@nd must charge the same prige” > 0. This is a direct
customer mass in the unlicensed band. The social planné@gult of the conditions in (1).
problem is to allocate the customers to SPs to maximize lsociaSecond, in equilibrium all SPs must be active in the
welfare defined in (2). We call this solution teecial optimal Unlicensed band. If not, an inactive SP earns zero profit in

whereQ =,y zi + XV,

solution the unlicensed band. However, since there is at least one SP
o charging a positive price, she can always raise her price to
Limitations slightly underp“* and draw a positive mass of customers,

There are three important limitations of our model. Firsthus increasing profit.
we assume that price and congestion cost are perfectly subGiven all SPs charge”* > 0 in the unlicensed band, let
stitutable for all customers. This means that customers cai’* be the mass of customers served in that band. Since the
tolerate arbitrarily high congestion delay as long as theef SPs charge the same price in the unlicensed band, each of
service is low enough. Second, all customers value cormgestthem serves a mass of“*/N. Next, we show an SP has a
in the same way. This may not be true when some customersfitable deviation by setting a price in the unlicenseddban
are more sensitive to congestion delay while others are mdreow p**.



Consider SP and let its equilibrium price in the licensedwelfare obtained by a monopolist is always less than the
band bep}. Fix all the other SPs’ prices, but decreaseiSP optimal social welfare, the ratio of the welfare in an open
price in the unlicensed band by > 0 and keep her price spectrum market can be an arbitrary small multipl&gf;. On
in licensed band the same. This reduction will affect traffithe other hand, giving the spectrum to a monopolyaisvays
in both the licensed and unlicensed band. In the unlicensgdaranteed to achieve at least 1/3 of the optimal sociabnelf
band, all customers will switch to SPsince: has the lowest ) . . . .

. . o - Proof: We first prove the second inequality stated in
delivered price. In addition, some additional customerg b&a .

. , . s the theorem. To see that the social welfare of the open
pulled’ into the unlicensed band. It's licensed band, suppose o . .
X market can be arbitrarily bad, we consider a simple case of
the customer mass is reducedAy, . Thus, the overall change,. . . .
: linear congestion cost and and linear demand functions. To

in @'s profit m; is given by be specific, Letg(x) = «x and P(q) = 1 — [q, where

Ag, > (pV* —e) X" —p" XY /N — Ay, p! a, B € [0,00).
= p¥ (1 — 1/N) — X" — A,.p. In the open ma_rket, the price 5 and so the nlljmber of
customerse™ satisfiesl — fz* = ax*. Thus,z* = =15 and
Sincelim._.o A,, = 0, there exists a sufficiently small> 0 the social welfare is
such thatA,, is strictly positive. Thus, decreasing price in z* 3
the unlicensed band is a profitable deviation for SPhis Sopen :/ (1 — Bq)dq — a(z*)? = W. 3)
0

contradicts the initial assumption. Therefore, the efhdiim
price in the unlicensed bang?’* must be zero for every SP While the monopoly pricep that maximizes revenue is the
i N. m optimal solution of

Theorem 1 suggests that in the unlicensed band, competition
will force the prices to be zero and SPs will earn zero profit in
that band (see Fig. 1). Competition in the unlicensed band cBhis gives the valuep = 1/2 and = = m. By a
also reduce prices in the unlicensed band and decrease Sksightforward calculation, the social welfare in thiseas
profits there. We shall see examples of this in later sections 20 + 34
Moreover, since all SPs have zero profit in the unlicensed ban Sronopoly = m-
the volume of customers each SP serves there does not affect
her profit or the equilibrium. Thus, we only focus on the totalhus

max pz such thatp + ax = 1 — Gx.

. . SO en 4
customer masx" in the unlicensed spectrum hereafter. P = s )
Smonopoly 200 + 35
B. Social Welfare Therefore ifa >> 3, that is the slope of the congestion

According to Theorem 1 because of the competition and thest is much larger than the slope of the inverse demand then
structure of the congestion cost the equilibrium price ia thsf:ﬁ can be arbitrarily bad.
unlicensed band is zero. In this subsection, we study tleeteff
of such a price on the social welfare. Here we restrict atiant A
to the case where there is only an unlicensed band, which
we refer to as an open spectrum market. We will compare
the social welfare of such an open market compared with the
case where the same spectrum is given to an SP who charges
a monopoly price.

A

A EREERETRRRT) C

THEOREM 2: Let Sopen @and Spionopoty b€ the social e

welfare of the outcomes of the open spectrum market and the
monopoly scenario, respectively. L®t,, be the optimal social ~ ” D
welfare. Assume that the congestion cgit) is convex and
the inverse demand functiadf(x) is concave, then

1 \4
Smonopoly > gsopt-

Sy
~

Furthermore, given any > 0, there exisy(x) and P(z) such
that

T €T

Sopen <e- Smonopoly- Fig. 2. lllustration of pricing in unlicensed band

We now prove thab,,onopoty > %Sopt. For this we refer to
Remark This theorem shows that the ratio of the socidfig. 2, which shows the inverse demand cuRer) and the
welfare obtained by an open spectrum market to that obtainemhgestion cosj(x). Let L be the line parallel with the-axis
by a monopolist can be arbitrarily bad. Because the socthht goes through the point wheRéx) andg(z) intersect. Let



D be the point wherd, meets thegy-axis. It follows thatS,,., the effect on social welfare. Suppose an incumbent (moyppol
is the area below the curvB(z) and aboveL. operates on a licensed band before the unlicensed bandris ope
Let C be a point on thé?(x) curve such that the tangent lineOne or more entrants can then enter the market using the
at C intersects with thg-axis andL at A and B, respectively, unlicensed band only. The incumbent can also offer services
so that the length of the segmeAC is the same as that of on the unlicensed band.
the segmenU B. See Figure 2. In this section we consider a particular demand function,
Let £ be the area of the rectangle with one corne€’aand which corresponds to a unit mass of customers with a common
with two sides onL and they-axis. This corresponds to thevaluation of W for receiving service. This correspondsigz)
shaded area in Fig. 2. This areali& the area of the triangle having a constant value &% for 0 < z < 1 and then dropping
ABD. On the other hand, the monopoly maximizes revente zero forz > 1. Customers choose an SP based on delivered
px, which is the area of the dashed rectangle in Fig. 2 lyingrice as long as it is at mo$t’. W is chosen so that prior
betweeng(x) and P(x). Thus,pz > £. But because social to entry, not all customers are served by the incumbentt, Firs
welfare is always larger than the revenue, therefore the incumbent is a monopolist and so has an incentive to limit
supply to extract a higher price and, second, the congestion
area(ABD) ; ; il
Spmonopoly > € = ————"2. (4) costis too high for all customer to be served. For simpljcity
2 we assume that congestion costs are linear. Similar rdsnitis
for a wider class of congestion cost functions.
*A The incumbent operates on the licensed band with the
congestion cost

// l(x) =T1 +bx, whereb>0and0<T) <W.

o9 The bandwidth of the unlicensed band @& > 0. The
F B L congestion cost in the unlicensed band is

g(x) =To+ acz,0 <Tp < W.

P(x) Here we assume thatc is decreasing inC; and when no
unlicensed spectrum is open thep = oco. 71,7, can be

> interpreted as the fixed costs of connecting to the SP. We also

Topt assume

g(1) > 1(0) andi(1) > ¢(0),

Fig. 3. Optimal social welfare
) ) ) ] that is, the congestion cost of serving the whole market & on
Now, consider the optimal social welfare. For this we refg{, 4 axceeds the fixed cost of connecting in the other.
to Fig. 3, wherer,,, is the total traffic in an qptimal soluti.on. In this section we examine what happens when the incum-
Let 7 be the area of the rectangle determined by gk@Xis anvs bandwidth, which can be translated to the coeffidient

and a vertical line at,,, with two corners orP(x) andg(z),  of the congestion cost, is fixed and we vafy the bandwidth
also let’ be the area of between this rectangle and the cur¥g,.ated to the unlicensed band.

P(x). (See Fig. 3.) _ Examples: In Figure 4 we illustrate two cases. One (left
The optimal social welfare is hand side) is wher€ is relatively small compared with the
Sopt = F + H. (5) number of unserved customers. This results in an congestion

cost with a steep slope. In this case the unlicensed band can
The monopoly maximizepz and thus? < pz. Therefore,  only serve a fraction of the customers currently not seryed b
the incumbent. Therefore, the unlicensed band does ndicrea
(6) " ; : .
competition with the incumbent SP. The second case (right
Furthermore M is inside the triangleABD, and thus’{ < hand side) is wher€' is large. Here, service on the unlicensed
area(ABD). Because of (4) we then have band is good enough to attract the incumbent’s customers. As
a result, the incumbent looses some customers. Recallrthat i
both cases, by Theorem 1, the price in the unlicensed band is
From (5), (6) and (7) we obtai¥,,: < 3Smonopoty, Which always zero.
concludes the proof of the theorem. There is an interesting transition between the two examples
m exhibited in Figure 4 a¢’ increases. Let’; be the minimum
value such that the congestion cost is low enough for service
IV. SOCIAL WELFARE WITH ADDITIONAL UNLICENSED i the unlicensed band to be attractive to all customers
SPECTRUM not presently served by the incumbent. Observe that for all
In this section we investigate the impact of an unlicenséd< C < (4, the congestion cost in the unlicensed band is
band on the prices set by incumbents in the licensed band aagial tol¥. Thus, even though the unlicensed band allows for

F < bx < Smonopoly-

H < area(ABD) < 2S5monopoly- (7)
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Fig. 4. Impact of adding an unlicensed band

a market expansion, because of high congestion cost, social such thatS(0) = S(C1) > S(C2) and
surplus remains unchanged.

If we increase the bandwidth of the unlicensed band, it 5(C) = 5(0)for0< €< Cll
seems that congestion costs should decline and socialreelfa monotone decreasing faf, < C' < C;
increase. Now, better service in the unlicensed band viitheit monotone increasing fof > Cs.

the incumbent’'s customers. However, the incumbent need not
respond to this erosion in share with a price cut. In fact, the
incumbent might benefit from a price increase. This would
drive even more customers into the unlicensed band, so worse S(O)
the service quality there. Customers that remain in thesed 4
band now have to pay more but they do get a higher quality

service and have no incentive to use the unlicensed band.

Because of this, the number of customers consuming lower

quality service increases, which makes the over all coigest S
cost increase and reduces social surplus.

This counterintuitive phenomenon is reminiscent of the P
well known Braess’s paradon the literature [20]: adding b1 ‘02 c >
more resources can decrease the efficiency of a system. The
difference here is that the paradox is caused by the service Fig. 5. Social welfare as a function of unlicensed band'sacitp
providers rather than by the users as in [20].

In our mod_el, an increase in bandwidth in the unIIC(_‘\nsegxetch of the Proof The formal proof of this theorem is
band results in lower social welfare until reaches a value

Cs. Beyond this point, the quality of the unlicensed band Erowded in Appendix A. The main idea can be sketched as

good enough that if the incumbent keeps raising his price Qllows. . . .
. . ’ e\Ne consider the incumbent as SP 1. Before the unlicensed
will loose too many customers. Because of more intense co

petition between the two types of services, the deliverézepr Baind is introduced lat; be the price charged by the incumbent

) . ' : : andx? < 1 the mass of customers served. After opening the
starts to decline. Falling delivered prices benefit custsmad L ) .
. 9 P unlicensed band with bandwidtfy, let x; and X% be the
social welfare starts to increase.

) number of customers using the licensed and unlicensed band
Our main theorem can be stated as follows. respectively. Lep; be the price charged in the licensed band
élndP be the new delivered price. (See Fig. 4.)

THEOREM 3. Consider an incumbent SP with license Given bandwidthC' in the unlicensed band, which translates
spectrum that does not serve all of the demand. If an amou.{nt

: i i 0 a congestion cosgt(z) = T + acx, we have the following
of unlicensed spectrurt’ is added then: condition for(py, z1, X*) to be an equilibrium. The delivered

(i) For everyC > 0 there is a unique equilibrium. prices in both unlicensed and licensed bands must be the
(i) The social welfare at an equilibrium$(C), can be same and at mostl’. Under this constraint the incumbent
described as follows. There exiBt< C; < Cy < oo maximizes his revenue; = pix. It can be shown that; is

(See Figure 5 for an illustration).




a concave function opy, therefore it has a unique solution.

0.107r i
Furthermore, depending o6, the solution either satisfies o106, == o addl. spectrum /,«'
7 (p1) = 0 or the constraint that the delivered pricelis. It ' addl. unlicensed spectrum It
turns out as we increas@, the unique solution first satisfies 0105 - = ~splitting addl. spectrum
the delivered price constraint, and there exists a unique 0.104¢
such thatr](p;) = 0 only whenC' > Cs. This transition in o5/
the structure of the solution results in the behaviorS¢€") g
: ) 2 0.102¢
as described in Theorem 3. K|
8 0.101f
Examples of Theorem 3:To illustrate Theorem 3, consider oal
the case wherd, = T, = 0, that isl(z) = x, =Z e, '
1 ! 2 (2) =z 9(x) = & 0.099}
oo = ok

Consider the case where before unlicensed spectrum %99

introduced, only half of the demand is met by a licensed SF 0.097 02 02 05 0B 1

with bandwidth 1, which corresponds to the cd$e = 1. c

Adding Cy = v/2/2 ~ 0.7 capacity of unlicensed spectrum

will create a new service that can servall the demand. Fig. 6. The social welfare in different scenarios as a fumctf additional
However, because of the increase in congestion cost, {i{B2CYC in a symmetric linear network witth =2 and 3 = 4.
efficiency goes down te‘?s(%)) ~ 82.8%.

The worst case example is whéri = 2 and C; = ISTfl_ welfare for all values of”. This suggests that in cases where
bandwidth of unllcgnsed spectrum is added. The efficiengyaess’'s paradox occurs, licensing the spectrum to egistin
then decreases t ((02)) ~ 62%. SPs can be socially more efficient.

A precise analysis of this example is given in Appendix B.
o ) V. CONCLUSION
Symmetric linear models: Next we give an example to show ) ) .
that the conclusions from Theorem 3 apply in more general'Ve have studied a model for the adding unlicensed spectrum
settings. Specifically, we consider a scenario in whichethe?_o a market for wireless services in which _mcumbents have
is more than one incumbent SP. Additionally, we consider!ig€nsed spectrum. We have shown that if the amount of
linear inverse demand given b§(q) = 1 — 3¢, where 3 unlicensed spectrum is not sufficient, a type of Braess'’s

represents the elasticity of demand. Each SP has the sdaeadox may occur in which the social welfare decreases. Thi

congestion cost in her licensed spectrum, vijth) = I(z) = effect is partly due to the assumption that_any SP can free_ly

x for all i € . The congestion cost in the unlicensed bari¢S€ the unlicensed spectrum. In such settings a betterypolic

is given byg(z) = & may be one which limits the number of users in the unlicensed
&

gpectrum. This could be done by simply licensing the speattru
fQ one provider. Alternative models, such as establishing a
market for a limited number of device permits [2] might also
d’ncrease social welfare.

We focused on a simple linear model for the congestion cost
the unlicensed band. Generalizing this is one directam f
uture work. Moreover, a more accurate model for relating

For certain choices of parameters, we once again find that fi€h €Osts to the underlying technology may give insights

social welfare may decrease when additional capacity ieda,dd'nto spectrum etiquette” that may lead to more efficient

i.e., Braess’s paradox occurs. An example of this is shown qjjicomes. In our model we assumed that all spectrum was

Fig. 6, where the solid curve is the welfare with additionafSed to offer the same type.of §ervice to customers and _that
unlicensed spectrum as a function of the amount of additior‘iaAI F:ustomers value congestion in the same way. In praqtlce,
spectrum. unlicensed spectrum may be used to offer different seryices

. . which customers value in different ways. Generalizing our
We can also determine the social welfare for a scenario

where instead of making the€ units of capacity freel analysis to such a setting is again a direction for futurekwor
g pacty y Finally, our model has not accounted for investment decssio

available, we divide this capacity evenly among the existi . o . o
N SPs. Details are again provided in Appendix C. We mo(;]&SPs receive zero profits in a unlicensed band, studyinig the

this by again assuming thdfz) is given by the customer ncentive to invest would be of interest.
mass per unit capacity for each licensed band, where lgitial
the capacity is normalized to one. Hence, after giving edeh S
C/N additional units of capacity, the new congestion functioril] “Unlicensed operation in the TV broadcast bands ; addl spectrum
- 1 . L . - for unlicensed devices below 900 MHz and in the 3 GHz bandersi:c
isl(z) = o7V L This quantity is also shown in Fig. 6. In

) +C/] ) g . memorandum opinion and order,” FCC Report and Order, Séymem
this case dividing up the spectrum in this manner improves th  2010.

results in [8] to explicitly write down the social welfare thi
there areN SPs either with or without an additional ban
of unlicensed spectrum. The specific welfare expressioas ar
given in Appendix C. Using these we can numerically compa
the welfare with and without additional unlicensed speutru
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APPENDIX

A. Proof of Theorem 3

Observe that in optimization problem (10), depending on the
parametersTy, T, b, W, C' the solution can be one of the
following types.

In this proof we consider the incumbent as SP 1. Before the
unlicensed band is introduced lgt be the price charged by _ ) _
the incumbent and’ < 1 the mass of customers served. After Now consider the solution of the unconstrained problem
opening the unlicensed band with bandwidthletz; andXx® 71 (p1) = 0. From (9), we have
be the number of customers using the licensed and unlicensed
band respectively. Let; be the price charged in the licensed
band andP be the new delivered price. (See Figure 4).  Thusz/(p1) = (p1 - z1(p1))’ = 0 gives

Let C; is the value such that the corresponding congestion
cost for1 — o} customers is equal t&. That is pi(C) = wm(@ _B-T)+ac

2 2(b+ac)

gl—a])=To+ac,(1—a7)=W.
Proof of (i)

Either 7} (p1) = 0 or py + T + bx1(p1) = W.

(b+ac)ry +p1 = (T2 —T1) + ac.

(11)
(8)

40ne can visualize the revenue of the incumbght? as the area of the
dashed rectangle on the left picture of Figure 4, where itgeteright corner
runs on the linel(x). It is straight forward to see that the revenue function
When C < ¢4 the unlicensed band will not affect the prices a concave function.



Becausd(1) > ¢(0), we haveT, — Ty < b, which shows that B. An Example of Theorem 3

(T —T) +ac .. o Consider the case vyheﬂél = Tgl =0, tha}t isl(x) =
20 tac) IS Increasing e r,g(x) = & That is ac = &. We will calculate

C1,Co,5(0) = S(Cy) and S(Cs) as functions ofiV.
Therefore,p; + I(x1) is increasing ince. However,ac is a First we know that at the optimal monopoly pripé, we
decreasing function of’, thus have

xr =

, . W —1(0) =2p; andW = 27 + p]
p1(C) + I1(x1(C)) is decreaing inC. (0)=2pi T

Thusz; = p; = W/2, and according to (8), we have
Furthermore, it is straightforward to see that wh&n- oo,

o 1-wW/2
T, —T T, —T 1= :
pl(OO)—f—l(.I'l(OO)): ( 2 1)+T1+b( 2 1):T2<W w -
2 2b Note that because we assume that before unlicensed spectrum

and whenC' — 0 both p;(C) andi(z;(C)) tend to infinity is introduced, the incumbent did not serve all customes thi
becausey, = co. Therefore there exists an uniq@& such can only happen wheiW < 2. Now,
thatp1 (C*) + l($1 (C*)) =W. w?2
Now, if C* < Oy, then we define’, = oo, otherwise we S(0) =S(Ch) = R
defineCy; = C*. In both cases becausg(C) + I(z1(C))

. Next to calculateCsy , we have
decreases i, we have for allC' € [Cy, C5] 2

1 1
l = — _—
P1C) +1(:(€)) > pr(Ca) + 1(ar (€)= W, pr@) ) = 505G+ —
Therefore the unique equilibrium determined by (10) needs Which implies
satisfy the condition that the delivered pricelis. VIVZF141-W
Now, when the delivered price 18/, observe that s = oW > Ch.
g(X") =W = XV = C(W — Tp). Thus, 2

S(Cy) = —————.

Thus X™ increases inC' andz; = 1 — X" decreases i (Ca) 2(WW2+1+1)

and by the same amount &8" increases. Howevel(z,) < For example if we considéi’” = 1, then before unlicensed

W, which means that whed’ increases the total mass Ofgectrym is introduced, only half of the demand is met by a li-

customers does not increase but some customers switch frQffiqaq spectrum with bandwidth 1. Addifig = v/2/2 ~ 0.7
a service with congestion costr; ) to a worse one (congestionc,nacity of unlicensed spectrum will create a new serviaé th

cost of W) and thus the congestion cost increases and sociaf; serve all the demand. However, because of the congestion

welfare decreases. cost, the efficiency goes down gf; ~ 82.8%.

. i _ ; _ /51
Last, we consider the casé > Cs. We know that when 1€ worst example is whel” = 2 then if Cy = =

C > Cs, the unique Nash equilibrium will satisfy, (p1) = 0 bandwidth of unIice)nsed spectrum is open then the efficiency
' s(C
and we can use (11). In this case we know that the deliverg@f? 90 down tOsch> ~ 62%.

price P = py + I(z1) < W, and all customers are servedc welfare calculations for a linear symmetric model

Therefore, social welfare is . . . . .
In this section we derive the social welfare for a linear

S(C) = pray + (W —p1 — I(z1)), herel(zy) = Ty + bay.  Symmetric model withN' > 1 SPs in the following three

scenarios:

One can take the derivative 6f(C') with respect toC'. Here, i.) No additional spectrum;

we simplify the formulation by a change of variables. Namelyli_) Additional C' units of unlicensed spectrum;

let 2 = b+ac anda = b+ 11 — T > 0. We havez'(C) = jji.) Additional C'/N units of licensed spectrum per provider.
o/(C) <0 and Scenario (i) In this scenario, we obtain the NE outcomes

z—a z—a by applying Proposition 1 in [8].The equilibrium outcomes
p(C) = ——m(C) = —— for the SPs are given by
A simple calculation yields ol N+1/8-1
Lo a2 T AN I/B(N+2/5- 1)
S'(C) =2(C)S'(2) = —d/(O) <Z + 5.2 + @) . ol = 1
tOBIN+2/8-1)

From this we see that’(C') > 0, thereforeS(C) is an

increasing function. This concludes the proof. In [8] the congestion function also depends on an investnaeaision

made by each firm, Here, we do not consider investment desisibhus the
congestion functiori(-) only depends on the demand.



for everyi € N. Using Definition 2, the resulting socialtheir licensed spectrum in equilibrium. ThuBy(p_;) is the

welfare is value ofp; given by the solution to the following optimization
1 roblem:
sw, =N (1+p; — ;). P
max  p;T;
Scenario (i) In this case, the equilibrium price in the xggggfgo
unlicensed spectrum is zero by Theorem 1. Using this fact, Stps=pe+ln(z) VhkeA (12)
Proposition 1 in [8] can be extended to establish a similar - Pf T Pl T kT
characterization of the NE in this scenario. We then obtain ps=9(X") (13)
the following NE outcome Z x4+ XY = D(py)
) N+C+1/8-1 ke
T = B(N+C+1/8)(N +2C+2/8-1) where D(-) is the concave decreasing demand function. By
) 1 Berge’s maximum theorem, the best response correspondence
pi = B(N+2C+2/8-1) Br is non-empty and upper-hemicontinuous. Therefore, to
o C2N +2C +2/3—1) coerIe';e_ the proof, we ofnly nlie)ed to shdv is convex, i.e.,
= Br(p—;) is a convex set for alp_;.
PN +C+ 1_/5)(]\] + 20+ 2/ﬁ__ 2 Given SPj’s pricep;, let z;(ps) be the unique solution to
for everyi € V. The resulting social welfare is (12). Sincel;(-) is assumed to be linear increasing(p;)
N2 w 1 must by a linear nondecreasing functionzgf. On the other
SWp = —+(1+p] —af) + - (1 - 5X"). hand, we haveX® = g~1(p;) by (13). SinceD(p,) is the

o - ] total customer mass in the market, we havéps), wherez;
Scenario (iiiy If we let 3 = 3(1 + C/N), it can be seen 5q 5 function ofp; that must satisfy
that the resulting problem is equivalent to scenarjonth a

modified inverse demand functiaP(q) = 1 — 3¢. Therefore, zi(pg) = D(ps) — g ' (py) — ij (py)-
the NE in this scenario is given by i
5 (1+C/N)(N + 1/5 -1) D(p) is strictly decreasing and only positive on the interval
i =7 z > 0, P(0)], thus we only focus on this region. Sindg(-) —
N+1 N+2/p-1 [0,
A +1 /BN +2/5-1) g~!(-) is decreasing and assumed to be concaves;) is a
Pl concave irnpy on [0, P(0)]. Thus,z;(ps) must have a concave
(N+2/6-1) decreasing inverse functiof{x;) over the domair{0, D(0)],
The social welfare in this case is where D(0) is the total number of customers in the market.
N3 . 1 . Then by (12), the profit of SPcan be written as the following
SW5 = B) “[1+py — m%]- function of x;:
D. Existence and Uniqueness of Nash Equilibrium mi(2i) = pivi = prai — vili(:) = 0i(ws)xi — vili(20).
To further characterize the NE of the pricing game, Weherefore, it can be seen thit profit ; is concave decreasing
extend the results in [8] to get the following results. in x;. Thus the set of maximizers; of 7; must be convex.

Lemma 1 ( [8] ): Suppose the inverse demand functiopurthermore, since; = d;(x;) — I;(x;) implies the mapping
P(q) is concave, strictly decreasing;(x) is linear for all petweerp; andz; is continuous. Hence, the set of maximizers
i € N, and g(-) is convex, increasing and has an inversg price, i.e.,Br(p_;) must be a convex set.
function denoted by ~'(-). Then ifD(p)—g~'(p) is concave,  Therefore, the existence of NE follows by Kakutani's fixed
there exists a NE. Furthermore, iD(p) — ¢~ *(p) is log- point theorem. u
concave, the NE is unique.

If the SPs are symmetric, i.d;(z) = l(x) Vi € N, then
the unique NE is also symmetric, i.e., all SPs will announce
the same price and serve the same number of customers in
each of their own licensed spectrum bands.

Proof: Here, we only prove the existence of a NE
by applying Kakutani’'s fixed point theorem. Sind&(q) is
concave and strictly decreasing, we have tRéb) < oo and
so there must exist some large enougbuch thatP(q) = 0
for ¢ > ¢. Therefore, we can restrict our attention to this
convex and compact strategy spdeeP(0)].

Let Br(p—;) be the best response in price given the other
SPs prices. Leps be the equalized delivered price in the
market, and letA be the set of SPs which are active in



