Computational model of solid-state, molecular,
or atomic mediafor FDTD simulation based on a
multi-level multi-electron system governed by
Pauli exclusion and Fer mi-Dirac thermalization
with application to semiconductor photonics

Yingyan Huang and Seng-Tiong Ho

Dept. of Electrical and Computer Engineering, Northwestern University, Evanston, IL, 60208
yingyan@ece.northwester n.edu, stho@ece.norhwestern.edu

Abstract: We report a genera computational model of complex material
media for electrodynamics simulation using the Finite-Difference Time-
Domain (FDTD) method. It is based on a multi-level multi-electron
guantum system with electron dynamics governed by Pauli Exclusion
Principle, state filling, and dynamical Fermi-Dirac Thermalization, enabling
it to treat various solid-state, molecular, or atomic media. The formulationis
valid at near or far off resonance as well as at high intensity. We show its
FDTD application to a semiconductor in which the carriers’ intraband and
interband dynamics, energy band filling, and thermal processes were al
incorporated for the first time. The FDTD model is sufficiently complex and
yet computationally efficient, enabling it to simulate nanophotonic devices
with complex electromagnetic structures requiring simultaneous solution of
the mediumfield dynamics in space and time. Applications to direct-gap
semiconductors, ultrafast optical phenomena, and multimode microdisk
lasers areillustrated.

©2006 Optical Society of America
OCI S codes:. (220.0220) Optical design and fabrication; (250.0250) Optoel ectronics.

References and links

1. K. S Yee “Numerica solution of initial boundary value problems involving Maxwel’s equations in
Isotropic media,” |EEE Trans. Antennas Propag. 14, 302-307 (1966).

2. S D. Gedney, "An anisotropic perfectly matched Layer-Absorbing Medium for the truncation of FDTD
Lattice,” IEEE Trans. Antennas Propag. 44, 1630-1639 (1996), and references therein.

3. M. Okoniewski, M. Mrozowski, and M. A. Stuchly, “ Simple treatment of multi-term dispersionin FDTD,”
|IEEE Microwave Guid. Wave Lett. 7, 121-123 (1997), and references therein.

4. A.S Nagraand R. A. York, “FDTD analysis of wave propagation in nonlinear absorbing and gain media,”
|EEE Trans. Antennas Propag. 46, 334-340 (1998).

5. Y. Huang, “Simulation of semiconductor material using FDTD method,” Master Thesis, Northwestern
University, June 2002. https://depot.northwestern.edwyhu234/publish/Y' Y HM S.pdf

6. S Chang, Y.Huang, G. Chang, and S. T. Ho, “ THz all-optical shutter based on semiconductor transparency
switching by two optical m-pulses,” OSA Annual Meeting, TuY 3, Long Beach, CA, 2001.

7. S T.Ho, research notes, 1998-1999.

8. Y. Huang, “Simulation of semiconductor structure using FDTD method”, presented to the Physics
Department at Northwestern University, 15 Jan. 2002.

9.  W.W. Chow, S. Koch, and M. Sargent |11, Semiconductor-Laser Physics, (Springer Verlag, Berlin, 1994).

10. J. Piprek, Optoelectronic Devices: Advanced Smulation and Analysis, (Springer Verlag, New Y ork, 2005).

11. S, Park, "Development of InGaAsP/InP single-mode lasers using microring resonators for photonic
integrated circuits," PhD Thesis, Northwestern University, Dec. 2000, and references therein.

#8367 - $15.00 USD Received 2 August 2005; revised 31 March 2006; accepted 2 April 2006

(C) 2006 OSA 17 April 2006/ Vol. 14, No. 8/ OPTICS EXPRESS 3569


mailto:yingyan@ece.northwestern.edu
mailto:stho@ece.norhwestern.edu
https://depot.northwestern.edu/yhu234/publish/YYHMS.pdf

12. Y. Huang and S. T. Ho, “A numerically efficient semiconductor model with Fermi-Dirac thermalization
dynamics (band-filling) for FDTD simulation of optoelectronic and photonic devices,” 2005 Technical
Digest of the Annual Conference on Lasers and Electro-Optics, Paper QTuD7, Baltimore, MD, May 2005.

13. S. T. Ho, P. Kumar, and J. H. Shapiro, "Quantum theory of nondegenerate multiwave mixing (I) - General
formulation,” Phys. Rev. A 37, 2017-2032 (1988).

14. S T. Ho and P. Kumar, "Quantum optics in a dielectric: Macroscopic electromagnetic-field and medium
operators for a linear dispersive Lossy medium-A microscopic derivation of the operators and their
commutation relations," J. Opt. Soc. Am. B 10, 1620-1636 (1993).

15. S. T. Ho, P. Kumar, and J. H. Shapiro, "Vector-field quantum model of degenerate four-wave mixing,"
Phys. Rev. A 34, 293-303 (July 1986).

16. J.J. Sakurai, Advanced Quantum Mechanics, (Addison Wesley, 1967).

17. ¢ (t) insemiconductor corresponds to the spatially |ocalized operator ‘35,' (t) = (”:S(rrlj ) = Zakéke'k'r )

k

18. W. H. Louisell, Quantum Statistical Properties of Radiation, (Wiley-Interscience, New Y ork, 1990).

19. For example, if three upper levels can decay to a single ground level, then each upper level will be
associated with a transition dipole so that the total number of dipolesinvolved will be three, which is equal
to the number of the upper levels.

20. R. F. Kazarinov, C. H. Henry, and R. A. Logan, “Longitudinal mode self-stabilization in semicondcutor
lasers,” J. Appl. Phys. 53, 4631-4644 (1982).

21. S Marrin, B. Deveaud, F. Clerot, K. Fuliwara, and K. Mitsunaga, “Capture of photoexcited carriers in a
single quantum well with different confinement structures,” 1EEE J. Quantum Electron. 27, 1669-1675
(1991).

22. L. A. Coldren and S. W. Corzine, Diode lasers and photonic integrated circuits, (Wiley, John & Sons.
1995).

23.  J.L.Oudar, D. Hulin, A. Migus, A. Antonetti, and F. Alexandre, “ Subpicosecond spectral hole burning due
to nonthermalized photoexcited carriersin GaAs,” Phys. Rev. Lett. 55, 2074-2077 (1985).

24. D.Y.Chu, M. K. Chin, S. Z. Xu, T. Y. Chang, and S. T. Ho, "1.5 um InGaAg/InAlGaAs Quantum-well
microdisk lasers,”" |EEE Photonics Technol. Lett. 5, 1353-1355 (1993).

25. W. Fang, J. Y. Xu, A. Yamilov, H. Cao, Y. Ma, S. T. Ho, and G. S. Solomon, "Large enhancement of
spontaneous emission rates of InAs quantum dots in GaAs microdisks,” Opt. Lett. 27, 948-950 (2002).

26. J.P.Zhang, D.Y. Chu, S. L. Wu, W. G. Bi, R. C. Tiberio, C. W. Tu, and S. T. Ho, "Photonic-wire laser,"
Phys. Rev. Lett. 75, 2678-2681 (1995).

1. Introduction

Numerical computation for electrodynamics capable of providing full spatial-temporal
solution for the electromagnetic field interacting with material media using Finite Difference
Time Domain (FDTD) [Refs. 1, 2] method has attracted much interest in photonic and
optoelectronic device simulation, especidly in situations where conventiona device
simulation methods are inadequate or cannot cope with the complex device geometry. An
example is the case of photonic bandgap or micocavity structures with active semiconductor
medium as part of the structure to provide gain or ultrafast optical nonlinearities. In this case,
the spatial variations of the medium’s refractive index, gain, or absorption could be dependent
transiently on the varying lightwave intensity while the mode profile that determines the
intensity could in turn be affected by the medium’s refractive index, gain, absorption, and the
optical nano-structure. Another example is the case of alaser cavity with multiple longitudinal
or transverse modes in which multi-frequency lasing, instability, or laser pulsing behaviors
could develop. These behaviors could be dependent on the carrier band-filling effect and the
spatial or spectral hole burning of the carrier distribution, which in turn could be affected by
the transient and local interaction of the electromagnetic field mode with the gain medium.

In actual implementation, the dynamics of the active media in the devices must be
modeled with reasonable physical realism in order for the potentials of the FDTD method to
be fully realized. The medium involved typically has complicated internal electron dynamics.
For example, the dynamics of multiple electrons could be involved and the quantum energy
level structure for the electrons in the medium must be accounted for. Furthermore, these
devices often operate at room temperature, and the thermal process of the electrons must be
considered. It would be of substantial interest to develop a FDTD computational model for

#8367 - $15.00 USD Received 2 August 2005; revised 31 March 2006; accepted 2 April 2006
(C) 2006 OSA 17 April 2006/ Vol. 14, No. 8/ OPTICS EXPRESS 3570



complex dynamical media that is sophisticated enough to encompass the essential physics of
such media and yet computationally efficient. We will show that with use of a multi-level
multi-electron quantum system having the electron dynamics governed by Pauli Exclusion
Principle, state filling, and dynamical Fermi-Dirac Thermalization, the essential physics of
many complex media, including semiconductor, can be encompassed in FDTD simulation.
We will refer to this FDTD computational model as dynamical-thermal-electron quantum-
medium FDTD (DTEQM-FDTD). The dynamical-thermal-electron nature of the model refers
to the explicit inclusion of thermal processes dynamically for the electrons. The quantum
nature of the model refers to the explicit inclusion of energy level structure and the Pauli
Exclusion Principle. We will show how a simple thermal hopping model dictated by the Pauli
Exclusion Principle automatically resulted in Fermi Dirac Statistics for the electron state
filling in the steady state. The broad applicability of the model methodology relies on the fact
that the interaction of electromagnetic field with material media is via a collection of
oscillating electric dipoles governed by the electron dynamics and the DTEQM-FDTD model
shows how the complex electron dynamics in multiple energy levels can be efficiently treated.

The model methodology shall be generally applicable to a wide range of solid-state,
molecular, or atomic media, by employing the treatment of electron dynamics described here
with the appropriate medium-specific effective carrier rate equations and effective multi-
energy-level structure needed for obtaining the medium polarization density. One of the most
complex material media for photonic devices is direct bandgap semiconductor. We will
illustrate the powerful capability of the model methodology by specificaly developing it for
modeling semiconductor medium as an example to show how the effective carrier rate
equations and multi-energy-level structures are formulated, making them computationally
efficient. Its applications to other solid-state, molecular, or atomic media will involve similar
approaches and in many cases will be simpler than the semiconductor example.

In applying to semiconductor, we show that this model could take into account the
transient intraband and interband electron dynamics, the semiconductor band structure, and
the carrier thermal equilibrium process. The model automatically incorporates the required
band filling effect. It also incorporates the typical nonlinear optical effects associated with
carrier dynamics. Our approach enables the model to treat thermally activated carrier
scattering process under transient excitation spatial-temporally. These capabilities enable the
model to treat sophisticated semiconductor optoelectronic and nanophotonic devices having
complex device geometries and medium dynamics with full spatial-temporal solutions &t the
microscopic level. We will show that although the model is complex enough to include al the
essential physical effects, it is simple enough to achieve fast computationa time.

In this paper, we present the basic formulation of this powerful genera model with
applications to direct bandgap semiconductor, ultrafast optical phenomena, and multimode
microdisk semiconductor laser as illustrations, which also validate the computational stability
and efficiency of the model.

2. General approach

In the past, various methods have been proposed to model active medium in FDTD
simulation. They can be grouped into two main categories. the macroscopic approach [Ref. 3]
and the microscopic approach [Ref. 4]. The macroscopic approach models the medium gain
by introducing a negative frequency-dependent conductivity term into Maxwell equations and
solve for the imaginary part of the polarization, while the microscopic approach explores rate
equations. The rate equation approach in [Ref. 4] employed a modified classical electron
model to describe the gain and absorption dynamics of an atomic system with a single
electron. Recently, we have introduced a quantum mechanical model of a 4-level 2-electron
atomic system with the incorporation of the Pauli Exclusion Principle for FDTD simulation
[Ref. 5-8]. The employment of two electrons enabled us to provide a simplified model for
semiconductor, which took into account a simple picture of electron-hole pumping dynamics
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from the lower valence band to the upper conduction band. Our guantum-medium model
[Refs. 5-8] with four energy levels and two electrons governed by the Pauli Exclusion
Principle is an advancement over the previous models. However, the model is still too simple
to properly encompass the complex physical effects in the medium such as the semiconductor
energy band structure, band-filling effect with Fermi Dirac statistics, carrier induced gain and
refractive index change, and carrier relaxation to thermal equilibrium after excitation. As a
result, much of the transient and nonlinear behaviors in the medium were not included.

The typical approach to modeling carriers in semiconductor band structure involves
solving Bloch equations at many energy states in the momentum space (k-states) [Ref. 9, 10].
In FDTD simulation, the structure to be simulated is first discretized spatially, and then the
electromagnetic field at each spatial point is updated at each time step, making FDTD an
intrinsically numerically intensive method. Now in addition to all that, if we use the typical
approach of semiconductor modeling, then for each grid, we will have to update the carrier
distribution function in many k-states at each time step [Ref. 11], making the computational
time forbiddingly long. The original k-states are quantized states given by k,=2rn,/Ly, which
is dependent on the size of the medium L,. As these k-states are energy broadened by the
spontaneous decay time, we may combine the original k-states into energy-broadened k-states
that are interspaced by the spontaneous decay width. With atypical spontaneous decay time of
~ 3ns for direct bandgap 111-V semiconductors, there will be ~10° energy broadened k-states
within a typical 50nm wavelength spectral width of interest at the optical communication
wavelength of A=1550nm. Thisis still alarge number for FDTD simulation.

In our 4-level 2-electron FDTD model treatment [Ref. 5-8], it is pointed out that due to the
short dipole de-phasing time of excited dipoles in semiconductor (~100fsec), comparing to the
spontaneous decay lifetime of 3nsec, one can further represent many energy-broadened k
states by one effective k state, provided the electron-scattering process that affect the dipole
phase is lumped into an effective dipole dephasing time. For, example, a dipole dephasing
time (T,) of ~50fsec will result in a spectral broadening of AA~50nm (FWHM) at A=1550nm.
Thus, only afew such dipoles are needed to cover a wavelength range of 100-300nm, which is
sufficient for various optoel ectronic and photonic device applications.

It turns out that the dipole dephasing is due mainly to the thermally activated carrier
scattering. At room temperature, the thermal energy of ksT (kg is the Boltzman constant and T
is the Kelvin temperature) corresponds to a FWHM energy broadening of 7A@ =18meV
(AA=35nm at A=1550nm). For a solid-state medium with strong electron interaction, the
dipole dephasing may correspond to the thermal energy, giving a thermally-induced dipole
dephasing time of T,=2/Aw=75fsec a 300K. Thus, athough the effective values for T, in
different media may depend on the actual dephasing mechanisms (the T, value can be
experimentally obtained from the homogeneously-broadened linewidth), they will be in the
order of ~100fsec [Ref. 9, 10]. Hence, the fast dipole dephasing is generally applicable to all
solid-state media with strong electron interactions. This means that most solid-state media can
also be modeled with only a few dipoles to cover a wide wavelength range. While illustrated
for the case of semiconductor, the DTEQM-FDTD modeling approach developed here can be
adapted for modeling a wide range of solid-state, molecular, and atomic media.
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Fig. 1. electron dynamicsin our 4-level 2-electron model [Refs. 5-8]: (a) eectron interband and
intraband dynamics in semiconductor medium under excitation of photon with above-bandgap
energy; (b) representation by four energy levels and two electrons.

To set up the model, let usfirst consider a simple case for which a semiconductor medium
is under optical excitation with above-bandgap energy, as shown in Fig. 1(a). The medium is
at ground state initially. Under excitation of the photons, the electron at the corresponding
energy (position 1) will undergo interband excitation to the conduction band (position 2),
leaving a hole at the valence band. The electron at position 2 and the hole at position 1 in Fig.
1(a) will then undergo intraband decay to the band edge positions 3 and 0, respectively,
through phonon-assisted processes. The hole position moving from 1 to 0 in the valence band
is equivalent to electron moving from position 0 to 1. Subsequently, the electron and hole will
recombine via radiative or nonradiative decay and the medium will return to its original
ground state. Current injection via p-i-n junction can likewise be modeled by pumping
electrons electrically from the lowest valence-band level to the topmost conduction-band
level. In this example, we can see that the broad dynamics for the electron transition can be
described by having two electrons resting in four energy levels, as shown in Fig. 1(b). To
ensure that the electron will not decay to the lower level unless there is an energy-state
vacancy, Pauli Exclusion term was implemented. This forms the basis of our earlier 4-Level
2-Electron Model with Pauli Exclusion Principle [Refs. 5-8].

E E
\ J— f
\\ 4 \7*/
\ N~— | 7

N
/

Fig. 2. The multi-level multi-electron model for FDTD simulation of semiconductor material.

To more accurately model semiconductor medium dynamics, additional energy levels and
electron dynamics are needed. The main idea of our multi-level multi-electron model
discussed recently [Ref. 12] is to divide the conduction and valence band states to severa
groups, and then represent each group by a single dipole with broadened width, as shown in
Fig. 2.

By doing so, the semiconductor medium dynamics included are: interband carrier radiative
or nonradiative decays, intraband carrier relaxation, and interband transition (gain or
absorption). The semiconductor density of states is accounted for in the multiple energy level
structure. Implementation of Pauli Exclusion Principle for the transitions between any two
levels will result in carrier band-filling effect but would not account for finite temperature.

In our model, finite temperature is accounted for by a temperature-dependent intraband
carrier-hopping dynamics that ensures Fermi-Dirac thermal distribution for the electron/hole
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occupation in the steady state, which we refer to as dynamical Fermi-Dirac thermalization. As
will be seen below, this multi-level multi-electron model gives the expected band-filling
behavior for a direct bandgap semiconductor. In a more sophisticated situation not shown
here, by using temperature as a spatial-temporally varying parameter, this approach will
enable the FDTD model to treat thermally activated carrier scattering process and carrier
heating or cooling under transient excitation in both space and time, while solving for the
interaction of the electromagnetic field modes with the medium. The spatial movement of
carriersis also not shown here but can be built on top of the FDTD model [Refs. 9, 10].

Thus, the basic DTEQM-FDTD model developed here, when combined with a lattice
temperature diffusion model and/or a spatial carrier diffusion model, will result in a powerful
device model with sophisticated spatial-temporal solutions for both the medium and
electromagnetic field. When applied to semiconductor, we will simply refer to the DTEQM-
FDTD model as “dynamical-semiconductor-medium FDTD” (DSM-FDTD) model.

3. The dynamical-semiconductor-medium (DSM) FDTD model

The energy-level structure for the DSM-FDTD model considered below is shown in Fig. 3.
The continuous semiconductor band structure is simplified to discrete levels. The conduction
band levels are labeled asi_c and the valence band levels are labeled asi v, wherei=1,2, M
and M is the total number of levels used in the model. E; represents the transition energy
between levels i_c and i_v and obeys E; =hw =2zkc/ 4. Levelsi_c and i_v are used to

represent the conduction and valence band states, respectively, with optical transition energy
between E2 =E —(E -E,_,)/2 and E2 =E, +(E, —E)/2, so the densities of states per
unit volume (volume densities of states) N and N ini_c andi_v, respectively, will be the
sum of all the volume densities of states with energy in the bracketed interval [ E2 , E? ] as
N?C,V)i :jEE: pcy(E)JE , where p.(E) is the number of states per unit volume per unit

energy at the optical transition energy E for conduction band (C) and valance band (V).

E
i+ e “% o /
i_c--{NENG ]
l’—?..._ i-lfc" \ /AECl
C L T(@Li-DC\T(-1.)C 7~ s Eff.
i-1_c == Tir EP
i k
1 vl.._.].T.V. (e ==
. i+1_v =T

Fig. 3. The multi-energy-level model for the FDTD simulation of semiconductor material

If we take level i_c as example, the semiconductor carrier dynamics we considered in the
model include: (1) interband radiative and nonradiative decays between conduction band
levelsi_c and i_v with decay time 7; (2) interband transition (stimulated decay or absorption)
governed by dipole matrix element; (3) intraband down-transition (phonon-assisted decay)
fromi_c to i-1_c with transition time 7 .1)c; (4) intraband up-transition (thermally activated)
fromi-1_c to i_c with transition time 7;.1c; (5) Intraband down-transition from i+1 ctoi_c
with transition time 7;.4yc; (6) intraband up-transition (thermally activated) fromi_ctoi+1_c
with transition time 7;.1)c. Note that intraband transitions are between adjacent levels with
timeslabeled by 7 ncv, Whereindicesi and f [abel theinitial and final levels, respectively.
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4. Quantum derivation of basic set of equationswith minimal approximation

To obtain the basic set of eguations governing the multi-level system quantum mechanicaly,
let us first consider the optical interaction that occurred between interband levels. All the
carrier dynamics below are described by electrons, including the hole carrier dynamics in the
valence band. However, the electrons in the conduction and valence bands are characterized
by different effective masses and intraband transition rates. The eguations governing the
transitions can be derived as follows.

We first start with the following exact minimal-coupling non-relativistic Hamiltonian
describing atom-field interactions for a collection of Ny single-electron atoms [Ref. 13]:

~ 1 Ny ~ R 2 No .
=1 j=

1.d(Qen)

+= IV d3 zg 2y (1 0)+ 22oH 2 (1, O]+ Hpp (1)

where Fej is the position operator of the electron in the j™ atom, ﬁej is the canonical

momentum operator of the electron in the j™ atom, m is the electron mass, e = -|¢| is the
Ny .

electron charge. The second term Zoj Hg; is the Coulomb interaction energy. The last term
j=1

ﬁph is a dipole dephasing reservoir Hamiltonian similar to that given in [Ref. 13]. The

dynamics of the heavy nucleus has been neglected. Em and H me are the mode amplitudes of
the electric and magnetic field operators and the field operators are given by:

|k r (t)

A (), 0= 3 Gnens[oms (08 &l (e Ty,

Efy ®).0) = 3 i ne oline O8O _al e OIS E L Fs )1,

LA g (),8) = X i0m K o X Ay (04O +81 @) T V] = z A (P (0,1) ,(2)

where gp, = [V, [(26VoN@mOIY 2 in which nyn = &n2 is the refractive index of the

embedded medium at frequency Q,, @, = |k, |C/ Ny, is the angular frequency of m" field
mode, and v,,, =0Q, /K, is the group velocity. Vg is the volume of quantization. The
constant g given is valid for quantized field operatorsin a dispersive dielectric medium [Ref

14]. The operator a,,,(t) and a (t) are the annihilation and creation operators of the m"

field mode with polarization o (0=1, 2), and e, is the unit vector representing the o
polarization of mode m. The mode number m = {m,, m,, m;} can be indexed by its m,, m,, m,
components with k, = ke, + ke, +Kpe, and |kn| = 2nmdLy, |kn| = 2nrm/Ly, K| =

2nmJL, so that Ly, Ly, L, are the X, y, and z dimensions for an arbitrarily large volume of
quantization Vg (Vo = LyLyL,). The mode numbers take on positive and negative integer values
asmy.€ {0, 11, £2, 3, ...}. Using Heisenberg equation of motion, we obtain:

da t i R i
ancﬁ() :;[H(t), A (1)] =—1Q amcr(t)""gmz_[pej (t) - eA(r (O.1)]-e,€ ik T ()
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derg (t) i - di; (t
er;() I[H(t) efg ()] = [ﬁq () —eA(fg (1),)] = H© ) ©)
Me

dt
where i jt)= e(rej (t)—ry) isthe atomic dipole moment operator (ry; is the nucleus position).
This gives:
Foel) o b, (t)+|gmz—” at( ) s, 4
To show how to incorporate three-dimensional (3D) polarization vector, we consider a
simple case where a two-level system has three upper levels | Eu i with se{x, y, zZ} and one
lower level |Eg). N g () and N, J-(t) are the atomic number operators in ground (g) level and
upper (us) levels, respectively [Ref. 15]. We have the atomic energy down transition operator

= |Egii( By, |, the atomic energy up transition operator VgTu J = | By )i{Egl, and the dipole

matrix element g, | = (Ug| il |g> . For simplicity, we will represent us by s and drop

subscribes g in gus, so that \79u i _V VJUJ —V;-r and Kguj =Mg - Under electric dipole

approximation, A(Fej (t),t) is replaced byA(rnj ,t), where r; is the classical position of the
nucleus [Ref. 16].

The Hamiltonian can then be expressed in terms of these atomic and field operators
(referred to as second quantization), which becomes H = H Atom T H Fidd + H A With

H atom = Zha)gﬁgj (t)+Zha)Sﬁsj ), (5)

Hap =-Yioa[ngVy (1) —igVg (] A(rm,t)+2—meA (g 1), (6)
is

=Y mm[é,tv(oém(t)@] : @)

where @ =wsa, The 3D atomic dipole moment operator vector i j (t) can be expressed in
\73 and \7‘;r as ()= g[uq-\ig(t)w;\?s ®)]= %ﬁs— (t) . From the second quantized

Hamiltonian, we can derive the following equations for the atomic operators using the
Heisenberg equation of motion:

vy ()
dt

. - a)alus] A A~ ~
=—im,Vyg (1) + P (Ng () —Ng () As(rpy 1),

av ) . .l
9 ; T ary
———=iw Vg4 1)+

dt a5 (1) h

(g (t) — gy O Ay 1)
dfig (t)
dt
dfig; (t)
dt

=~ S8V (0 + 15V OIA (1 1) = =2 g (OA (7 1),
= z%[ﬂ;\éj () + 115 Ve OIA (1) = z%ﬁg DAy, (8)
where &(rnj,t)z > A(rnj,t)-eS . For a single electron system, we have the

E{vayz}
completeness relation fg (t) +> g (t) =1.
S
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5. M ulti-electron treatment

In the case of a system with multiple (2 or more) electrons, following the usual multi-electron

treatment, the atomic number operators ﬁgj and ﬁs]- shall be expressed in terms of the

Fermionic electron creation operators (6; ,62) and annihilation operators (¢ , C5) as
fig (t) = €Y ()€ (1) and Ag (t) = &L (t)&g (t) [Refs. 9, 10], where these operators obey the
equal-time Fermion anti-commutation relations:
{61 0.8, O} =& (D8, O +CjOE (1) =Sy,
{6, O.8 O ={G¢; .6 ©)} =0,
where kg, k; €{g, s}. The atomic transition operators are then replaced by \751- t) = é;j (t)Cg (1)

and \75} ®= é; (t)égj (t) [Ref. 17]. This procedure is valid in the free carrier limit in which the

many-body Coulomb interaction effects associated with multiple electrons and other many-
body effects are neglected [Ref. 9]. The many-body effects often manifested themselves as
effective shift in bandgap energy, dipole relaxation behavior (e. g. Markovian vs. non-
Markovian) [Ref. 11], density-dependent broadening and saturation, excitation-induced
dephasing, or scattering of carrier and polarization [Ref. 9]. These effects could be
incorporated phenomenologically by effectively fitting the relevant parameters and in some
cases by modifying the parameters in the DTEQM-FDTD model dynamically and using the
time-dependent carrier density distributions as state parameters. The Hamiltonians in Egs. (5)
and (6) then become:

H aom = X 104€5 (08 (t)+2hws (0 (1), ©)
19

HAF - zla)a[uq ng (t)CgJ (t) “*s] (t)C (t)] A(rnj 't)+z_%A (rnj ' ) . (10)

Using the usual derivation of quantum Langevin equations of motion from the
Hamiltonian [Ref. 18] by tracing over the thermal field reservoir states, which is equivalent to
solving (using Egs. (8)) for the atom-field operator evolutions to the first order under
Markov's (memory-free) approximation, we will obtain the spontaneous decay terms. It turns
out that with use of the Fermion anticommutation relations of the electron creation and
annihilation operators, the decay terms for the electron upper-level population operator
ﬁ-(t) will be in the form of n Ng (t)(1-Ng; (1)) , which gives the Pauli Exclusion PrmC|pIe

[Refs. 5-8]. This is because the electron transition rate term proportional to n ®O@a-n, gJ 1)
will reduce to zero when the lower level population ngj (t) becomes 1 or fully occupied. The
equations of motion for the atomic operators then become the followings:

dv (t . . N . .
50— i3 (0 73 0+ 225 3y 0~y Ay 041y, 0
v o Oally 5
— = 10aV4 0= 1sV5 (0 +— = (g (0 - fig Ay 0+ 1Y, O,
dng (t ~ A
”jt()=—msn O (0] -2 A5 Ay D+, ©),
dny (t ~ -
b ()—st O~ g (O0)+ £ s OAL.0-Tr, ©). (1
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where f ’s are the Langevin noise operators with zero mean [Ref. 18], ys is the decay
rate for upper-level population ﬁsj (t) , and yys is the dipole dephasing rate for operators

\75j (t) and \7; (t) that constitute the atomic dipole moment operator vector [i j (t) . Note that yys

= Ynd2 + Ypn Where g, is the additional dephasing rate due to I:iph [Ref. 13]. Taking the mean

values of these equations will give us a set of mean-valued equations for the electron variables,
which are used in the next section. The top two equations of Egs. (11) can be used to derive a
second-order differential equation for the dipole [Ref. 5-8]. If we specialize to only the two-
level transition between one of the Ag(t) and ng (t) for simplicity, we will obtain the

following equation:

0%l (t ol (t
‘;ltqz()-l-zst #;t()+[a) (2a)a) |,us,| AZ(ry D1 (1)
=22 [y (t)—ﬁg“- 1Ex(ry 1) (12)

where we have dropped small terms by assuming that Qn, >> s, s The ASZ termin Eq. (12)

will affect Rabi oscillation but can be neglected at low intensity. Eq. (12) and the bottom two
equations of Egs. (11) together forms the complete set of equations for the medium variables.

6. Summary of medium-field equations for the multi-level multi-electron FDTD modé

Using the equations derived in sections 4 and 5 to describe the interband transitions, we
further include the intraband transitions phenomenologically in the rate equations with the
corresponding Pauli Exclusion decay terms [Refs. 5-8] and obtain the full set of mean-valued
equations describing the multi-level multi-electron model below. For simplicity, we consider
only one polarization direction (z) from now on and consider only s=zin all equations.

To begin with, we start with the Maxwell equations in which the electromagnetic field is
coupled to the macroscopic polarization density P(r,t) .

dH(r,t) :—iVxE(r,t);dE(r’t)_ 1 R — 1 dP(r,t) t)
dt Mo dt go gon dt

Let the z-component of P(r,t) be given by PB,(r.t)=e,-P(r,t) . The macroscopic
polarization density P,(r,t) represents the total dipole moment per unit volume. In FDTD,
the spatia region is subdivided into volume 3V that is small compared to the wavelength of
interest. The atomic dipole moment ; (t) a r; multiplied by the total number of dipoles No
(in volume V) divided by 8V will give P,(r,t) . Let the spatial region centered at ry; with
volume 6V be denoted as ( Mj s dV), we can then express P, (r,t) asfollows:

Ntz (t
RO kee, ov)= %() = U () Ngip-i () , (14

where N, (1) is the dipole volume density given by the number of dipoles No divided by

(13)

volume 8V . We will assign one macroscopic polarization density variable P,(r,t) for each of

the transition energy E; between the levels i ¢ and i_v. Thus Ny will include the dipoles
describing transitions centered at transition energy E; within energy width 8E and volume 8V,
SO Ngip.i () will be the volume density of dipoles for level i within energy width OE. We may

thus further label P,(r,t) with subscript i as B, (r,t). Let us denote the volume densities of
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states for level i in the conduction band and valence band by N (r) and NO(r),
respectively. We can then express the carrier volume densities N; (r,t) and Ny, (r,t) (within
energy width 6E) at levels i_c and i_v, respectively, in terms of N, (t) and ng(t) as

Nei (r,t) =n,; (1)-N& (1) and Ny (r,t) =ng (©)- NG (r) . In general, NG (r) and N§ (r) are

not equal, but we will show below that they are equal for a simple parabolic band case.
Furthermore, in a more complex semiconductor medium, not al the states are involved in the

dipole transitions. Let Né\i (r) and N\’,T(r) be the active states involving in the dipole
transitions having similar dipole transition strengths, the volume density of dipoles

Ngip_i (r) will be given by the larger one of N& (r)and Ny (r) [Ref. 19].
Using these relations, the polarization equation can be obtained from Eq. (12) by
multiplying both sides of the equation with Ny, ; () so that the microscopic dipole moment

variable z4;(t) is replaced by the macroscopic polarization B, (ry;,t), labeled as B, (ryy,t) (i=1,
2, M isthe level number). Generalizing it to any position r € (ry; ,0V) and we obtain:

*R (1), AR,

12
(02 + (2‘:’;) a2 A2, 01R, 0

dt? Lot .
_ 20y 12, Naip-i (1) ~ Naip-i (1) N £ 15
a1 N () (0= NG (OIE (D) (15)

where u; is the z-dipole moment matrix element j<Ei_C|[zzj |Ei_\,>j between levelsi_c and

i_ v and is given by |/12i|2:(37rh80c3)/(w§,-1i) . The rate equations for Ng(r,t) and
Ny; (r,t) in the conduction and valence bands are then given by:

dNg, (r,t
% =—AN; (r,t) = AN i_yc (r,1) + ANGiiaiye (1 1) + Woump (11 1)

dNy (r,t

% = AN; (r,t) + AN g jyy (F, 1) = ANG gy (F,1) =Woump (1) (16)

where the AN terms on the right hand side describe:
1. Intraband transition for conduction band in which AN ;_c(r,t) is the number of

electrons per unit volume transferred from conduction band level i_ctoi —1 c given by:
Nei (r DIL= Ny (1) /Ny (0] Ny (,DI2= Ny (1,8 NG ()]

Z(ii-nC =)

AN iy (r,t) =

17)
2. Intraband transition for valence band in which AN (;.,)y is the number of electrons per
unit volume transferred from valence band level i_vtoi-1 vandisgiven by:

Nyi (1 D1~ Ny gy (1)) NGy (1] Ny gy (1 DIL= Nyg (1,7 NG (1)]

TG i-1v ERY;

AN gy (1) =

(18)
3. Interband driven transition (gain or absorption) and spontaneous decay in which AN; is
the number of electrons per unit volume transferred from level i_ctoi_vandisgiven by:

No (0O (LD/NG O] g

7

AN (1.0 =8 A, (1,1)- R, (.0) +
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In Eq. (16) we have a pumping term Wy,m, On the right hand side, which allows us to
describe electrical pumping. If the current density going into an active material of thickness d
isJ(r,t) (A/m?), then Woumpis given by Wi, (r,t) = J(r,t) /(ed) , where e=1.6x10"°C is the
electron charge. The pumping terms are applied to only the largest E; level to simulate current
injection in semiconductor. Optical pumping can be simulated by introducing an optical
pumping beam, which will excite carriers from Ny; (r,t) to Ng; (r,t) via the first term in Eq.
(29).

Note that Egs. (16)-(19) conserve the total number of electrons in the conduction band
plus the valence band so that the “total density” Ny (r,t) = Neg(r,t)+ Nyp(r,t) = N;(r,0)

for electrons is time-independent, where Ner (r,t) => N (r,t) and Nyp (r,t) = Ny (r,t) .
i i

Thefield driven transition term in Eq. (19) isin the A-P form (instead of the —E(dP/ dt) form)

valid at far off resonance [Ref. 5-8]. TheAfterm in Eqg. (15) is important for high field
intensity case.

7. Discussion on humber density

In this section, we discuss the procedure to obtain the corresponding volume density of states
in each of the discrete energy levels. To obtain the correct volume density of states, we sum
up al the available states within an energy width 3E at the particular energy level in the
original band structure. In the multi-level model, energy level i will encompass all the optical

transitions between energy levels E2 =E —(E, -E_;)/2and E} =E +(E,,—E)/2 as

shown in Fig. 3. For a parabolic band structure, the volume density of states at each energy

level is calculated from the number of states per unit energy per unit volume p (E):

1
2

2m
p(E)dE = ; —

[ h
where AE is the energy measured from the band edges and are denoted as AE¢; and AE,; for
the conduction band and valence band, respectively. In a standard parabolic band structure,
AEg and AEy; are given by:
B nmy B mc

A =(B2 ~Bo) = ARy = (B ~Fo) =2 (21)
where me and my are the electron and hole effective masses, respectively, and Eg is the
bandgap energy. Hence, the volume density of states for energy level i, which is the number

132 AEY 24E | (20)

of states per unit volume with interband transition energy between E® and E? , will be

16y2me*my'*[(ES ~Eg)*? ~ (B - E5)*'’]
372.2}?3(”b +my )3/2

Naip-i (1) = NS () = IAAEEE"VV(:_D P(AE)dE =

(22)
In this case, we have NG (r) = N (r) = N& (r) = Ny (r) and hence can set the volume
density of dipoles Ny, (r) = N\% (r) . It is interesting to see that in this case the volume

density of states for level i_cis equal to the volume density of states for level i_v. However,
because of the difference in the intraband relaxation rates for the electrons in the conduction
band and valence band due to their different effective masses [Ref. 20], the number of
electrons and holes in the corresponding levelsi_c and i-v may not be equal.
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8. Modeling the Fermi-Dirac Ther malization Dynamics

At finite temperature, non-equilibrium electrons will transfer between intraband states through
phonon-assisted processes to achieve a quasi-equilibrium distribution, which is referred to as
the conduction band or valence band Fermi-Dirac thermalization. This effect is often modeled
by calculating the quasi-equilibrium Fermi energy levels for both electrons and holes. In a
time-domain numerical method, the Fermi energy levels will need to be updated temporally,
resulting in complicated calculations. In our model, we will show that the Fermi-Dirac
thermalization can be accurately achieved by assigning the right ratio between the upward and
downward intraband transition rates between two neighboring levels. The upward transition
mimics thermally excited carrier hopping. It turns out that the ratios between the upward and
downward intraband transition rates are independent on the Fermi energy levels, which
greatly simplify the simulation. To show that, let us illustrate using the intraband transition
rate equation between the conduction band levelsi_c and i-1_c given by Eq. (17) asfollows:

Nei (1, )[2- Negy (1) NSy (0] Negy (1 )I2- Ny (1) /NG ()]

T i-1C T(i-1i)C

AN ic(r,t) =

(23)
When the intraband transition between those two levels reaches steady state, we can
SetAN(jj_yc =0. The ratio for the upward transition ratez;_;j)c and downward transition

rate 7j;_yc betweenlevelsi_candi-1_cisthen given by:
Titiye . Negoy_s(O[A-Ng_s(r)/ NG ()]

Ziipc  Ng sOA-Negigy sr)/ NGy ()]
where Ng; gand Ny sare the steady-state carrier densities in levelsi_c and i-1_c that

(24)

shall obey the Fermi-Dirac thermal distribution function asfollows:

Nei s = f(ABG)-N& (1) = é(EQ_EFcl),kBT] — NGO, (25)

where Eg; is the energy of level i_c and Er. is the Fermi energy for the conduction band,

both measured with respect to conduction band edge. This gives:
1 e(Bai=Br)keT)

Ny ()= nO
tie _ eFon Bk g SOV GBIk g Ny () (e, -6y i (26)

Tii-yc IS (r) eEn D NG ()

(EaE)/keT) 4 o(Begn =B )T g
Similar relations can be obtained for the valence band case. Thus, we see that the ratio
between any adjacent pair of the up and down intraband transition timesis only dependent on
the energy difference between the two levels involved, the temperature, and the ratio between
the volume densities of states for the two levels. It is independent on the Fermi energy levels
Er. and Eg, . This leads to a significant simplification of the simulation as there will be no

0
“Ngi

need to update the Fermi energy level at each spatial grid point. The temperature T describes
the local crystal lattice temperature of the medium and, if necessary, can be treated as a
spatial-temporal parameter T(r,t) determined separately by thermal diffusion equation. This
thermalization also applies to interband but large energy gap makes its contribution negligible.
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9. FDTD implementation

In order to implement FDTD simulation, we divide the spatial region of interest into discrete
spatial grid points [Ref. 1]. We assume the dipole to be al in the z-direction. In this case only
E, will be interacting with the medium. We use v, u, wto label the spatial grid pointsin the X,
y, z coordinate directions, respectively. The set of discrete difference equations for the
carrier’ s volume-density variables are then given by:

n+1 n-1
NCi |U—1/2,V+l/2,W: NCi |u—1/2,v+1/2,w
n n n
+ZAt(_ANi |u—1/ 2,v+1/ 2,w _AN(i,i—l)C |u—1/ 2,v+1/2,w +AN(i+l,i)C |u—1/ 2,v+1/2,w +\Npump) '
n+1 =N n-1
N\ﬁ |u—1/2,v+1/2,w_ Vi Iu—l/2,v+1/2,w

n n n
+2At(ANi |u—1/ 2,v+1/ 2,w _AN(i,i—l)V |u—l/ 2,v+1/2,w +AN(i+:Li)V |u—l/ 2,v+1/ 2,w _Wpump) '
a) .
n _ Wayi n n
ANi |u—1/ 2,Vv+l/2,w— h Az |u—1/ 2,v+1/2,w 'Plz |u—1/ 2,v+1/2,w

n n 0
N Nei lu—ts2vr1r2w Q= Ni by 22w T Niv licar2ve172.w)
7

n n 0
Nai li-1/2v+1/2,w [1= Negicy i avarzw I Ni—ye b-1/2.v+1/2,wl

AN izne etz zw=
Z(ii-1C

n n 0
~ Negioy lu-vzvr2w 1= Nei licy2vsar2w I Nic li-arz,var2,l

T(i-1,)C

n n 0
Nvi lu-1/2v+17 2w [1= Ny iz 22w I Ni—yv o121 2,wl

ANG iy N1/ 2vs1/2.0=
T(ii-v

n n 0
~ Nyioy brvzvrrzw 1= N licarzvsarew I Niv by 22,

Zi-1iv
d n+1 M n+1 M 0 M 0
2 Nei b zvsrzw+ 2 N 22w = 2 Nic biearzvsarzw= 2N bea2wvarzw - (27)

For the macroscopic polarization, we have:

P n+1
1,z lu-1/2,v+1/2,w

2
2,2 Wy 2 52
4-2At" (w5 +47h2' l|” A7 U121 2.w)

- R z |3—1/2v+1/2w
2+ At-y, ' Ve

+At~;/i—2
2+ Aty

n-1
R,z |u—1/2,v+l/ 2,wW

2
4At [

2 n n n
O Pa 2 (Ng [ Ny E, [N
2t At'?’i)|ﬂl| (Ngi lu-1/2v+1/ 2w =i lu-1/ 2v+172w) Ez li-1r2v41/ 2w

(29)
The update of the electrical field componentsin z direction will be:
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1 M 1
Ez |3J—r1/ 2v+l/2,w= Ez Iﬂ—ll 2.v+1/2,w ——Z (F|>z |3J—r1/ 2,v+1/2,w _F|>,z |3—1/ 2,v+1/ Z,W)
€i=1
At At (29)
1/2 1/2 1/2 1/2

+E(Hy lvir 2w —Hy 02viar 2.w) —Zy(Hx o/ 2w —Hx B 2uw) -
All other electric and magnetic field components (E,, E,, Hx, Hy, H,) follow the usual updating
schemein Yee' s agorithm [Ref. 1].

10. FDTD smulation examples

In order to validate the DTEQM approach for FDTD computation of complex media, we will
give severa simulation examples using the model discussed above. We assume a
semiconductor bulk medium with bandgap wavelength of 1550nm and model it with the
simple parabolic band case. The effective masses for the conduction and valence bands are
0.046m, and 0.36m, respectively, with m, being the free electron mass. The energy levelsE’s
are spaced by constant wavelength spacing AA. If we use 5 energy levels for conduction and
valence band and let AA=50nm, then the optical transition wavelengths for the discrete levels
will be 1525nm, 1475nm, 1425nm, 1375nm, and 1325nm. The interband decay rate t; for
typical direct-gap semiconductor bulk medium and quantum well of interest ranges from
hundreds of picoseconds to nanoseconds [Ref. 21]. In the simulation below we use ti=1nsec.

For illustration purpose, we set the downward intraband transition time z;j.q)c for
conduction band electrons to be about one picosecond and set the downward intraband
transition time ;.1 i)y for valence band electrons to be about 100fs, which are within the range
of values given in the literature [Ref. 20]. The upward intraband transitions for conduction
and valence bands are then set to follow the ratio given in Eq. (26). The initial random
distribution of carriers will relax to the quasi-steady-state Fermi-Dirac distribution within the
time scale given by the intraband transition rates. The dipole dephasing time is set to be
~50fsec. As those medium time-constants are several orders of magnitude larger than the
optical period, it will not affect the choice of the FDTD time step (typically 1-2 orders of
magnitude smaller than the optical period).

10.1 Application to stead- state absor ption spectrum — band filling effect

To show the band-filling effect, we used the semiconductor medium parameters discussed
above and studied its steady-state absorption spectrum. We simulated the same medium using
both 5 energy levels and 10 energy levels. The total valence band volume density of states

NO; obtained by summing over all levels in the valence band are kept to be the same at NO;

~7x10% m™ to give reasonable bulk absorption coefficient. We electrically pumped a 2 um
long semiconductor medium along a 1 wm wide waveguide to different carrier densities. After
atime period of constant pumping, the carrier density in the medium will reach steady state. A
weak and short optical pulse (300fs FWHM) is then launched into the semiconductor
waveguide and propagated through the medium as a probing signa to obtain medium
information such as the absorption spectrum.

The absorption spectrum is calculated from the Fourier Transform of the output pulse
comparing to the input pulse. The result is plotted in Fig. 4, where Fig. 4(a) shows the
spectrum when 5 energy levels are used for the conduction and valence bands and Fig. 4(b)
shows the spectrum when 10 energy levels are used with AA=25nm. Comparing the result of
Fig. 4 with the typical semiconductor gain/absorption spectrum [Ref. 22], we see the expected
gain spectrum broadening and the shift in the peak wavelength of the gain spectrum with
increasing carrier density. The gain spectrum broadening is a result of band filling and is the
main reason why it is it difficult to get high inversion in semiconductor amplifiers. Although
the 10-level case gives much smoother spectrum, the 5-level case can already show the

#8367 - $15.00 USD Received 2 August 2005; revised 31 March 2006; accepted 2 April 2006
(C) 2006 OSA 17 April 2006/ Vol. 14, No. 8/ OPTICS EXPRESS 3583



essential effect covering a broad wavelength range from 1300nm to 1600nm. In many device
applications, the spectral coverage does not have to be that broad and fewer levels covering ~
100 nm can be used.

@ o OF
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Fig. 4. Absorption spectra at different carrier densities obtained by using different number of
energy level pairs: (a) 5 level pairs, (b) 10 level pairs.

10.2 Application to ultrafast transent response

The absorption of a short laser pulse with an optical frequency above the bandgap in a
semiconductor creates free electrons and holes with an initial energy distribution that is
essentially determined by the optical spectrum of the laser pulse. Within a very short time
scale, this non-thermal energy distribution is transformed by carrier-carrier scattering into a
quasi-equilibrium Fermi-Dirac distribution [Refs. 9, 10]. This process of spectral hole burning
and subseguent thermalization is a representative example of ultrafast phenomena in
semiconductor [Ref. 23]. Figure 5 shows the normalized number density in the discrete energy
levels as a function of time when the semiconductor waveguide is pumped by a 300fs
Gaussian pulse with a peak intensity of 200MW/cm? and a center wavelength of 1425nm. We
see that the electrons in the valence band relax to quasi equilibrium much faster than the
electrons in the conduction band, exemplified by the steeper slope of the valence band
electron relaxation curves. The transient evolution of the entire absorption spectrum can aso
be obtained [Ref. 12].

(@ (b)
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20000000 ' '~'~,I band electron — ne2
2 o8
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Fig. 5. Medium'’s transient response under strong optical pumping: (&) input optical pulse; (b)
normalized volume density of states at each of the 5 energy levels in the conduction and
valence band as a function of time.

10.3 Application to simulation of multimode microdisk laser

Next we apply the DSM-FDTD model to simulate the lasing behavior of a microdisk
semiconductor laser [Refs. 24-26] using 2-dimensional FDTD with the 5-level model on a
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2GHz cpu Pentium PC. The laser gain medium is a semiconductor bulk medium given by the
example above in Fig. 4(a). Let us consider a 2-um diameter [Fig. 6(a)] microdisk for which
the effective waveguiding refractive index of the disk is n=2.7 and the disk is held in air (n=1)
by a pillar at the center of the disk. Here we assume the optical mode has 40% overlapping
with the active medium in the vertical direction.

€Y (b) (©)
i x10° ; 3
o
-~
260 4 0
s o 2
200 . 2 §
2um \\lJ £
N N
1 150 - : o 5 1.
n= [
PR
100 “.‘. -2 ?
. %o
50 B Z’
. £ 0 1000 2000 3000 4000 5000

0 Pumping current density (A/cmz)

Fig. 6. Simulation of microdisk laser: (a) dimension and refractive index of the microdisk laser;
(b) simulated electrical field pattern when lasing; (c) optical intensity inside the microdisk laser
at different injection current densities.

We pumped the disk with different electrical current densities and plotted the optical
intensity inside the disk as a function of the injection current density (Figs. 6(b) and 6(c)). As
spontaneous emission noise is not yet included in the theory, the medium is hit with an optical
pulse to initiate lasing. After that, self-sustained lasing behavior can be achieved a above
threshold. In our simulation, we ran for ~2000 cavity round trips to achieve the steady state
and used a FDTD spatia grid resolution of ~A/30. The laser simulated showed a threshold
current density of ~400A/cm?, which corresponded to a carrier density of 2.5x10% m>. This
carrier density is above the transparent carrier density of 2x10” m™ shown in Fig. 4. The
lasing spectrum inside the cavity is plotted at four different current levels above threshold as
shown in Fig. 7(a). At current just above threshold, only one lasing mode is present. At
pumping current density 48kA/cm?, the second mode starts to appear. The two modes are the
TMOg, 1 and TMOg 1 Whispering gallery modes of the microdisk cavity. Note that the lasing
spectral width shown here is not the real laser linewidth as noise is not included in the current
model. The “linewidth” here is actually transform-limited linewidth and is resulted from the
limited time period in which we performed Fourier transform on the laser cavity field.

Another interesting effect is that as the pumping level increases, the carrier level increases
inside the microdisk due to band filing. This leads to a change in the refractive index
(An~0.003) of the microdisk cavity, which then leads to a change in the lasing wavelength.
Fig. 7(b) shows the dlight shift in the lasing wavelength as the injection current level
increases. The intensity-induced lasing wavelength change as well as the multi-mode lasing
effect would be difficult to simulate without the sophisticated semiconductor model
introduced here.
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Fig. 7. (8) Lasing spectra of the 2um diameter microdisk laser at different injection current
densities showing multimode lasing at high current of 43kA/c? (b) zoom in to show the
wavelength shift in the first lasing mode.

11. Computational overhead and FDTD medium model extension

Perhaps the most important criteria in evaluating the feasibility of a FDTD semiconductor
model are its computational complexity, which resulted in long computational time. The
DSM-FDTD model illustrated in this paper gives a semiconductor model with minimal
computational complexity that can till take into account the essential semiconductor carrier
dynamics such as band filling, carrier transient effects, and carrier induced refractive index
change. When using five energy-level pairs for the conduction band and valence band, the
total computational time for a simulation where the entire geometry is filled with the
semiconductor medium is 8 times of the same code without the medium. In a typical
geometry, the active medium may occupy only a small fraction of the entire area of
simulation, which can be on the order of 10%. In that case, the computational overhead is only
~ 1x. This makes the model useful for awide range of FDTD simulations.

Although the current model has taken into account most of the essential semiconductor
carrier dynamics, there are other effects that could potentially be included in the model
depending on the particular device simulation requirements. For example, carrier diffusion
could be included into the FDTD equation straight-forwardly by adding a spatia carrier
transportation term in EqQ. (27). Noise term can be included to give the spontaneous emission
linewidth and the lasing linewidth. Carrier heating and cooling can be more accurately
described by alowing the carrier temperature to evolve in time. Also, non-radiative and
higher-order Auger recombination effects can be included [Ref. 9, 10]. Furthermore, quantum
well and dot and their carrier capture dynamics can be modeled. However, one should only
include the most essential effects sufficient for simulating the device behaviors of interest to
reduce the computational burden.

12. Discussion and summary

In summary, we report a new computational model of material media capable of modeling the
nanostructure and electronic dynamics of sophisticated active materials often needed in
photonic device smulations. The media that can be modeled include solid-state and
semiconductor type media, as well as molecular and atomic type media. This modd is
computationally efficient for incorporating into the FDTD electrodynamics simulation.

The model is based on a multi-energy-level multi-electron quantum system in which the
electron dynamics is governed by the Pauli Exclusion Principle and the dynamical Fermi-
Dirac Thermalization. The medium is described by a set of rate equations derived quantum
mechanically. The formulation is based on the basic minimal-coupling Hamiltonian extended
to incorporate multiple electrons via second quantization using Fermion creation and
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annihilation operators. The set of rate equations and dipole equation describing the model are
obtained without the usual rotating-wave approximations and can be applied to the regimes at
near or far off-resonance as well as high field intensity.

We refer to this model as the Dynamical-Thermal-Electron Quantum-Medium FDTD
(DTEQM-FDTD) model. It is built on top of our earlier 4-level 2-electron model with Pauli
Exclusion Principle [Ref. 5-8] but extended to multiple levels and multiple electrons with the
important inclusion of dynamical Fermi Dirac thermalization. We show that the Fermi-Dirac
thermalization can be incorporated via a temperature-dependent carrier hopping process,
which mimics thermal carrier excitations. This dynamica process enables the simulation of
carrier decay from non-thermal equilibrium after excitation to a quasi equilibrium carrier
distribution governed by the quasi Fermi-Dirac distribution.

In application to semiconductor, this DTEQM-FDTD model takes into account the
transient intraband and interband electron dynamics, the semiconductor band structure, and
carrier thermal equilibrium process for the first timein FDTD simulation, and is referred to as
the Dynamical-Semiconductor-Medium FDTD (DSM-FDTD) model. The DSM-FDTD model
automatically incorporates energy-state filling effect. It also incorporates the typical nonlinear
optical effects associated with carrier dynamics and thermally activated carrier scattering
process under transient excitation spatial-temporally. The model also allows separate electron
dynamics in the conduction and valence bands. These capabilities empower the model to treat
sophisticated optoelectronic and nanophotonic devices having complex geometries with full
spatial-temporal solutions at the microscopic level under electrical or optical excitation. A
further extension of the FDTD model to include spatial diffusion of carriers, lattice
temperature heating or cooling, and carrier dependent medium parameter shifts due to many-
body effects will make it a highly powerful optoel ectronic and photonic device simulator.

Most importantly, we show that the FDTD model is sophisticated enough to incorporate
the essential multi-physical effects in complex media and yet is simple enough to achieve fast
computational time. We illustrated the application of this powerful new model to FDTD
computation with the simulation of the entire gain and absorption spectra of a direct-bandgap
semiconductor medium, showing the carrier band filling effects with Fermi-Dirac statistics.
We then illustrated the application of the FDTD model to simulating spectral hole burning of
carriers under a strong optical pulse with subsequent decay to therma equilibrium
representative of ultrafast phenomena in semiconductor. To illustrate its applications to
photonic devices, we simulated a microdisk laser in which a second lasing mode is excited
due to gain bandwidth broadening at high medium excitation. We aso show the shift in the
lasing frequency with increased excitation due to carrier-induced refractive index change.
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