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We derive the macroscopic electromagnetic-field and medium operators for a linear dispersive medium with a
microscopic model. As an alternative to the previous treatmentg in the literatyre, we show that the canonical
momentum for the macroscopic field can be chosen to be — E instead of —D with the standard minimal-
coupling Hamiltonian. We find that, despite the change in the field operator normalization constants, the
equal-time commutators among the macroscopic electric-field, magnetic-field, and medium operators have the
same values as their microscopic counterparts under a coarse-grained approximation. This preservation of
the equal-time commutator is important from a fundamental standpoint, such as the preservation of micro-
causality for macroscopic quantities. The existence of more than one normal frequency mode at each % vector
in a realistic causal-response medium is shown to be responsible for the commutator preservation. The process
of macroscopic averaging is discussed in our derivation. The macroscopic field operators we derive are valid for
a wide range of frequencies below, above, and around resonances. Our derivation covers the lossless, slightly
lossy, and dispersionless as well as dispersive regimes of the medium. The local-field correction is also included
in the formalism by inclusion of dipole-dipole interactions. Comparisons are made with other derivations of
the macroscopic field operators. Using our theory, we discuss the questions of field propagation across a dielec-
tric boundary and the decay rate of an atom embedded in a dielectric medium. We also discuss the question of
squeezing in a linear dielectric medium and the extension of our theory to the case of a nonuniform medium.
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1. INTRODUCTION

A proper understanding of the macroscopic electro-
magnetic field operators in a medium is important
in quantum optics. For example, the field operator com-
mutation relations give us the various uncertainty rela-
tions for the measurement of the electromagnetic field.
The electromagnetic-field amplitude for each quantized
mode is important in determining the spontaneous decay
rate of an atom embedded in the medium. There have
also been questions raised about the squeezing of the
electromagnetic-field fluctuation in a linear dielectric me-
dium. To provide proper answers to quantum-optic-
related questions in a material medium, it is important
to derive properly the macroscopic electromagnetic-field
and medium operators. Although there have been a
number of treatments of medium-field quantization, there
has not been a direct microscopic derivation of the com-
mutation relations for the macroscopic field and medium
operators. Here we provide an understanding of the
macroscopic electromagnetic-field operators based on a
microscopic model, which we hope will help to resolve some
questions regarding macroscopic field and medium opera-
tors that are often not fully answered in the literature.
There are many treatments in the literature on quantiz-
ing the macroscopic electromagnetic field in a linear
dielectric medium. A few of these treatments are pre-
sented in Refs. 1-8. Pantell and Puthoff,! Marcuse,?
Abram,? Yariv,' and Glauber-Lewenstein® obtained the
macroscopic field operators by quantizing a macroscopic
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Hamiltonian or an equivalent Lagrangian. The macro-
scopic Hamiltonian that they used is for a linear, homoge-
neous, lossless, and dispersionless dielectric medium
given by

e = fd%-%—(eEz + poH?). (1.1)

Later Hillery and Mlodinow® extended the macroscopic
treatment to the case of a dispersionless nonlinear me-
dium, Drummond and Carter’ extended the macroscopic
treatment to the case of soliton quantization in a disper-
sive nonlinear medium, and Drummond?® extended the
macroscopic treatment to the case of a general dispersive,
nonlinear, and inhomogeneous medium. The treatment
of Drummond and Carter” was successful in explaining
soliton squeezing in a nonlinear dielectric medium. The
treatment of Drummond?® is interesting because of its gen-
erality but suffers from the appearance of unphysical pho-
ton modes that have to be neglected.

As is discussed below, while the above-mentioned macro-
scopic treatments of dielectric media are successful for
their own purposes, the problem we find with the field
operators derived from these treatments is that the com-
mutation relations for the macroscopic field and medium
operators suffer from a number of difficulties, including
the violation of causality. The problem could be due to
the association of one frequency mode with one k-vector
mode in all these treatments. The refractive-index dis-
persion for a realistic medium obeys causality imposed by
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the Kramers—Kronig relation so that one k-vector mode is
associated with more than one frequency mode. The use
of a microscopic theory that automatically satisfies cau-
sality can resolve these problems and is the main subject
of this paper. Specifically, we show that, if one looks at
coarse-grained spacing that is large compared with the
distance between two adjacent atoms, the equal-time com-
mutators among the macroscopic electric-field, magnetic-
field, and medium operators have the same values as their
microscopic counterparts. Furthermore no unphysical
photon modes exist in our model, and we do not foresee
them in an extension of our microscopic model to the case
of a nonlinear medium either. It would be interesting to
see whether the existence of the unphysical photon modes
in the general theory of Drummond® could be due to the
fact that causality is not explicitly imposed in his theory.

There are many microscopic treatments of dielectric
media given in the condensed-matter literature, including
the pioneering work of Hopfield® and the recent work of
Knoester and Mukamel.'® The main subject of Hopfield’s
work is the problem of polaritons, and Knoester and
Mukamel’s work is on the decay rates of atoms embedded
in a bulk dielectric. The main subject of our paper, how-
ever, is the properties of the macroscopic field and medium
operators. Recently we learned that Huttner and co-
workers? quantized the macroscopic electromagnetic
field with an oscillator model for the medium and obtained
operator results similar to those given here (we learned
about this after the submission of our paper and the pre-
sentation of our results at a conference’®). The main ap-
proach of their paper is similar to that of our paper. The
minor difference between their approach and ours is that
they do not use a fully microscopic method, as they have
no lattice and no dipole-dipole Coulomb interaction.
Also, they solved for the results by a method different
from ours in that they worked on diagonalizing the
Hamiltonian, while we worked on transforming the opera-
tor equations of motion. One advantage of our method
may be that it permits a straightforward extension to the
nonuniform medium case, as discussed in Appendix C.

Currently there are three main areas of interest in the
application of the macroscopic electromagnetic field opera-
tors. The first area is the propagation of electromagnetic-
field operators across a dielectric boundary. This problem
was first raised by Abram.* Abram considered the case of
a dispersionless dielectric medium. We discuss this prob-
lem briefly in Appendix A for the more general case of a
dispersive dielectric medium. We show that the quantum-
field-mode amplitudes we derive are consistent with the
picture that the strength of the vacuum field fluctuation
is altered as the field propagates from free space into the
dielectric. Specifically, we show that one can derive the
mode amplitudes for the macroscopic-field operators in a
dielectric medium by using an argument based on the di-
electric boundary conditions for the vacuum field.

The second area is the squeezing of the polariton modes
in a linear dielectric postulated by Ben-Aryeh and Mann,*
Artoni and Birman,'® and Abram.* We point out in our
theory that in the real ground state of the medium-field
system there is no squeezing phenomena.

The third area is the decay rates of atoms embedded in a
bulk dielectric. This problem was treated on the basis of
macroscopic models by Pantell and Puthoff,' by Marcuse,’
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and by Glauber and Lewenstein® for the simple case of lin-
ear, homogeneous, lossless, and dispersionless medium.
However, in these macroscopic models the local-field cor-
rection factor crucial for the calculation of the decay rate
is derived by use of either a model of a real cavity or a
virtual cavity around the embedded atom. As a result,
the decay rates obtained can be very different, depending
on whether a real or a virtual cavity is used. For ex-
ample, Glauber and Lewenstein® obtained a theoretical
decay rate that is different from that given by Marcuse®
because of their implicit assumption of a real cavity. The
question of whether a real or a virtual cavity should be
used has been resolved by Knoester and Mukamel,’® who
used a microscopic model. They showed that the use of a
virtual cavity is correct. Compared with the previous
treatments, the Knoester-Mukamel theory is valid for the
more general case of a dispersive medium. Later, Barnett
et al.’® treated this problem for the even more general case
of a dispersive and lossy medium. However, in their the-
ory the local-field correction factor was inserted into
Fermi’s golden-rule formula and was not derived from a
microscopic model. In Appendix D we apply our formal-
ism to obtain the decay rate by using an operator Langevin
equation approach instead of the master-equation ap-
proach used by Knoester and Mukamel. In our theory
the local-field correction factor is introduced with a
microscopic approach. The decay-rate result that we ob-
tain agrees with that given by Knoester and Mukamel,
Marcuse,? and Barnett et al.’®

There are several issues that we wish to address in this
paper regarding operator properties of the macroscopic
field and medium operators. To clarify the issues, let us
first discuss the type of result that one would obtain with
the simple macroscopic Hamiltonian given by Eq. (1.1).
Using this Hamiltonian, one finds that a quantum model
of the dielectric medium can be built by canonically quan-
tizing the fields so that ¥ becomes an operator Re. Al-
though there have been variations in the methods, they
invariably end up with the following expressions for the
field operators:

PR £ T AL
e - Si(30)

m,or

X €mol8mo(t) = &-mo @)]expiiknz), (1.2)
N ﬁ 1/2
woH'(z,t) = 2 (m)
m,o pm
X (Kp X €mo)Gmo(t) + G-mo ()]exp(ikn2),
(1.3)

where for discussion we specialize to modes with k,, along
the z direction so that k,, = k.e, = (2rm/L.)e, in the
sum. This specialization is denoted by primes on the
field operators. In our notation, Qpn = |k.lc/n, € = n?,
where n is the medium refractive index. We used Vp =
L.L,L, to denote the volume of quantization and e,.(c =
1,2) to denote the two polarization vectors for the mode
m. Note that Egs. (1.2) and (1.3) differ from the free-
space field operators in that €, has been replaced by ¢, and
Qpm is the physical frequency for mode k,, in the medium.
One can show that #¢ = 2% Qpm@meGme + 1/2), from
which the time evolution of &, can readily be deduced to
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be &,s(t) = Gm(0)exp(—iQ,,t). Moreover, one can obtain
the Maxwell equations. For example, Ampére’s law,

oB'(z, 1)
SE =D

Y V X H(z,1), (1.4

can be derived.? The field quantization thus seems to be
self-consistent. Nevertheless, it is not clear whether a
microscopic model of the medium, after proper macro-
scopic averaging, would give the same macroscopic field
operators as in Egs. (1.2) and (1.3). Even without a micro-
scopic model, there are a number of questions that one can
raise about Egs. (1.1)-(1.3). For example, the operator
version of Eq. (1.1) is equivalent to
#e = [awad oD + pofy, D=k

The polarjzation operator associated with the medium
(denoted Ppol) which is proportional to E will not com-
mute with the magnetic-field operator H. On the other
hand, in a microscopic model we usually assume that the
atomic operators commute with the field operators at equal
time. Thus it is puzzling that Ppol would not commute
with the macroscopic magnetic-field operator. A more se-
rious question that we wish to raise, however, has to do
with the commutator between the electric- and magnetic-
field operators. With Egs. (1.2) and (1.3) the equal-time
commutator between the noncommuting components of
the electric and magnetic fields can be computed readily.
For example, we have

[E. (2, 8), H (2,0]= ——6(z - 2'). (1.5)

We see that the commutator value is altered from its free-
space value by the factor 1/e. The dependence of this field
commutator on € has led many to suggest that the canoni-
cal field quantization of a macroscopic medium should be
done® with the displacement field D rather than the elec-
tric field E [as the commutation between D = ef and H is
independent of € according to Eq. (1.5)]. It will be made
clear here that such a step is not necessary. Instead,
from our point of view it is the commutator given by
Eq. (1.5) that is to be questioned. We find the dependence
of this field commutator on a medium parameter e
puzzling because it is a basic property of the standard
minimal-coupling QED Hamiltonian that the equal-time
commutator between the microscopic electric and mag-
netic fields is independent of the presence of atoms. To
see this property, let us consider the following standard
minimal-coupling Hamiltonian describing a collection of
atoms interacting with the electromagnetic field:

o = 3 51

+ = f %[ B2(x, ) + poB2(x, 0] + Z é;. 18

.k

In the standard quantization procedure in which the
Coulomb gauge is used, we express A(x t) in terms of a set
of generalized coordinates {§,,(¢)}. The electric- and
magnetic-field operators can be derived from A(x £), giv-
ing E(x t) « (0/at)§m = G and H(x t) < §,,. The gener-
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alized momentum conjugate to §,, is then given by p,, =
aL/ aq,,,, where L is the Lagrangian operator corresponding
to %Mc The Lagrangian has the form'’

L), 85, Gy @) = 2m + €A -

—fd veoB? + wol?, (A7)

where
£ = @ + eA)/m,. (1.8)

Since the atom-field interaction term in Feuc (or L) de-
pends only on A(x ¢) [this is not so for ‘;7%‘, in which
Ya(e — €o)E? is the interaction part], which in turn depends
only on ¢, (and not on ), the generalized momentum
DPm(BL/34,) is mdependent of the presence of atoms and is
always given by p,, = 4. Quantization then imposes
Lp,,,,q ]— —ifi8,m, giving [q,,,,q,,] = ~ifibun. Slnce
Ex,t) « §,, the commutation between E(x t) and H(x t)
can readily be computed and be shown to have a fixed
value irrespective of the presence of atoms. Thus it is
clear that in the presence of interaction the microscopic
electric- and magnetic-field operators in %MC retain their
free-space equal-time commutator value. For the same
reason, the field variable canonical to A, given by aL/3A,
is —eo E, which is also independent of whether the medium
is present.

The main theme of this paper is that the macroscopic-
field operators derived with our microscopic model retain
their free-space commutator value and the field variable
canonical to the macroscoplc A remains as —¢&o B, where B
is the macroscopic electric field. We show that the com-
mutator given by Eq. (1.5) does not hold for this medium.
Moreover, we show that all the macroscopic field operators
commute with all the macroscopic medium operators.

Another question often raised on the literature is, How
does one quantize a linear medium when there is disper-
sion? On the basis of an energy argument (see Appendix
A), there have been suggestions that the field operators in_
that case should be given by™®

_ 2( ﬁﬂpmvm )1/2

Bzt
8 e \2€0Vnme

X €nolGmolt) —

N ﬁvm 172
roH'(2, ) = % (m)

X (iky X €n)[Emet) + 8-_pmo () ]exp(ikbnz2),
(1.10)

G o (1) ]expknz), 1.9

where vy, is the group velocity and n,, is the refractive in-
dex at frequency Q,,. Note that Egs. (1.9) and (1.10)
reduce to Egs. (1.2) and (1.3) when there is no dispersion.
We show in Appendix A that one can also obtain the mode
amplitudes in Eq. (1.9) simply by using the dielectric
boundary conditions as well as the energy argument.
However, such expressions for the field operators raise
further questions. For example, one finds that the equal-
time commutator of the fields in Egs. (1. 9) and (1.10)
would, in general, not be a delta function in space because
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the product of the normalization constants in B and H' is
proportional to (v./n.), which, in general, is frequency de-
pendent. A delta-function equal-time field commutator i 1s
often required in field theory to satisfy microcausality.’®
Should one then conclude that the macroscopic field opera-
tors violate microcausality when there is dispersion?

Because the macroscopic field operators are derived in
this paper from a microscopic theory, they will be valid in
the dispersionless and lossless regime of low frequency,
the dispersive and lossless regime far above resonances, or
the dispersive and lossy regime around a resonance fre-
quency. The results we obtain show that there is nothing
wrong with the field operators of Egs. (1.2) and (1. 3) or
those of Egs. (1.9) and (1.10). The macroscopic field oper-
ators we obtain are of a form similar to Egs. (1.9) and
(1.10), except that they explicitly include the fact that for
each % vector there is more than one normal-frequency
mode in the case of a realistic medium. Specifically,
there are two modes in our model. Our derivation shows
that it is the existence of these two normal-frequency
modes for each % vector that helps preserve the delta-
function equal-time commutator between the macroscopic
field operators, makes the field operators commute with
the medium operators, and preserves the equal-time com-
mutator between the macroscopic medium operators.
The functional form of v,, and n,, in a realistic medium
cannot be arbitrary and must obey causality constraints
such as the Kramers—Kronig relation. We conclude that it
is the causal dispersion curve for a realistic medium that
answers the questions mentioned above.

In addition to resolving the various questions, our micro-
scopic derivation of the macroscopic field operators in-
cludes the local-field correction. It also gives macroscopic
field operators valid in the lossy regime around a reso-
nance, where Langevin forces have to be included properly
to preserve the operator commutations. In Appendix C
we also discuss an extension for treating a nonuniform
medium.

2. METHOD OF TREATMENT

The relationship among different sections of this paper is
as follows: In Section 3 we consider a microscopic me-
dium consisting of a uniform distribution of atoms. In
the low-excitation limit of interest here, we approximate
these atoms by quantum-harmonic oscillators. The atoms
are coupled to the electromagnetic field by means of the
standard minimal-coupling assumption. In Sections 4
and 5 the Hamiltonian so obtained is expressed in terms
of the creation and annihilation operators for the modes of
the free field and the free transverse polarization. In the
condensed-matter literature, one often transforms the re-
sulting Hamiltonian directly into a diagonal form, such as
in Ref. 9. We take a different approach. First, instead of
working directly with the Hamiltonian, we work with the
equations of motion for the creation and annihilation op-
erators. Second, we show that the diagonalization proce-
dure can be carried out in three different steps.

The first step, carried out in Sections 4 and 5, is a
Bogoliubov transformation of the type

A A A(F)
& — (el + va¥y) = n,

B — B + vB'D) = By,
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where &4’ and BY are the annihilation operators for the
free field and the free polarization wave, respectively. @
and B,, are the resulting operators. We show that this
transformation has the effect of giving an apparent fre-
quency change to both the field and the polarization wave.
The second step, carried out in Section 6, is a dressing
transformation of the type

Gpp—> G + z{mG(B + B_,,,) =an,

B,. —>B +z{mG(am+a,_m)~—b

This transformation mixes the field and the medium op-
erator. In spite of this mixing, the resulting dressed op-
erators, denoted &, and B,,,, respectively, can still be clearly
identified with either the field or the medium. One prop-
erty of this transformation is that it preserves am +
@\_mf andB + B_m’r (.., Gm + B —> @ + Gom', B, +
B_m - B, + B_,". The preservation of &, + &_,' and
B + B_,,, results in the preservation of the form of the
coordinate operators for the fleld and the medlum, which
are proportional to &, + 4_, and B + B_,,, , respec-
tively (the coordinate operator for the field is just the
vector potential operator). The transformation does,
however, change the form of the momentum operators for
both the field and the medium so that they each have a
partial contribution from {@,} and a partial contribution
from {B,}.

The net transformation generated by the above
two steps removes the counterrotating terms from the
Hamiltonian (i.e., bilinear products such as 4 aPas),,
BOBY), aBY), and their conjugates). It, however, pre-
serves the physical plcture of the coupling between the
medium and the field i 1n that the coupling terms stay in
the form @,'B,. and B,.'@,. The new {,} and {B..} are
purely positive-frequency operators. We note that they
are similar to a transformation used by Drummond in a
different context."

In the third step, carried out in Section 9, the coupled
equatlons for @m_ and B are solved in terms of two normal
modes, €, and dm, whlch rotate at different frequencies.
Operators &,' and d,," are the commonly known polariton
creation operators, each of which evokes a partial excita-
tion of the medium and the field. Thus each k-vector
field mode G, is a linear combination of two normal-
frequency modes é,, and d The same can be said of the
polarization mode B,. The existence of two normal-
frequency modes for each k vector helps preserve the
equal-time commutator between the macroscopic electric
and magnetic field operators. The equal-time commuta-
tor between the macroscopic medium operators and the
macroscopic field operators is also preserved. In our
treatment the preservation of the equal-time commutator
requires no extra proof, since it can be clearly seen as a
direct consequence of the canonical nature of the transfor-
mation (i.e., a transformation that preserves equal-time
commutators) of the free- field and free-polarization-wave
operators 44’ and BY to &, and d,. However, we note
that because of the macroscopic averaging involved in solv-
ing for the mode operators (see Section 5), the macroscopic
field operators are meaningful only if one looks at a dis-
tance that is large compared with the medium atomic
spacing. In other words, because of the approximation,
we can meaningfully say only that the equal-time commu-
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tators preserve their microscopic form until they reach
the coarse-grained distance involved in the averaging.
But that is exactly what is meaningful when we talk about
macroscopic field operators.

We note that the vacuum state |0); 5 annihilated by &,
and B,, (also by én and d,,) is the lowest state of energy for
the entire medium-field system. Hence there is a net en-
ergy change when the atoms are brought close to one an-
other from infinity. The original vacuum state |0); 3
annihilated by & and BY is not the state of lowest en-
ergy for the entlre medium-field system. The transfor-
mations in the first two steps are similar to the well-known
squeezing transformation in that they create particles.?*!
When the atoms are brought close together, the lowering
of total energy creates particles. Nevertheless, in steady
state the entire system should relax to its ground state
[0)s,5. There is thus no squeezing of the polariton modes
in steady state. This is in contrast to some suggestions in
the literature that these modes are squeezed.*'*'> It can
be shown that the polariton modes are the ones detected
by a detector in the medium.??

As is explained in Section 5, the transformations em-
ployed do not straightforwardly give rise to damping of
the medium by means of spontaneous decay. A proper
treatment of spontaneous decay requires careful treat-
ment of the field modes near the atomic resonance fre-
quency, which is complicated and beyond the scope of this
paper. Instead we introduce damping to the harmonic os-
cillators composing the medium by means of phenomeno-
logical method that is quantum mechanically consistent.
A theory with damping introduced into the medium is
given in Sections 8 and 10, where the medium operator
%, (xr,?) is coupled to a thermal-field reservoir. Since the
medium operator %, (r,?) depends solely on positive-
frequency modes {Bm}, this treatment gives us the damp-
ing for the polarization modes {B }directly. In Sections 7
and 9 we discuss the macroscopic Maxwell equations and
the macroscopic field operators. For completeness, in
Section 11 we introduce the local-field correction by in-
cluding dipole-dipole interactions. A cubic lattice is as-
sumed in this local-field treatment. We show that the
local-field correction does not affect the equal-time com-
mutators among the macroscopic field and the medium op-
erators, which is also an obvious result of the canonical
transformations employed. By showing preservation of
the macroscopic field equal-time commutators, we thus
reaffirm that, in a realistic causal-response medium,
—&E can be interpreted as the canonical momentum op-
erator for the macroscopic field.

The macroscopic averaging that brings the microscopic
model into the macroscopic realm is discussed in detail in
Section 5. There we show that the macroscopic averaging
involves neglecting modes that have wavelengths smaller
than the separation between the atoms. We also show
that it has no effect on —eoE s being the field momentum
operator. We further point out that the macroscopic aver-
aging is equivalent to simply replacing the sums with the
integrals in the Hamiltonian.

3. MEDIUM HAMILTONIAN

We model the medium as a collection of uniformly distrib-
uted harmonic dipole oscillators. This harmonic dipole
oscillator model is valid in the limit of weak excitation as
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discussed by Fano.”® The resonance frequency of these
oscillators in the absence of coupling with the electro-
magnetic field is assumed to be w,. The momentum and
position gperators of the jth oscillator at position r; are
denoted P and X;, respectively. We couple these dipoles
to the electromagnetlc field by means of the minimal-
coupling prescription of replacing P (&) with P ) +
eA[rJ(t) t], where A is the vector-potentlal operator and e
(e > 0) is the electron charge. The total Hamiltonian of
this medium-field system is then given by

s B + e @y, 0]
FHror(t) = 2 2m,

m,,wazﬁjz(t)

* 2
+ 2
dreoEl x,2) 'uoHl L) + Rpe + o,
Vo 2
3.1

where m, is the electron mass, %Rc isa Hamlltoman that
couples the atoms to a thermal-field reservoir, and %, de-
scribes the dipole-dipole Coulomb interaction energy.
The expressions for ®rc and #p are given below. We have
chosen the Coulomb gauge so that A Ly B ., and i , in
Eq. (3.1) are the transverse vector-potential, electric-field,
and magnetic-field operators, respectively, and the
Coulomb interaction between the electric charges is de-
scribed by the scalar potential. Following the usual pre-
scription of expressing P; and ®; in terms of creation and
annihilation operators, we have

~ . Fi& V2, n
B=> z(”‘T"’) Gia' — Boea,

a

% V2 n
X = 2 (m) (ij + bj.)e., (3.2)
where a € {x, , z}, with e,, e,, and e, being the coordinate
unit vectors. The operators {5,,,, bia'} Jobey the commuta-
tor [b,,,, bra'] = 8j1 0. so that [P €., Ry €,] =

—ih8 g 8J;, The variable & is commonly chosen to be w,,
but that is not necessary. In fact @ can take any value
without affecting the commutation between b,a and bk,, .
In the case of free- dipole oscillators the choice of & = w,
is necessary to give b,J(t) the negative-frequency solution
bj.(0)exp(+iw,) that makes b.'(£)b,.(2) a stationary op-
erator. This allows one to interpret 8;,(¢) as the creation
operator of a long-lived quanta of excitation. However, in
the presence of coupling to the electromagnetlc field, the
choice ® = w, no longer gives b,a @®a negatlve frequency
solution. In such a case we shall treat & as a parameter
with an appropriate value to be determined later. We
shall find that a different value must be chosen for & in
order to give b;,'(t) a negative-frequency solution [See
Eq. (6.16) and the paragraph after Eq. (5.5)].

The electromagnetic field is quantized in the Coulomb:
gauge. In the usual method of canonical quantization of
the electromagnetic field in a box of volume Vg, one ex-
presses the vector-potential operator A 1(r,t) in terms of a
set of generalized coordinate operators {§.,(#)} such that

R 1
A= 7—?2 Grnun (). (3.3)
0 m

Here {u,(r)} is a set of complete orthonormal spatial
modes defined over the quantization volume V,. The
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electric- and magnetic-field operators are then given by
N 3 A
E @t = —EfAl(r’ 1), 3.4)

poll (r,t) =V X A, (x,8). (3.5)
After imposing the commutation condition
[n®),dm®] = —ih8nr (3.6

on {§..(®)} and the corresponding generalized momentum
operators {f.(#)}, one then transforms them into sets of
annihilation and creation operators {4, (¢)} and {&..'(8)}, re-
spectively. The transverse fields are then expressed in
terms of these creations and annihilation operators as

Al(r, t) = 2 vV ﬁ/ﬂ gFema[amo(t) + a-—ma- (t)]

X exp(k,, ' r), 3.7

B.@,0 =3 iVili,grenddnst) — G-m'(®)]

X exp(ik, - r), 3.8

ol (0, 8) = 3 V[ grikn X €nol8mo(t) + & _mo (£)]

X exp(ik, - r), (3.9

where gr = (1/26,Vp)"2. We imposed periodic boundary

conditions for the spatial modes {u,.(r)} over the volume
Vo. For reasons similar to @ in Eq. (3.2) the variables
{Q2,.} are also parameters to be fixed later [see Eq. (6.11)],
though in free space they are usually given by Qs = |k.lc.
We note that, through the use of 5, () = 8§, (¢)/dt, the
electric-field operator has been expressed in terms of
{Bmo@®)} rather than {(688m,(¢)/0¢)}. Substituting Eq. (3.2)
and Egs. (3.7)-(3.9) into Eq. (3.1), we obtain

Fror = Rour + Sz + Rp + Four + %’%Rc, (3.10)

" I’iz . 282
%M=z( ;i +ﬂ"’2_x}_)
J

2m,
PEAY I 1
-2)( jaTbju + E)

= iﬁE [—l—‘i’<1 +
- ‘Z“’( = >(b,;'b,a + b,ab,c,)] 311
S e?A 2(x;, 9)

2m.

A
%Aﬂ

i

. 2N
= lﬁz - L% (émo + a’—ma )(amo + a—ma) (3-12)

i, [——(w—— + 1)(@,",:&",, + %)

2
- l(i (%—E - 1)(amaa—ma + a,,,;a_m.,f), (3.13)

g
II
§:
o
>
’—N
+
=
<
o
fha

e A A
Rogr = — 2, B, A, (x;,0)
me*;

ih Y, > GValOne, - eubi’ -

Ja mo

Bja)(&mo- + a-mu)

X exp(k, - 1), (3.14)
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where (., = |kn|c (not to be confused with the parameter

Q,) and G = egygr with gy = (1/2m,)."*

In Eg. (3.10) we may regard R as the free- medium en-
ergy, Fu2 as the medium plasma energy, % as the free-
energy, and e as the medium-field interaction energy.
The energy R, can be identified as the medium plasma
energy because it is responsible for the dielectric response
of the medium far above resonance frequency where the
electrons behave as a free-electron plasma.**? In deriv-
ing Eq. (3.12) we have taken the sum over all the dipole
positions and have used the formula

J

where N is the total number of dipoles in volume V,. This
formula is valid for |k, — k,| < (N/VQZUS. Before we
leave this section, we note that leaving (),, as a free pa-
rameter is equivalent to making the transformation
8o —> Gmo , Where

Bmo'(®) = plme(t) + V& o' (£). (3.16)

For example, the substitution of Eq. (3.16) into

A,(x,8) = 3 VO 8remelme'® + o (O)]exp(iksy - 1),

8.17)

with
p=%VQ,/a, + Vi,./Q., (3.18)
v =%VQ0n/0n — VOu/Qn), (3.19)

will transform Eq. (3.17) intg Eq. (3.7). Similar substitu-
tion of Eq. (3.16) into the E and uoH operators corre-
sponding to Eq. (8.17) will also transform them into
Egs. (3.8) and (3.9), respectively.

4, EQUATIONS OF MOTION FOR BARE
OPERATORS

We shall refer to {&no, Gmo’} and {b;a, b;.'} as the bare cre-
ation and annihilation operators for the field and the
atoms, respectively. They reduce to the free-field and
free-dipole operators with the choice of O = kylc and
@& = w,. The equations of motion for these bare operators
can be found by use of the Heisenberg equation of motion,
giving

38 me Q. O’ R
Py = |:<Q 5 + l)amg (Q—mz - 1)“—»;.:]

2iNG?
- lT—(&m + 8o

- 2 Vv ‘;)/ZimGtm(l;ja - 5ja1-)exp(_ikm : rj), (4.1)
Je

al;j,, io| (w2 A @, Ay
ot 2[(&2 >bj“ * (&2 bia

+ 2 v G’/Zimex(&ma' + a—mof)exp(ikm : 17,), (4.2)

where G,, = Ge, - e,.
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5. TRANSVERSE POLARIZATION WAVE
OPERATORS

From Eg. (4.1) it is obvious that the photon _operator a,,,,
couples directly to the operator Zj.e,- e b,a exp(—ik,,
;). Here we define

A - 1 A - .
Bus® == EJ) bya® exp(~ikn  1;), (51)
Bro® = D) eno - €aBra?, 6.2)

where we have put a superscript & on l;j,, because the op-
erator bj, is really a function of @, which is apparent from
its definition in Eq. (3.2). This superscript will be omit-
ted when the context is clear. The relation between b,,,,

and b,.,,“” for different values of @ and & is given in
Appendix B. The operator Boa is the spatial Fourier
transform of b,a Its inverse transform is given by

A 1 A
bj" = VN EBM"’ exp(ik,, - ;). (6.3

The prime in the preceding summation denotes a re-
stricted sum over k,, = 2mrm./L.)e. + (27m,/L, de, +
@mm./L,)e, with 0 = m,, my, m. < N and L,L,L, = Vj,.
The operators {B,,,,} are the transverse components of
{B,,,,} They have the commutation [B,,,,,,B,.,, 1= 6mnboe.

In terms of {B,,,(,} the equations of motion corresponding
to Egs. (4.1)-(4.2) are

Bmo Q| (Qn? (% A
Y i [(t,i2+1>a,,,,,+(ﬂm2 1)(1_,,,.,]

2
B e+ ne)

I &mN/QmG(ﬁma - ﬁ—mdf): (5-4)
) : ~ 2 2
aBmtT - — l_a_)lﬁ ( >B,,w + ( )ﬁ_mat
ot 2 (()m wm
+ Vo, N/QpnG@ e + G-mo'), (6.5)

where we have denoted & with an additional mode sub-
script m as @,. We do so because we will choose its value
later, which will be different for different modes.

We note that the last term of Eq. (5.5) is also obtained by
use of Eq. (3.15), which is valid only for those {&n} modes
with [k, — k.| < (N/Vp)*3. Thus Eq. (5.5) jis in a sense
not exact, as we neglected the coupling of B,,.,, to modes
{80} with [k,| > (NVp)™"3, In general these modes would
be rotating at a much higher frequency so that it is a good
approximation to neglect them. However, for those {4.,.}
modes with frequencies near the resonance frequency w,,
their refractive index n, can assume a large value, so that
their wavelengths can be shorter than the atomic dis-
tance. Put another way, their |k,| value, with |k,| =
wgny/e, can be larger than (NVy) Y3, Although these
near-resonance modes have [k | > (NV,)™3 it is not a
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good approximation to neglect them if w, is not very far
from the frequency of B, of interest given by &,. Thus
the right-hand side of Eq. (5.5) should really have many of
these near-resonance modes. Coupling of the atomic op-
erator to the near-resonance modes is responsible for
causing radiative damping. We note that the summation
over j performed on the exp(ik,, - r;) terms for these near-
resonance modes when one transforms Eq. (4.2) to
Eq. (5.5) can affect the number of near-resonance modes
effectively coupled to B,,, and can, as a result, cause the
radiative damping to be altered at high enough atomic
density.”® However, a full treatment of radiative decay
with these near-resonance modes is rather complicated
and is beyond the scope of this paper. Hence, although
these near-resonance modes are in principle not negligible,
we shall nevertheless neglect them here. Instead, we
shall treat the decay of B, later by using a phenomenolog-
ical method that is quantum mechanically consistent.

All the modes that we neglect have wavelengths shorter
than the lattice constant or the separation between any
two atoms. As a result we are smoothing out those field
components whose spatial variations are smaller than the
lattice constant. This is the process of macroscopic aver-
aging that takes the microscopic model given by %Tofp in
Section 3 to a macroscopic model. The same result of
macroscopic averaging can also be gbtained by replacing
all the Z;f(x;) in the Hamiltonian %mq- of Eq. (8.1) with
JA’xf(X)pa, where p, is the atomic number density. In
that case Egs. (5.4) and (5.5) will be an exact result of the
replaced Hamiltonian® because, under the continuous in-
tegral, terms that couple B, to {a,} with k.| > (NVy)~ 8
will simply drop out. It is clear that this replacement
does not change the reasoning in Section 1 as to why the
momentum canonical to §,(¢) is p,(¢) = (3§,,/0t). Hence
macroscopic averaging does not change the fact that the
momentum canonical to A is —eoE We see from this dis-
cussion that a quantum formulation of macroscopic me-
dium can be obtained from a microscopic formalism with
a simple replacement of the discrete sum over atoms with
an integral. Such a replacement constitutes the process
of averaging.

For later use it is also of interest to obtain the equations
of motion for the operators &,, + Gomoy8me — Gmy,
Boo + B_,t ,and B, - B_,,,,7 , which can be obtained by
adding Egs. (5.4) and (5.5) to their own complex conju-
gated versions, giving

d A S a A
5(&,,,,, + 8ome) = —iQm@me — Gomo’), (5.6)
d Lﬂmz
—(@@ a_A—mo = - Ama'+‘\— af
at(am Gomo') G @ G-mo')
4iNG?

o+ 8omg'),
Qm @m a )

-2V émN/QmG(émo - é—mrr'r): (5-7)
= Bro + Bona) = —iinn(Bro — B,

+ 2V ‘:’mN/ZimG(&ma + &-mcrf), (5.8)

i(ﬁma’ - ﬁ-maf) = lwa (Bmo' + B—-ma )- (5-9)
at B,
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The following identity will be of interest below:
S bt Bes = 23 expliky - 1)Bra®)

X [2 (ea' ‘ emtr)ema + (ea' : km)km/|km|2]

’

=3 exp(iky - 1) Bro?)ens

!

+ 300 kn/ Ky, (5.10)
O = 3, exp(ikn - 1)Bra®)(ew - Kn/llen),
(5.11)

where 6,,,"‘7’ is an operator whose equation of motion is not
coupled to the transverse electromagnetic field.

6. DRESSED OPERATORS

Here we define the following dressed operators:
Gmo” = Qmo” + i G(Bono® + B_ms™, 6.1)
Bri® = Buo® + ilnG@ns® + 8-ms™). (6.2)

The superscript @ will be omitted when the context is
clear. These operators have the following commutations:

(e Gner') = [Brngy Bur') = Bunboo» ©.3)
[Brosng'] = [Bro @'l = 0. 6.4)

They have the following properties:
bmo + Qoo = Bmo T Gomo » (6.5)

Bmo = Bome’ = Grmg — Gmo’ — 2ilmG B + Bons),

6.6)
Buo+ Bond = B + Bond', ®.7
ﬁmv - B\-M(TT = éma - B'—ma-'r - 2l§mG(dmo + a——ma)

(6.8

The equations of motion for & is given by

d&,,,,,_ lQ ____+1
dt 2 \4,2 G

- ﬁmlmG(err + ﬁ-mv"‘)
2iG°N
‘Q @ome + o))
~ V& N/9,G(B e — B_no')
+ 2l V@ N/Q G @me + G-mo')
+ gma)mG(-éma- - -é—mo-T)
= 20 20n G Cme + Gmo’)
+ 2l GV O N/Op@me + G-ma') s (6.9)

where the first three terms come from the first term of
Eq. (5.4) and the use of Eq. (6.6). The fourth term comes
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from the second term of Eq. (5.4), which arises from the
%42 part of the Hamiltonian. The fifth and sixth terms
come from the third term of Eq. (5.4) and the use of
Eq. (6.8). The seventh through ninth terms come from
differentiating the (Bm., + B_ o) term in Eq. (6.1) and the
use of Egs. (5.8) and (6.8).

We want to choose the value of ¢, such that the Bt
terms are nulled in Eq. (6.9). This gives us

\/Nwm/Q

=%+, (6.10)

dm

The value of ﬁm is to be chosen so that the &_n, terms
in Eq. (6.9) are nulled. After some algebra we get the
condition

ANG20,,2

ﬁmz - m2 -
Q Qo + @)

6.11)

With these choices of £, and ()m, Eq. (6.9) reduces to the
simple form:

da_”"’ = _iﬁmdma — &..____ 'NQ’:‘wmﬁmw 6.12)
dt O + 6o

The equation of motion for Em, is likewise given by

9Bmo _ _ 1o o’ s+ 1 B,
ot 2 \ &2

10 [ wq
- s -1 B—ma'
2 (wm )

— BlmGCme + Gmo’)

+ VN&om [ Gl me + G-mo')

+ 6n 0 Glme ~ G—mo’)

= 20,20, G* By + B_po). (6.13)

We see that the value of £ glven by Eq. (6.10) also leads to
the cancellation of the a G —mo' terms in Eq. (6.13). The can-
cellation of the b_,,, terms, however, can be achieved by
choosing &, to satisfy

,  4NG’®,

= m . (6.14)

B — Wa
Using Egs. (6.11) and (6.14), we get the relation Q (@ —
0d) = 0,202 — 0,2, which gives us @, = Qrwa/Qm.
This can be used to eliminate & in Eq. (6.11) and to solve
for Q,,, giving

- 4 NG2 1/2
Qn = Qm[l + m] ’ (6.15)
which can then be used to solve for @,, giving
4 NG2 1/2
O = wa[l + m] . (6.16)

With the above values for ¢,, and @,, Eq. (6.13) reduces to

dBmcr — _i(:)m-émo- 2G \ N\Qmwm - mae (6.17)
dz ﬁ + On
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We note that the right-hand side of Eq. (6.12) can be writ-
ten in terms of (3B,,,/3¢) by using Eq. (6.17), giving

Ono o o 2GNQ,, 5
ot T Qe+ @) ™
i2GVNQ,, &y, 8B,

T on @, + @) ot ©.18)

which is used below to show Ampére’s law.

7. MACROSCOPIC FIELD OPERATORS AND
THE MACROSCOPIC MAXWELL EQUATIONS

It is straightforward to derive the macroscopic Maxwell
equations. Before we do that, we need to express the field
operators in terms of the dressed operators {G..,} and
{Bno}. Using Egs. (3.7)-(3.9), (6.5), and (6.6), we have

A (0,8 = 2, VIO gremimet) + G-’ ®)]
X exp(k,, - r), (7.1)
G o (£)

ﬁl(l‘, t) = 2 Vv ﬁ/‘ngFemv{&mv(t) -

= 2i¢nG[B,(t) + B ®)]fexplik,, - 1),

(7.2)

[.Loﬁ_;_(l', t) = 2 Vv h/‘Q'mgFlkm X emv(t)
X [Gmo(t) + G-mo @)]exp(k,, - T), (7.3)
&r = V1/26Vq, (7.4)

4NG2 1/2
Q= Ikmlc[l + m] ) (7.5)
(4N 26 Q)2

2iGty = G + o) s (7.6)

. 4NG2 1/2
Wy = a),,[l + m] ’ (7,7)

where we have expressed all variables in terms of the
physical parameters |k,|c and w,. We can also express
the atomic operator in terms of the dressed operators by
using Egs. (3.2), (6.3), (5.10), (6,7), (6.8), and (BL)-(B5).
Doing so, we have

R =%, + 3% (7.8)

ﬁ 1/2
R, = 2 (m) e Bumo®) + B_,.,1(8)]

X exp(k,, - x;), (7.9)
%) = E (M) &n/[KNOmy + Om), (7.10)
=5, +8, (7.1D)

Bma(t)]exp(ikm . rj) ,

A [ Mo, \ Y2
Pj.L = z(w) ema[B—mnr (t)
(7.12)

(km/ |k|)(0m|] = 0. (7.13)
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We note that in Eqgs. (7.1)-(7. 13), me = ém,”", 6,,," =
Oum™. Note that the free-field frequencies {Q,, = |kn|c}
and the free harmonic-oscillator frequency w, play similar
roles in Egs. (7.1)-(7.13). We can define continuous ver-
sion of &; and P; by replacing r; with the continuous posi-
tion variable r. In particular, we are interested in the
continuous version of ®; ,, and we define

12
ﬁl(r: t) = 2 (E—WZ_Z)_]V> emo'[Bma(t) + B-mv—r(t)]

mo

X exp(ik,, ' r). (7.14)

One can also define lsl (r,?) in a similar way as the con-
tinuous version of P;,. We note that Egs. (7.1)~(7.3) and
Eq. (7.14) are really macroscopic operators. It is clear
from the above that the macroscopic operators £, (r, ¢) and
PL (r,#) retain the commutation relation of their micro-
scopic counterpart until they reach the coarse grain de-
fined by the smallest separation between atoms. That
this is so is easily seen from the fact that their commuta-
tion is independent on the values of {@,}. The coarse-
grained nature comes in because the sum in Eq. (7.14) is
only a restricted sum over small-# modes. The set of
small-£ modes forms a complete set only for functions
with spatial variations larger than the coarse-grained
spacing between atoms. With these macroscopic opera-
tors defined, it is straightforward to derive the macro-
scopic Maxwell equations. In fact, one can do it by using
either the original Egs. (4.1) and (4.2) or the transformed
Egs. (6.12), (6.17), and (6.18). Here we do it by using the
transformed Egs. (6.12), (6.17), and (6.18). From Eq. (6.12)
we get

9 ~ cn -
5(amﬂ' + a—maf) = _lﬂm(amv - am;)

2G\/Nw,,,/(),

6.+ 6, Buo + B_pl), (1.15)

which gives us the Faraday’s law?:

%,LOHL(r H=-VxB,@o. (7.16)

Using Eq. (6.18), we get

3 .+ .2GVN&,/%,
Gmo = Bomg — | —g——
ot 8, + on

_ LR _ __2GN _ I
= sz<1 —(Q " E),,.)2>(am + Gopme)

4G?N\2
l((‘r')mﬂ ) at( mo B—ma')

= _i(sz/ﬁ )(&ma + 6-m01)

By + é-m,,n]

2egFgMN 0 ~

=28 — (B + Bond), 7.17

BREVew b D
where we have used Eq. (6.11). This gives us Ampére’s

law:

d A A N 8 .
560El(r,t) =VXH, (¢ - ng[-exl(r,t)]. (7.18)
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We note that in the dressed p1cture the field coordinate
operator A, (r,?) [see Eq. (7.1)] is dependent solely on
{@...(#)} and the atomic coordinate operator % %, (r,t) [see
Eq. (7.14)] is dependent solely on {B,.,®)}. Both {&m @)}
and {B..,()} are purely positive-frequency operators,
which is obvious from their equations of motion given by
Egs. (6.12) and (6.17). Hence we can interpret a,.(t) as
the amplitude operator for the light wave with wave vector
% and B,.,(t) as the amplitude operator for the polariza-
tion wave with wave vector k,,. We note, however, that
the field momentum operator E 1(xr,#) and the atomic mo-
mentum operator P, (r,?) are dependent on both {@,..(®)}
and {B,,,,(t)} showing clearly the dynamical coupling be-
tween the medium and the field.

8. DAMPING OF THE MEDIUM OPERATORS

Let us incorporate damping of the medium operators
B,,,,,(t) by coupling them to separate thermal field reser-
voirs.?® This would provide a simple, consistent quantum
model of damping sufficient for our purpose. We assume
the reservoir coupling Hamiltonian Rrc in Eq. (3.1) to be
of the following form:

= iﬁzgf(ﬁm;f‘mu' - B'mo'i-\‘ma:r) + %R 8.1

Fro® = 2 8mo®), 8.2)
lo
g’éR = Z ﬁwlRélmrrTélmcr; (8-3)

mlo

where {10, ims} are creation and annihilation operators
for the reservoir quanta and w;r = 2#l/T, with [ being an
integer. T is taken to be longer than any time period of
interest. We note that Eq. (8.1)isa generlc form. A more
realistic form should be given by 3;%;, - R,, with R being
a reservoir field operator.?® Near the resonance fre-
quency @,, these more realistic forms can always be re-
duced to the generic form of Eq. (8.1) by making the
rotating-wave approximation. These results obtained
with the generic form of Eq. (8.1) should be valid near
resonance. If the damping is weak, then it will have little
effect away from the resonance frequency, and whichever
form we use will not have much effect on the off-resonance
results. Hence we expect the results obtained with the
generic form to be valid at all frequencies if y << wa

Following the standard technique in quantum optics,?® we
obtain decay terms additional to Eq. (6.17) because of the
damping reservoir, giving

~

aBma B } - -4 A
o = —i@®nBme + tnlme = ¥Bmoe + Lime, 8.4)
= (T/2)%?, ®8.5)
A 2 1/2 .
Prme = O, (%) Bima(0)exp(—imirt), 8.6)
1

where 1.0 is a Langevin force term with the commutation
[E Lo ®), Lo’ )] = 2¥8,n8(t — #') and

= 2GVT,,0nN)/ (O + @m).
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Equation (6.12) is then

= =i08me — mBmo- %)

In the absence of field the damping introduced will lead
to the following form of equation describing the usual
damped Harmonic oscillators [by using Eqgs. (7.9) and
8.4)]:

R, (1) _ _zyaﬁ“(t)
at? at

w %, (@) + f, 8.8

where I'(?) is a Langevin force operator and we have taken
Y <K< w,.

9. NORMAL-MODE SOLUTIONS AND THE
MACROSCOPIC FIELDS

The coupled equations (8.4) and (8.7) can be solved by di-
rect integration. Before we give the general solution, let
us solve the simple lossless case in which y = 0. In this
case the coupled equations can be solved by straightfor-
wardly diagonalizing them in terms of new normal modes.
Let us define

8ng = fimbimo + %nBmo, @1
&mv = ﬁmama - ii;m-éma': (9-2)
B’ + P =1, 9.3)

where fi, and 7, are real constants. These new modes
obey the commutations (6o Eno'’] = Bmnboo = [dm,,, Aot 1
and [éme, dne'] = [c,,,.,, duor] = 0. When we use the equa-
tions of motion for é,. and d,,,,,, it is stralghtforward to
show that, with the following choice of fi,, and 7, (the sign
of fi, is arbitrarily chosen to be positive),

fm = % + % [1 ~ oy D] 9.4)
Y2 = dan? + (@n — On)?, (9.5)
~ am(zﬁmz - 1)

Ym = llm((:)m - Qm) ’ ©6)

we will have the normal-frequency form for the equations
of motion for é,,, and d,..:

a‘;;‘ = —~iQpnCme, 9.7)
Do’ = i + OmBn® = 2fim P, (9.8)
a”Z:“’ = —i0,n e, ©99)
Qpn? = OBn? + Bfir® + 2fim P - (9.10)

Equations (9.7) and (9.9) give the solutions

Cmo(t) = Cmo(0)exp(—iQpnt), 911
Amot) =

A

T
Gmo(0)exp(=i Q). 912)

Note that we used a subscript p to denote the physical fre-
quencies, such as in Q,,° and Q,,%. One can show alge-
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I
e e e e e e e e

2 Qpm

= |knle

Fig. 1. Plot of Q,,,,.‘ (solid curves) and Q,n° (dashed curves) as a
function of O, = |k,|c with 4NG®> =1 and w, = 2.

4

3 4

Qi = |Emlc

Fig. 2. Plot of Qpm (solid curves), 0., (lower dashed curve),
and ,,," (upper dashed curve) as a functlon of O, with 4NG* =
land w, = 2. y = 0.5 for the Q" and Q,,"* curves.

braically that the combined function of Q,,° and Q,,° is
equivalent to (,,,, where

Qpom = Q/m, (9.13)

Np=V1X xn, 9.14)
4NG?

Xm=—35—"7" (9.15)

The function Q,,, given by Eq. (9.13) is the familiar disper-
sion relation for a linear medium with resonance fre-
quency w,. The algebra that is necessary to show that
the combined function of Q,,° and Q,,¢ is equivalent to
Qum is, however, very tedious. Instead, let us illustrate
their equality numerically for the special case of 4NG? =

1, and w, = 2. First, we plot the values of Qpn’ and Q.,,,,,
as a function of |k,|c = Q,, using Eqgs. (9.8), (910), (9.4)-
(96), (6.15), and (6.16). Figure 1 shows the functions Q,,°
and Q,,% as the solid curves and the dashed curves, re-
spectively. Then we plot Q,,, also as a function of Q,,
which is shown in Fig. 2 as the solid curves. It is clear
from Figs. 1 and 2 that Q,,° and ,,° are just separate
branches of Q,.. ,,° is the photonlike branch, while
Q,,% is the polarization-quanta-like branch.

The inverse relations for Egs. (9.1) and (9.2) are

O = ﬁ’mémo’ + f’m&mu; (9.16)
ﬁmd = _i(;mé\ma - ﬁm&ma) . (9.17)

In Fig. 3 we plot the constants fi,, and 7, as functions of
Q,,; they are shown as the solid curve and the dashed
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curve, respectively. We do so again for the case with
4NG® =1 and w, = 2. We see that near resonance
|iim| = |Pm| = 1/V2, s0 that &, and d,,, have equal weight-
ings in &@.,,. At far above or below resonance, fi,, is much
larger than #,, so that ., is determined mainly by the
photonlike operator é,,, whereas B, is detgrmined
mainly by the polarization-quanta—like operator dpne. We
can express the macroscopic field operators in terms of
the normal modes, {¢,.} and {d,,.,,} For example, Ao
will be

A, (0, 8) = 3 VI gremoliimCmo(t) + Prlmo()

+ fiml o () + oo (8)lexp(k, - ¥). (918)

We see that at each k vector there are two normal-mode
operators under the sum of Eq. (9.18). We can rewrite
Eq. (9.18) by defining

A c,f) = EC VEgFemobmo(t) + E-mo'B)]

X exp(k,, - r), (919)
A 2@,t) = S D, Vigrendn® + d-n,' ()]
X exp(ikm ‘r), (9.20)
=V 9.21)
=V / 9.22)
so that
A,y =A@+ A4, (9.23)

The normalization constants C, and D,, depend on both
{fim, 7} and §,.. It turns out that, like Q,° and Q,,%, C,

-and D,, can also be simplified. It is again algebraically

complicated to show the simplification. Let us state the
answer here and show the simplification graphically. We
define C.' = Vv,'/Qm'nn’c, where n,’ is the refractive
index and v,,° is the group velocity given by

o . (mec)zxmc
(¢/vw’) = npn, [1 + 0l — (O] 9.24)
n, =V1+ x,.°, (9.25)
. 4NG*
Xn' = T (o (9.26)
10
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tion of Q.
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Fig. 4. Plot of (Q, “)"20 (lower solid curve A), (Q;m")"*D,
(lower dashed curve B), 1 + (Q,")"*C,,’ (upper solid curve C),

and 1 + VQp.4D,' (upper dashed cruve D) as a function of Q,,
with 4NG? = 1 and w, = 2.
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Fig. 5. Plot of (Q,n)"?Cy, (curve A), VQ,,.D,, (curve B), Qpm’

(curve C), and Q,,md (curve D) as a function of Q, with

4NG? = 20 and w, = 2.

Similarly, we define D,,’ = [v,%/(Qmn.2c)]"%, where v,’
and n,,% are the same as v,,° and n,,° but with Q,,.° replaced
by Q,m’. We propose that C,, = C,’ and D, = D,,'. To
demonstrate that, in Fig. 4 we plot (Q,,°)"2C,, and
(QpnH¥D,, as a function of Q,, for the case of 4ANG® =1
and @, = 2, which are shown as curve A (solid curve)
and curve B (dashed curve), respectively. We also plot
(Qpn)?C," and (Q,,)"?D,,’ as functions of Q,, for the
same case; they are shown displaced upward by 1 as curve
C (solid curve) and curve D (dashed curve), respectively.
The equality of C,, and C,,' and D,, and D,,’ is then appar-
ent. This proves the statement in Section 1 about the ba-
sic correctness of Egs. (1.9) and (1.10) provided that we
properly include two normal-frequency modes at each %
vector as in Eq. (918). In Fig. 5 we show the case of high
atomic density with 4NG* = 20 and w, = 2. Curves A
and B are the coupling coefficients (Q,,%)"*C,, and
(Q.p,,,")mD,,., while curves C and D are the frequency dis-
persion curves Q,,° and Q,,%. Note that (Q,,9)"*C» and
(Qpn®)?D,, are bounded below unity. We see that there is
a broad polariton frequency band gap inside which there is
no mode. As is pointed out below, this photonic band gap
may close up when loss is included.

Thus we have shown that the vector potential operator
is given by
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R 12
A = Zemo{ <m—ﬂ_mn—> [Cno(®) + E-mo' D]
0 pm mC
ﬁvm 1/2 R n R
+ (2€0VQ\lemdnmc> [dma'(t) + d—mu (t)}}
X exp(ik,, - ). 9.27)

The other macroscopic operators can similarly be shown
to be given by

.,
= 2 iVigr €nolCrn' QpnTeno®) = &-s'®)]

+ D' Qpn®(@no(t) = d-!®)]expliks,, - 1) 9.28)

U, n o

= 2 lem¢{< 0VQnmC> [cma(t) C—mo (t)]

+ ("""‘—P"'> (Ao = d-mo'®)] fexplik,, * 1),

2€0VQnmc mo -mo P m
(9.29)

[L()ﬁ _L(l', t)
= 2 VIigr(ikn X €noH{Cn'[ne® + &' ()]

+ D (@mo® + d o ‘®Nexplik,, : r) (9.30)

= % ik, X emu){ (2 L ,_.

1/2
m) [Eno) + E-ma®)]

1/2
) [dmo(®) + &_m*u)]}exp(ikm ‘1),
9.31)

+ ___ﬁv'”___
260V Qpm®nme

;VQ—' eﬁl (r: t)

= €, iVFgr€nodCnXn QomTmo® — E-no'®)]

+ Do Qo[ Ao ® — Ao ) Jtexp(iks, - ¥)

= ng le,,,,,{< ﬁvm

1/2
2€0VQn ) ch[émv(t) - c—mu (t)]

Fn Qi \ 4 A
* (Q:V; C) de[d”“’(t) - G-mo (t)]}exp(zkm T).
0vVeitm
9.32)

From Fig. 1 we see that, when Q,,° is below resonance,
then Q. is above resonance and vice versa, so that x,’
and x,’ at the same k,, always have opposite signs [see
Eq. (926)]. Because of this difference in signs, it can be
shown numerically that the quantity C,'?xm"Qpm° +
D, ’2)(mdQ,,md = 0, which is the quantity one will get by
commuting £, with H .. That is why the atomic operator
%,(r,?) in Eq. (9.30) would commute with the magnetic-
field operator [.LoH L(r,t) at equal time. Its commutation
with B 1 (r, %) is obvious.

10. LOSSY REGIME

In the lossy regime near resonance the coupled-mode
equations (8.4) and (8.7) can be solved by direct integra-
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tion by use of the Caley~Hamilton theorem, a standard
procedure in linear algebra.*® The solution is

Brno(®) = To2(#) B1no(0) + Up2(£)i e (0)

t
+ f T8¢ = ) (t)dt, (10.1)
0
Gmo®) = T (B)Ema(0) + Upn(£)B1r(0)
t
+ f U2t — ¢') molt)dt!, (10.2)
0
T.b@) = [Ei(1 + Q,)/2 + Ex(1 — Q,)/2], (10.3)
U@ = [E1am/@W,,) — Esa,n/@W,)], (10.4)
Tma(t) = [El(l - Qm)/2 -+ EZ(]- + Qm)/z]) (10.5)
U,o(t) = [~ Eyen/@W,) + Egam/C@W,)], (10.6)
Q= [i(@n — ) + vI/CQW,), (10.7)
. . ~ _ A 1/2
W, = ‘—y—"‘[l ~ 2@ ~ O) Q’“)] = Wi + W,
2 Ym
(10.8)
Y = +[da? + (@ — 0,)° — y2]'2, (10.9)
E, = exp(—=8,t + W,1), (10.10)
E; = exp(—Snt — Wb), (10.11)
S = Y[i(Q + @) + 7¥]. (10.12)
We can rewrite E; and E, as
E; = exp(—=iQumFt — yg,0), (10.13)
E; = exp(—iQpn"% — yg,t), (10.14)
Qe = Y@ + @) — Wi, (10.15)
¥e, = Y2y — War, (10.16)
Qp®? = Yo + @) + Wi, (10.17)
Ve, = Y2y + Whr. (10.18)

The normal frequencies (,,"! and (,,,*2 are plotted as a
function of Q,, in Fig. 2 for the case of 4NG? = 1, v = 0.5,
and w, = 2. They are shown as the lower dashed curve
and the upper dashed curve, respectively. The solid
curves in Fig. 2 are ,, plots of Eq. (9.13) without loss.
We see that loss induces a frequency shift. The loss coef-
ficients yg, and vyg, are plotted as functions of Q,, in
Fig. 6. This lossy limit can be shown to be well approxi-
mated by a complex y,, of the form

4NG? )
(('-)u2 - \Q'pmz) - ZiYme

Xm = (10.19)

The approximation is good when v << w,. We see from
Fig. 2 that when there is high enough loss, the polariton
frequency band gap between Q,,,"* and Q,,"* curves will
close up. Last, we note that modes Q,," and Q,," are
not the same as modes Q,,° and Q,.% as they correspond
to different subsections of the two branches of Q,,.
Their difference is only an artifact of how their solutions
are obtained and written.
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The actual expressions for the various macroscopic field
and medium operators can be obtained from the solutions
given in this section. Using them, one can show that the
macroscopic-field and medium operators in the lossy
regime take on complex coefficients when expressed in
terms of the normal-mode operators. In addition, there
are Langevin forces in the field and medium operators,
which help to preserve their commutation relations.

11. LOCAL-FIELD CORRECTIONS

Following Ref. 9, we include the local-field corrections by
including the dipole-dipole Coulomb interaction energy
%L- We let %L be

- 2
#mi 3 3 (e

k#Aja’ ja

Riw " Rja  3Rpw * Ri)) Rja - Rkj)]
- , 111
[ IR;|° Rxjl°

where R,; is the distance vector between dipole 2 and
dipole j. We assume that the atoms are in a cubic lattice.
This gives us the following term additional to 8B,,,/dt:

aB,., _ ie?
dat 47Tﬁ€0 ja
f (I;ka’T + I;ka’)ea’ T €y
X exp(~k,, - ;) ( = >{
P ’ ;; 2mewm |R"k}'|3
_ Guw' + biw)3(en - Ri)ew - R,,,a}
| R jl®

e, €,

(11.2)

‘We will need the following formula:

2 exp[ikm(rj _ l'k)][ea' "€a 3(ey - Rkj)(e,,' . Rkj):l

o [R:j(° | Ry
4r N T
AT N (., < SBmafna) gy
3 e \2 T TlhaP? ) a3

which is valid for a cubic lattice and for |,,| < 1/d (d is the
lattice constant). This formula is well discussed in the
condensed-matter literature. Inserting the formula given
by Eq. (11.3) into relation (11.2), we obtain

a8 i N R R
=~ - B, + B_,..). 11.4
ot 2 <3€0memeQ)( " ) (11.4)
0.5
04r
0.3f
0.2}
g, e,
0.1
0 i 1 1 1 L 1
0 1 2 3 4
Q,m

Fig. 6. Plot of yg, (left solid curve) and yz, (right solid curve) as
a function of the frequency Q,. with 4NG? =1, y = 0.5, and
wg = 2.
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In doing the sum in Eq. (11.2) we have also used the fact
that

> > exp(—iky, 1)

Jrya k#j,a

=> > exp(—ik, 1) (11.5)

ko' j#k,a

= 2 expl—ik, - (r; — ry)lexp(—ik, - rz). (11.6)

k,a' j#k,a

The extra term given by Eq. (11.4) can be generated by w,’
in Eq. (5.5) if we substitute w.* for w,” in Eg. (5.5), where

. . e’N
Wy = Wa ~— T <,
3eom. Vg

= 0,2 — %NG®. 117

Thus y,. in Eq. (9.15) is modified to

_ N _ ANG?
Xm T T T (Nxa/3)  0a — Qpm® — %NG?
4G?

Xa = m: (118)

where y, can be recognized as the electric susceptibility of
a single isolated dipole. Since the effect of local-field cor-
rection is a simple change of the value of ,, it does not
alter the commutation relations for the field and medium
operators.

12. CONCLUSIONS

In conclusion, we have given a rigorous microscopic ap-
proach for deriving all the macroscopic field and medium
operators for a linear medium. We show that one can
readily obtain a macroscopic Hamiltonian for the medium-
field system from a microscopic Hamiltonian by simply re-
placing sums with integrals, and there is no need to
change the field canonical momentum from electric field
to displacement field. Our results show that the electric-
and magnetic-field operators for a lossless dispersive
medium are given basically by Egs. (1.9) and (1.10), except
that there is more than one normal-frequency mode at
each & vector. (In our simplified model there are two
normal-frequency modes.) In discussing the ground state
of the medium considered we concluded in Section 2 that
the polariton modes in a stationary linear medium are not
squeezed.

We show that the macroscopic-field and medium opera-
tors retain the equal-time commutation relations of their
microscopic counterparts (when below the coarse grains of
the macroscopic averaging), implying that they carry the
same quantum uncertainty relations as their microscopic
cousins. We think that such results are a consequence of
the causal property of the realistic medium that we con-
sider, which may not be true for fictitious noncausal
media. We also rigorously derive the macroscopic field
operators in the dispersive and the lossy regimes. In the
lossy regime Langevin-force operators are needed to pre-
serve the operator commutations. In our model these
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Langevin-force operators are derived by coupling the
atomic operators to a thermal-field reservoir. Although
we treat a linear medium from the general discussion in
this paper, we have reasons to believe that the preservation
of field and medium commutators and the fact that —eE
is the field momentum operator should hold for a nonlin-
ear medium such as an atomic medium. They should also
hold for the nonuniform medium discussed in Appendix C.
We apply our theory in Appendix D to compute the decay
rates of an atom embedded in a dielectric medium. The
question of field propagation across an air-dielectric in-
terface is discussed in Appendix B, where we show that
the mode amplitudes for the macroscopic-field operators
in a dielectric can be derived by an argument based on the
dielectric boundary conditions for the vacuum field.

‘We note that the normalization constants that we ob-
tained for the field operators are in agreement with those
obtained by a more sophisticated macroscopic approach
such as that given by Drummond.? This shows that there
is basically nothing wrong with a macroscopic approach,
provided that one carefully considers causality in order to
avoid unphysical results, such as the unphysical behavior
of field commutators.

APPENDIX A

We obtain the mode amplitudes in the electric-field opera-
tor [Eq. (1.9)] for a dispersive medium by an argument
based on the dielectric boundary conditions for the vac-
uum fields. We also give a brief energy argument. For
simplicity, we talk about the vacuum fields as stochastic
fluctuating fields. The derivation remains valid for op-
erator fields. Consider a dielectric boundary between air
and a dielectric medium (Fig. 7). Let the frequency-
dependent dielectric constant of the medium be e(w). Let
E, and E; be the incident vacuum field amplitudes in air
and in the medium, respectively, as shown in Fig. 7. Let
E, be the vacuum field amplitude in the medium propagat-
ing away from the boundary. These fields are assumed to
be at frequency w. We may assume a narrow frequency
bandwidth 8w for all these fields, so that their vacuum
field energies are nonzero. From the boundary condi-
tions we have

E,- = TEO + RE,’, (Al)
where T = 2/(1 + n), R = (n — 1)/(1 + n), n* = e(w).

Since the fluctuations in E, and E; should be independent,
the expectation value for the field amplitude square of E.

E Er

Fig. 7. Schematic diagram showing the various vacuum fields at
the air-dielectric boundary.
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can be easily computed, giving
(E.> = TXE) + RXE?). (A2)

Since E, and E; are both steady-state vacuum fields in the

medium ¢, they must have the same fluctuating properties
so that (E,% = (E?); Eq. (A2) then gives

(E,%) = (1/n)Eo?. (A3)

Equation (A3) gives us the relation between the vacuum
field amplitudes in air and in the medium. These fields
are assumed to span the same frequency bandwidth.
However, in Eq. (1.9) we want to compare the field ampli-
tudes that span the same k-vector bandwidth 8k. Here
we denote the field amplitudes E,’ and E,". It is straight-
forward to show that they are related to E, and E, by
means of the respective group velocities in the medium
and in air as follows:

(E,'"Y = (E, % (dw/dk)sF , (Ad)
(Er,2> = <Er2>08k s (A5)

where (dw/dk) is the group velocity in the medium. Equa-
tions (A3) to (A5) then give

1

2\ —_—
(&5 = n(dk/dw)/c

(Eqo'?). (A6)

By taking (Ey®) = #w/(2Vpep) in Eq. (A6) we obtain the
mode amplitudes of Eq. (1.9). Note that V; is the volume
of quantization whose value determines 5k for each mode.

The energy argument can be described briefly as fol-
lows. The total energy in a particular field mode for a
dispersive dielectric medium is given by’

% = fds —[%E 2+ woH, ]

% = f L e o, @An

where E,, and H,, are the electric and magnetic fields for
that mode. The normalization constant in the electric-
field operator is equal to the electric-field strength carried
by half a photon energy. It can be found by setting
#H = 1Q,n/2, giving

0. v 1/2
E, = —=zml )", A
(260an,,,c> (48

which is to be compared with Eq. (1.2).

APPENDIX B

We glve the relatlons between b,,, and b,a“”, as well as be-
tween Bm., and B,m,"", with @ # @'. From the defining
equation, Eq. (3.2), and the commutation relations be-
tween b,., and b,a‘”", it is clear that

bia = ppbja® + mbsa (B1)
no = RVl + Vo), (B2)

= W\Valb — Vafd), (B3)
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which can be verified simply by substitution of them into
Eq. 3.2). Similarly,

ﬁmaél = ﬂbﬁmv&-’ + 1’b-é\—m(rm ’ (B4)
éma“-" = Ibbﬁmaﬂ) + Vbﬁ—mtr‘m~ (B5)

We note that the derivations of the above relations are
similar to that of Eq. (3.16) for &,,,'.

APPENDIX C

We discuss the extension of our formalism to the case of a
nonuniform medium. A complete treatment will be com-
plicated, and we intend to point out here only the major
difference between a uniform and a nonuniform medium.
For a nonuniform medium the required transformations
to @ and b;, are

a'ma' = &mu' + 2 zmnGz(amr’ + a‘-—na-’f)

Jno'
x exp[i(kn - km) . rj]eno’ * o
+ ab X innGbje + bjuexp(—iky, * T))en, - €,
Jna
(Cyh

bja = 5ja + ZPaGZ(é\ja’ + é\_)'tz"r)ecx c ey

+ 2 iNnG@me + 6o )exp(iKy * Tj)ens * €,.
(C2)

It can be shown that these transformations reduce to the
transformations given earlier in this paper when the me-
dium is uniform. With the choice

Pa = 2 (nmzﬂpm/wa)(emo' : ezx)z s (C3)
M = V0o /Quf(wa + Qpn), Co
Z = 29 By (C5)

VBT Q. + 0 Qpn + 0)(Qpn + D)

one can show that to the order of G* the equation of mo-
tion for @,,, reduces to

d .

B_t'a'mzr = -imeama - lﬂpmz 4G2(zmnﬂpn/9'pm)
Jna'

€no exp[i(kn -

X &na-'emr' * km) " rj]

20,,G [ 0, \"* 3 .
T F o) mo ab‘u - km Y. Cé6
Qpm + ©o) (ﬂ ) jzae e.bj, exp(—i r). (C6)

We see that for the case of a uniform medium the second
term on the right-hand side of Eq. (C6) will be reduced to
only the &,, term after the sum is carried out over j.
However, for a nonuniform medium there will be terms
@, wWith n # m on the right-hand side of Eq. (C6). These
terms will give coupling between modes of different wave
vectors and will account for Rayleigh scattering when the
medium is not uniform. Such is the major feature for a
nonuniform medium.
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APPENDIX D

We outline the calculation of the decay rate for a two-level
atom substituting at one of the lattice sites of the dielec-
tric medium. The embedded atom is assumed to have a
resonance frequency w, that is different from the reso-
nance frequency of the dielectric medium. Let the upper-
and the ground-level eigenfunctions of the embedded
atom be |u) and |g), respectively. We define the atomic
transition operator V = |g)(u|, the upper-level population
operator N, = lu) ), and the ground-level population op-
erator N The total Hamiltonian of the embedded atom
plus the dlelectrlc medium is given by

RO = Rror® + Rat), (DY)
where Hror(f) is given by Eq. (3.10) and #,4(2?) is given by
Ra®) = hoaN. () + iwa(uV' — w¥) - A (s,

2
+ ;—Al(rA, 0 ALea,t) + Fo®), (D2)

where pu = (u|eX4|g), 4 is the electron displacement op-
erator for the embedded atom, r, is the position vector of
the embedded atom, and %, (#) is the interaction energy of
the embedded atom with the dielectric medium, given by

n , ie? \(%a Rja 3R Ra)Rja Ry ))
Ro(1) = L JI\Rje J
o lﬁ% (47Tﬁ60>( Rasl® Rajl®

(D3)

where ef4 = [uV'(®) + wV(®)] and |[Ra,| is the distance
between the medium dipole at r; and the embedded atom
at ra.

Usmg %(t) and the expressmn for A, (rs,?) given
by A “(rs,?) of Eq. (9.20) [or A %rs,t) of Eq. (9.23) de-
pending on the frequency of wa], one can derive the fol-
lowing equations of motion by making the rotating-wave
approximation:

3C e . n Cro™ & .
ot = =iQpmlme — % Vexp(—ik,, ‘- ra), 4
oV &N, - N)
—_— = = + Mg TTuw
ot quV ﬁ
12
mao%“mao + * moiMMma
{2‘6 ¢ Z 350VQ<2m w,,,) B endf }
X exp(ik,, - ra),
(D5)
a"ma . ~ =4 A
_g—t— = —““"mﬁmo - yﬁma + amamu’ + I‘lma-

; % 12
* 22 exp( bl rl)<4wﬁeo> (Zm &, )

{(,;*V + V*) e.  [3V + u¥h - Ryjles - RA,)}
[Rajl? Rajl®

(D6)

where ﬁg =9V, R, =¥V, €ro = (eme * W(BUmwa®/
26V Qpmnn0)1"2, v,, is the group velocity, and n,, is the
medium refractive index. The frequency Q.. is the
physical frequency given by Q,,° (or Q,,%). The field
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modes ﬁ,,,,, responsible for the decay of the atom are the
field modes close to the resonance frequency ws. The op-
erator B, in Eq. (D6) can be solved adiabatically at fre-
quency w4 by setting 0B,.,/9t = —iwaPBms, giving

10mQme

Bro = " (m — 04 — 1Y)

+ 6, (D7)
where @p is an operator associated with the last two terms
of Eq. (D6) and Gy = finCro [se€ Eq. 17)] with G, =
W)/ (Qpmnm@'?. Tt turns out that 65 does not contrib-
ute to the decay rate if w4 is far from the resonance fre-
quency of the dielectric medium w,. (It gives only a
frequency shift to the decaying atom.) Here we assume
that w, is far from w,. By substituting Eq. (D7) into
Egs. (D4) and (D5) we can show that

8V e O (gma,\ Xm
== —iwsV + (N, - N,,)% ﬁ c,,,,,<1 + —3—)
X exp(ik,, " ra), (D8)
aémv _ . A %mv & X__m_ s .
FYale 1Qpmlma 7 <1 + 3 )exp( ik, - ra),
(D9)
where we have used the relation
0., 4NG? _ _04NG*
(\Qm + E’m)(‘t’m - me) (waz - mez) I

In Eq. (D8) we have dropped an operator that gives only
the frequency shift of The modes of interest in
Eq. (D5) are those with the physical frequency Q,» close
to s, One can find the decay rate of V by solvmg for
8 mes N,,, and N formally (the equations of motion for N,
and N ', can be s1m11ar1y derived), then substituting them
into Eq. (D8). For example, the formal solution for ¢, is
simply

Eno®) = Eno(0)expP(=iQpmt) — f ar 2 h) 1+ X

X exp{—i[(ws — Qpm)t' + Q,,mt]}exp( ik, - Ta),
(D10)

where we have approximated 40D by V(O)exp(-—iw,;t’).
The solution after we discard a frequency shift term cor-
responding to Lamb shift gives

& . A A

== —io, P - %V + Iy, (D11)

A
where I'y is a zero-mean Langevin force operator and /2
is given by

2 2
Y 2 U WA Xm
~z — 2 |1+4" = Q).
2 %lem “I 2heVoQpmninme (1 3 ) 8w = Opn)
(D12)
This expression can be reduced to
2 + 2
- [—3(6/5‘2] Vv, (D19)

where yrs is the decay rate of the same atom in free space.
Note that the group velacity v,, {in Eq. (D12)] is canceled
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by another group-velocity term when one changes the sum
S to the integral fd% = [dw|dk/dw|(w/c)’n.,? in Eq. (D12)

to
is
ca

arrive at Eq. (D13). We assume that the vacuum state
the state annihilated by ¢, (or d,,) in this decay-rate
lculation. The above decay-rate result is correct in the

regime where the embedded atom sees a transparent di-
electric. In the regime where the embedded atom sees an
absorbing medium, the decay-rate result can be altered as
a result of the 04 term mentioned above.
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