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Abstract—We examine the capacity of beamforming over a in addition to theT training symbols, is counted as part of
Multi-Input/Single-Output block Rayleigh fading channel with  the packet overhead.
finite training for channel estimation and limited feedback. A We assume that the receiver computes a Minimum Mean

fixed-length packet is assumed, which is spanned by training .
symbols, B feedback bits, and the data symbols. The training Squared Error (MMSE) estimate of the channel, based on

symbols are used to obtain a Minimum Mean Squared Error the training symbols, and uses the noisy channel estimate
(MMSE) estimate of the channel vector. Given this estimate, the to choose a transmit beamforming vector.Random Vector
receiver selects a transmit beamforming vector from a codebook Quantization (RVQ)scheme is assumed [15] in which the
containing 2” i.i.d. random vectors, and relays the corresponding e ameormer is selected from a codebook consisting®f
B bits back to the transmitter. We derive bounds on the capacity . . . . .
and show that for a large number of transmit antennasN,, the ra'lndom vectors, which ‘T’lre_ independent gnd 'SOtrOp'Cal_ly dis-
optimal 7' and B, which maximize the bounds, are approximately tributed, and knowra priori at the transmitter and receiver.
equal and both increase asN;/log N;. We conclude that with The associated codebook index is relayed usihdits via
limited training and feedback, the optimal number of antennas a noiseless feedback channel to the transmitter. The capacity
to activate also increases asV;/ log NV:. of this scheme with perfect channel estimation is analyzed
in [9], [12]. It is shown in [9], [12] that the RVQ codebook
is optimal (i.e., maximizes the capacity) in the large system
The capacity of a multi-antenna system with independefihit in which number of transmit antennas, and B tend
Rayleigh fading and perfect channel knowledge at the trang- infinity with fixed ratio B = B/N,. RVQ has been
mitter and receiver increases with number of antennas [1], [@bserved to give excellent performance for systems with small
In practice, the channel estimate at the receiver will not be P&V; [16]. Furthermore, for the MISO channel considered, the
fect, and furthermore, this estimate must be quantized bef?f@rformance averaged over the random codebooks can be
it is relayed back to the transmitter. This has motivated recesiplicitly computed [14].
work on the performance of feedback schemes with imperfectTpe capacity with MMSE channel estimates at the receiver
channel knowledge [3]-[5], and the design and performanggith or without limited feedback) is unknown. We derive
of limited feedback schemes for Multi-lnput/MuIti-Outputupper and lower bounds on the capacity with RVQ and limited
(MIMO) and Multi-Input/Single-Output (MISO) channels [6]-feedback, which are functions of the number of training
[14]. All of the preceding work on limited feedback assumesymbholsT and feedback bit$3. Given a fixed block size, or
perfect channel knowledge at the receiver. Here we consic?cket lengthZ, we then optimize the capacity bounds over
the performance of beamforming for a MISO channel witly gnd 7. Namely, smallT" leads to a poor channel estimate,
bothan imperfect channel estimate at the receasd limited  \yhich decreases capacity, whereas lafgeads to an accurate
feedback. channel estimate, but leaves few symbols in the packet for
We consider ani.i.d. block Rayleigh fading channel intransmitting the message. This tradeoff has been studied in
which the channel parameters are stationary within each blogk7], [18] for MIMO channels without feedback. Here there
and are independent from block to block. The block sizg also an optimal amount of feedbaBk which increases with
is assumed be constant, and the transmitted codewords sp@ntraining intervalT’. That is, more feedback is needed to
many blocks, so that the maximum achievable rate is t'ﬂ@antize more accurate channel estimates.
ergodic capacity. Each coherence block contdihsraining As the packet length. — oo with fixed L = L/N,, we
symbols andD data symbols. Furthermore, we assume thghow that the optimal’ = T/N, and B = B/N,, which
after transmission of the training symbols, the transmitter wajigaximize the bounds on capacity, both tend to zero at the
for the receiver to relayB bits over a feedback channel,ate 1/log N,. Consequently]” increases asV, /log N;, and
which specify a particular beamforming vector. This delayye observe that the associated capacity can be achieved by
This work was supported by the U.S. Army Research Office under graarll?tlvatmg only Nt/ log Nt. a.mennas' EqUIvalentIY’ for this
DAAD190310119 and the National Science Foundation under grant CCR'—IOt'based scheme with limited feedback, the optlmal number
0310809. of (active) transmit antennas increaseslddog L.

I. INTRODUCTION



Il. SYSTEM MODEL Given that the size of each block is symbols, we have the

We consider a point-to-point MISQ.i.d. block fading CcOnstraint

channel withN; transmit antennas. We assume a rich scat- L=T+pB+D ®)
tering environment in which the channel gains across transmibere, is a conversion factor, which relates bits to symbols.
antennas are independent and Rayleigh distributed. iffhe Determining the ergodic capacity of RVQ with channel esti-
received symbol of a particular block is given by mation appears to be intractable, so instead we derive upper
and lower bounds, which are functions bf, B, and7. We
would like to optimize both bounds ovdD, B, T}, subject

where h is an N; x 1 channel vector whose elements artP (5)-
independent, complex Gaussian random variables with zero I1l. CAPACITY BOUNDS
mean and unit variance,is anV; x 1 unit-norm beamforming

r(i) = (hTw)b(i) +n(i) for 1<i<D 1)

tor b is the t ted bol with unit vari d The ergodic capacity with channel estimation and quantized
vector, b 1S the fransmitted Symbol with unit variance, an beamforming is the maximum mutual information between the

's additi_ve white Gaussian noise with variancg received and transmitted symbols, and is given by
In prior work [9], [12], we have analyzed the channel

capacity with perfect channel knowledge at the receiver, but C = E[max I(r;blh,v;)] (6)
with limited channel knowledge at the transmitter. Specifically, P

a quantized beamforming vector is relayed from the receiv&f€reps is the probability density function (pdf) fob and
to the transmitter, given by the expectation is ovelt andv;,. Conditioning on the actual

channel vector, in addition the estimate, gives the upper bound

_ Tay. |2 ~
Po

wherep = 1/02, andV = {v1,...,vy5} is the quantization <log(1 + PEHU,ZMQ]) (8)

codebook, which is known at both the transmitter and receiveh he f hat th N df is G .
a priori. The (uncoded) index corresponding to the bedfnere we use the fact that the maximizing pdf is Gaussian,

beamforming vector is relayed to the transmitter via an erro"il—nd app_ly J.ensen’s mequall_ty. (8). .Subsututlng (3) into the
free feedback link. The capacity depends on the beamformiﬁ’é}pect"’mOn in (8), and simplifying gives
codebooky and B. As B — oo, the v, that maximizes the E[|v£h|2] =02 + E[|U,T;il|2]~ (9)
capacity is the normalized channel vectof| h||. . . .

We have shown in [9], [12] that RVQ, in which the codeSince||h[*> andv £ \’U,T;h|2/||h||2 are independent [10], [14],
book vectors are independent and isotropically distributed, ¥ have

optimal (i.e. maximizes capacity) in the large system limit E[\vTﬁF] _ E[Hil”Q]E[V] = (1 - o2)N,E[v] (10)
in which (B,N;) — oo with fixed normalized feedback h K “’A '
B = B/N;. The resulting capacity was shown to grow awhere v = max;<;<o5{v; = |v}h\2/||h|\2}. With RVQ

log(pNy). Although, strictly speaking, RVQ is suboptimalthe v;’s arei.i.d. with pdf given in [8]. The pdf forr and
for a finite-size system, numerical results show that it givessociated mean can be explicity computed [14]. The mean

excellent performance [16]. is given by
In addition to limited channel information at the transmitter, N,
here we also account for channel estimation error at the E]=1-2°B (237 N 1) (11)
 —

receiver. Lettingfz be the estimated channel vector, we have
where the beta functiof(m,n) = fol tm=1(1 —¢)n=tdt for
m andn > 0. We can boundE[v] as follows.

where w is the error vector whose elements asied. with ~ Lemma 1:For B = 0 andN; = 2, ) )
zero mean and variane€,. Here we assume that the receiver 5 1+ (y—1)2B2-BN
computes the MMSE estimate af As a resulth andw are M < 1-277+ N, — 1 (12)
independent ané has zero mean and covarian@e— o2)I. EY] > 1- o—B (13)
The receiver then selects;,, assuming thah is the actual -
channel, i.e., where~ = 0.5772. .. is the Euler constant.
N A The proof is based on the inequality derived in [19]. We note
vj, = arg max {log(l + pIthj\Q)‘ h} : (4) thatE[v] — 1 —278 asN; — oo. Substituting (9)-(12) into
! (8) gives an upper bound on capacity.
The quality of the channel estimate depends on the number offo derive a lower bound on capacity, we substitute (3) into
training symbolsT’, and so does the capacity. (1) and obtain
In what follows, we assume that the forward and feedback . S . .
links are time-division multiplexed, and each block consists r(i) = (v;zh)b(z) + (v;w)b(z) + (i) (14)
of T training symbols,B feedback bits, and data symbols. 2(4)

h=h+w

A




Since w and h are independent, it can be shown thabeamforming vectowr(i). The vector ofT’ received samples
E[z(#)b(i)] = 0. It is shown in [17], [20] that replacing(i¢) from (1) is given by
with a zero-mean Gaussian random variable minimizes the

7 — T

mutual informationZ(r; bk, v;,) and therefore gives a lower r=BrVprh+n (21)
bound on the capacity with channel estimation and quantizgflare Br = diag{br(i)} is a T x T matrix, Vir =
beamforming. The lower bound is maximized whigh) has wr(1)--or(T)], andn = [n(1)---n(T)]". The T x N,

a Gaussian pdf, i.e., linear MMSE channel estimation filter is given by

. hiv; |2 _ . S 02
C > E[maxmin I(r;blh,v;)] = E |log (1 + |U2h|> Cc = argménE[Hh — CTr|?] (22)
Pb Pz (o)~
(15) = (V{Vr+o2I)"'BrV} (23)
2 i -

wherep, andoZ denote the pdf and variance foer respec and the Mean Squared Eror (MSE)? = 1 —

tively. We derive the following lower bound afi by applying
the inequality in [21].
Lemma 2:

tracgCTRC}/N, whereR = E[rri] = By V, Vi Bl +021
is the received covariance matrix. Note that the matrix of
beamforming vectors during trainind/r, is known to the
E [log (1 n imw |2>] transmitter and receiver, and can be chaseniori. It is shown
2 h (16) in [17] that the set of (unit-norm) beamforming vectors, which

S o\, 1 Bllito. 12 achieve the Welch bound with equality, minimizes the MSE.
Z\1- 2E[] ) ® 1+ o2 (IR ]7] We therefore have that [22]
whereo? denotes the variance of VeV =TI if T >N, (24)
Exact evaluation of,, appears to be intractable; however, we Vive=I if T<N, (25)
are able to derive the upper bound B
Applying (23)-(25), we obtain the variance of the estimation
T (1 + %) _re (1 n %) error . )
2;’{ ] < \/ 14+ B+ J\; : - =dy, (17) o = { 1: ﬁ’ el (26)
;=1 1 w _
vIT B or (14 1) s T>1
andT'(-) is the gamma function. We note thdf, — 0 as B. Asymptotic Behavior
Ny — oo. . . . We now study the behavior of the optimal B and D,
To obtain a lower bound on capacify, we substituter> = and the capacity a8, — oo. With D transmitted symbols
o + 05, (13), and (16)-(17) into (15). The capacity boundg an Z-symbol packet the effective capaciy= (D/L)C
are summarized as follows. whereD = D/N, and L = L/N;. The associated bounds are
Theorem 1:The capacity with channel estimation variance, — (D/L)C, andC; = (D/L)C;. From Theorem 1 and
o7, and normalized feedback satisfies (26), we can writeC; andC, as functions of{T, B, D} and
0, <C<C, for B>0andN,> 2 (18) optimize, i.e., for the lower bound we wish to
where dnax C (27)
— g2 _ subjectto T+ puB+ D = L. 28
Cl = (l—dNt)IOg <1+p1 Uu; (1_23)Nt> 5 (19) N B N J a o ( _)
+ o Let {T7, BY, Dy} denote the optimal values @f, B, and D,
C, = log (1 + po2 + p(1 — 02N, respectively, and lef; denote the maximized lower bound on
) ) capacity. Similarly, maximizing the upper bound gives the op-
5 14+ (y—12"B 2-BN: timal parameterd7°, B2, D2} and the corresponding bound
x(1=277+ N, — 1 - (20) C?. These solutions can be easily computed numerically, and
The gap between the two bounds tends to zer@ asr p tend also allow us to characterize the asymptotic behavior of the

to zero. With fixedB ando? both bounds (and the capacity)actual capacity.
grow asO(log(N;)) as Ny — cc. Theorem 2:Let{T°, B°, D°} = arg max7 g py C subject
to (28). As N, — o0,
IV. OPTIMIZED TRAINING AND FEEDBACK LENGTH

A. Channel Estimation Error T?log(Ne) _J; (29)
We first evaluate the channel estimation error in terms of the B?log(Ny) — ;L (30)

training lengthT" and feedbackB. We assume that the trans- Do -

mitter transmitsT training symbolsbr(1),--- ,br(T), and —s— — L (31)

that the training symbobr (i) modulates the corresponding 1 log(Ne)
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Fig. 1. The capacity bounds in Theorem 1 (bits/channel use) versus number o 17 Bo T Fo T )
of transmit antennas. Fig. 2. {T?/L,By/L,Dy/L} versus number of transmit antennis.

and the capacity satisfies Fig. 2 shows the set of optimal values
. {Tp/L,By/L,D¢/L}, which maximizes C;, versus N,
C? — log(pINy) + 2log(log(Ne)) — ¢ (32) with normalized block lengthl = 8 and 1 = 1. As
where expected from Theorem 2, the optimal training and feedback
C*—log(l+p) < ¢ < (33) lengths decrease to zero. The associated rate with this set
~ of parameters is shown in Fig. 3 with a solid line. The
and¢* = log(L*log(2)) — log(u(1+p~")) — 2. dots correspond to simulation results with the same set of

According to the theorem, a; becomes large, to maxi- parameters as in Fig. 2. The numerical results for the bound
mize the achievable rate the fraction bfdevoted to training in (15) nearly match the analytical lower boudg even for
and feedback tends to zero, in which case the rate increaggs= 3. We also compare this performance with optimized
aslog(pN;) — 2log(log(Ny)). Recall that the achievable rateparameters to that with' = 2, B = 2, and D = 4, which
with RVQ and perfect channel estimation growslas(pN;). may be a reasonable heuristic choice of parameters. The rate
Hence the loss ot log(log(N;)) is due to imperfect channelloss at N, = 10 is about10%. Both rates are substantially
estimation. Theorem 2 also implies thaB/T — 1, i.e., the |ess than the rate with perfect channel information at the
fraction of the packet devoted to feedback is asymptoticaligansmitter and receiver, which is displayed by the dashed
the same as that for training. line. The dash-dot curve is the capacity with perfect channel

We observe that the preceding analysis applies if the beagstimation, whereB is taken to be the optimized value
forming vectors during training are chosen to be unit vectorserresponding to the solid line. Here we see a substantial
Namely, the matrixV can be taken to be diagonal, whichgain relative to the solid line, since with perfect channel
corresponds to transmitting the sequence of training symbalsowledge the receiver does not require training overhead.
over the transmit antennas successively one at a time. Hencpig. 4 shows the capacity lower bound versus total overhead
the fact that the optimal” increases asV/log N; implies (T+pB)/L with 1 = 1. The capacity is zero wheéR+B = 0,
that only N,/ log N, antennas are activated. Equivalently, weince the estimate is uncorrelated with the channel, and when
conclude that as the packet siZe increases, the optimalT + B = L, since D = 0. The solid line corresponds to
number of transmit antennas should increasé Akg L. optimized parameters with = 5, N; = 5, u = 1, andp =
5 dB. Different curves correspond to different ratios between
T and B. With equal amounts of training and feedback, the

In Fig. 1, we compare the analytical bounds in Theoremhte is essentially equal to that with optimized parameters. The
with the tighter bounds in (7) and (15). The tighter boundgeak is achieved whefi” + B)/L = 0.35. The performance
which are analytically intractable, are evaluated by Monigegrades whet deviates significantly fron¥". Also shown
Carlo simulation and shown ags and x’s in the figure. The are the simulation results for (15) whéh= B. The analytical

plots show that the bounds in Theorem 1 are close to (7) apgund is quite close to the bound in (15) {@t+3)/L > 0.5.
(15) even for smallN;. Since RVQ requires an exhaustive

search, and the number of entries in the codebook grows

exponentially with the number of antennas, simulation results VI. CONCLUSIONS

are not shown forV, > 12. As expected, both the upper and We have presented bounds on the capacity of a MISO
lower bounds grow at the same rate Mgincreases. block Rayleigh fading channel with beamforming, assuming

V. NUMERICAL RESULTS
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limited training and feedback. For a large number of transmit!
antennas, we have characterized the optimal amount of training
and feedback as a fraction of the packet duration, assumlhg
linear MMSE estimation of the channel, and an RVQ codebook
for quantizing the beamforming vector. Our results show thas]
when optimized, the fraction of the packet devoted to training
is asymptotically the same as the fraction of the packet devolﬁ:gﬁ
to feedback. Furthermore, the optimal training length increases
as N;/log(N;), which can be interpreted as the optimal
number of transmit antennas to activate. [20]
Although the pilot-based scheme considered is practical, it
is most likely suboptimal. Namely, in the absence of feedbatkl
such a pilot-based scheme is strictly suboptimal, although
it is nearly optimal at high SNRs [17]. With feedback the22]
capacity of the block fading MISO channel considered (i.e., no
channel knowledge at the receiver and transmitter) is unknown.
Extensions of the model presented here, which we intend to
study, include allocating different powers for the training and

data portions, and beamforming for a MIMO block fading
channel.
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