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quiphase-sphere approximation for analysis of light
cattering by arbitrarily shaped nonspherical particles

u Li, Zhigang Chen, Allen Taflove, and Vadim Backman

We extend the previously proposed concept of equiphase sphere �EPS� to analyze light-scattering prop-
erties of arbitrarily shaped particles. Our analyses based on the Wentzel–Kramers–Brillouin technique
and numerical studies based on the finite-difference time-domain method demonstrate that a wide range
of irregularly shaped particles can be approximated as their equivalent equiphase ellipsoids to determine
their total scattering cross-section �TSCS� spectra. As a result, a simple expression given by the EPS
approximation can be used to calculate the TSCS spectra of these particles. We find that the accuracy
of the EPS approximation is influenced by both the magnitude and the geometric scale of the surface
perturbation of the particle, and we derive validity conditions of the EPS approximation to guide the
practical application of this method. © 2004 Optical Society of America

OCIS codes: 290.5850, 290.0290.
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. Introduction

ight scattering by nonspherical particles is of sig-
ificant research interest in a variety of disciplines
uch as optical tissue diagnosis,1–6 astronomy, mete-
rology, and remote sensing.7 It is well known that
ost natural particles have nonspherical geometries.
owever, no general analytical theory has been de-

eloped to characterize light-scattering properties of
rbitrarily shaped particles. These particles are of-
en replaced by spheres with an equivalent volume,
n equivalent surface area, or an equivalent cross-
ectional area and then modeled with Mie theory.
owever, to our knowledge no systematic analysis
as been developed to guide the optimum choice of
he equivalent sphere of an arbitrary particle.
oreover, no general rules have been established to

etermine the validity criteria to apply such approx-
mations. As a result, Mie theory has been applied
n many applications only semiempirically at best.
herefore it is of critical importance to develop sim-
le, yet accurate, approximation methods to model
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ight scattering by a wide range of nonspherical par-
icles and, importantly, identify their validity condi-
ions.

Significant research interest has been focused on
he spectral properties of the total scattering cross
ection �TSCS� of particles with sizes in the resonance
ange. TSCS plays a fundamental role not only in
ight scattering but also in light transport in turbid

edia. The most distinctive feature observed from
he TSCS spectrum �s��� of a spherical particle with
efractive index n � 3 is the interference structure,8
hich refers to slow oscillations of the TSCS as a

unction of wavelength with the frequency of these
scillations proportional to the diameter of the parti-
le. The interference structure is evidently noted in
he well-known approximation derived by van de
ulst9 for spherical particles with a low refractive

ndex, i.e., n approaching 1.

�s��� �
1
2
�d2�1 � 2 sin ��� � 4 sin2���2���2	, (1)

here d is the diameter of the spherical particle and
is the maximum phase shift of a light ray propa-

ating through the particle along a straight path with
espect to the phase shift of a light ray propagating
utside the particle:

� �
2�
�

d�n � 1�. (2)
10 August 2004 � Vol. 43, No. 23 � APPLIED OPTICS 4497
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ith sufficiently large �, the higher-order term 4
in2���2���2 can be neglected in Eq. �1�, and the os-
illation of the interference structure is predomi-
ately due to the sin����� term. Thus the diameter
f the particle can be easily derived from the oscilla-
ion frequency:

d �
1

n � 1
�1�2

��2 � �1�
, (3)

here �1 and �2 are wavelengths corresponding to
wo adjacent maxima or minima in the TSCS spec-
rum.

This direct association between the size of a spher-
cal particle and the oscillation feature of its TSCS
pectrum makes the van de Hulst approximation one
f the most useful formulas in the domain of Mie
heory. For applications involving nonspherical
articles, however, it is important to answer the fol-
owing questions: Is the interference structure a
nique phenomenon for light scattering by spheres or

t is preserved for nonspherical particles as well? If
he latter case is true, how does the oscillation feature
ssociate with the size and shape parameter of the
article? In other words, is it possible to derive ap-
roximations that explicitly link the particle size and
hape parameters to its interference structure and to
odel light scattering by nonspherical particles?
urthermore, how do the shape characteristics of the
article affect the validity and accuracy of the ap-
roximation?
Motivated by the need to answer the above impor-

ant questions, we previously introduced the concept
f the equiphase sphere �EPS� to approximate the
ight-scattering characteristics of nonspherical parti-
les.10 We demonstrated both theoretically and nu-
erically that certain spheroids exhibit interference

tructures in the TSCS spectra similar to those of
pheres that generate equivalent maximum phase
hifts. TSCSs of such spheroids can be modeled
ith the EPS approximation. We also provided the

ange of aspect ratios for which the EPS approxima-
ion is valid for spheroids. In our most recent
tudy,11 we conducted initial numerical experiments
o test the feasibility of using the EPS approximation
o calculate the TSCS spectra of a wide range of non-
pherical shapes.
This paper is focused on the practical applicability

f EPS approximation for arbitrarily shaped parti-
les. We provide a detailed procedure to apply the
PS approximation to calculate the TSCS spectrum
f an arbitrarily shaped particle �Section 2�. We also
resent a theoretical analysis to determine the valid-
ty conditions on the particle-shape statistics under
hich the EPS approximation can be applied �Section
�. Finally, we report a comprehensive numerical
tudy using finite-difference time-domain �FDTD�
imulations12 conducted on a wide range of particle
hapes that supports our theoretical analyses �Sec-
ion 3�.
498 APPLIED OPTICS � Vol. 43, No. 23 � 10 August 2004
Throughout this paper, without loss of generality,
he incident light is assumed to propagate in the 
ẑ
irection. The expression �s��� denotes the TSCS
pectrum. The term �� f � without the subscript rep-
esents the standard deviation of the variable f. Fi-
ally, the symbol � f� denotes the mean of f.

. Formulation and Validity of the Equiphase-Sphere
pproximation

he geometric characteristics of an arbitrary non-
pherical particle can be classified into two catego-
ies: the overall shape deviation from a sphere and
he surface perturbation at smaller scales. The first
roperty can be characterized by the aspect ratio of a
est-fitting ellipsoid of the particle. The second
roperty can be quantified with statistical parame-
ers such as a radial standard deviation and the cor-
elation length or correlation angle of the surface
erturbation. The effect of each of these geometric
roperties on the TSCS spectrum of a nonspherical
article is investigated separately in Subsections 2.A
nd 2.B. The theoretical results presented are val-
dated in our rigorous numerical experiments as dis-
ussed in Section 3.

. Equiphase-Sphere Approximation for Spheroids and
llipsoids

he natural extensions of a spherical shape include
pheroids and ellipsoids. A spheroid is obtained
hen an ellipse is rotated about one of its principal
xes; therefore it has two principal axes equal in
ength �2a  2b � 2c or 2a � 2b  2c�. Ellipsoids
re generalizations of spheroids with generally un-
qual principal axes �2a � 2b � 2c�.
We first summarize the EPS approximation previ-

usly derived for spheroids.10 To improve accuracy,
he TSCS spectrum is given by the sum of the edge-
ffect term �s

�s� and volume-diffraction-effect term
s
�v�:

�s��� � �s
�s���� � �s

�v����. (4)

e note that the high-frequency ripple structure in
he edge term �s

�s� usually is not observed in experi-
ental measurements of polydisperse particle en-

embles. Therefore we neglect this effect. Thus
s
�s� can be approximated as10,11,13,14

�s
�s���� � 2S�2��3V�4��1�3��	�2�3, (5)

here S is the particle’s maximum cross-sectional
rea transverse to the direction of the incident light
nd V is the volume of the particle. The volume
erm �s

�v� can be derived with the Wentzel–Kramers–
rillouin technique11,15,16:

�s
�v� � 2 Re���

S

�1 � exp�i��r�	�d2r� , (6)

here r is a position vector in the plane S and ��r� is
he phase shift of a light ray crossing plane S in point



r
i
i

w
c
s
d
t
d
l

r
l
a
h
t

w
p
i
p
e

I
l

r
r
l
c
t
s
�
r

r
t
l
p
a
p
p

t
�

T
�

i
r
t
e
�
t
i
i
1
f
b
t
m
i
m
a
s

m
b
�

w
�

t
a
t
E
s
e
t
p
c
d
h
E
t
w
E
c

. By examining the light path-length distribution
nside of a spheroidal particle, we derive �s

�v� from the
ntegration in Eq. �6�, which is given by10,14

�s
�v���� � 2S�1 � 2n sin ��� � 4n sin2���2���2	, (7)

here � is the maximum phase shift produced by a
orresponding equiphase sphere that generates the
ame maximum phase shift as the spheroid. The
iameter of the equiphase sphere d is equal to either
he major axis 2a or minor axis 2b of the spheroid,
epending on which axis aligns with the incident
ight.

In our previous study10 we also derived the validity
ange of the equiphase sphere approximation to pro-
ate �a  b � c� spheroids. We demonstrated both
nalytically and numerically that the oscillatory be-
avior of the TSCS spectrum of a spheroid follows
hat of its EPS in phase provided that

�1, n � 2, (8)

���L�r�	max � ��2, (9)

here �L�r� is the path-length difference of light
ropagation inside a spheroid compared with that
nside a sphere. For a spheroid with major axis 2a
erpendicular to the incident light, inequality �9� is
quivalent to

� � 4�n � 1�b�L��

�
16
�2

�n � 1�2

n �2a
� ��b�a � b2�a2

1 � a2�b2 � � 1. (10a)

f the spheroid is oriented parallel to the incident
ight, inequality �9� becomes

� � 4�n � 1�a�L��

�
16
�2

�n � 1�2

n �2a
� �� a�b � 1

1 � b2�a2� � 1. (10b)

We note that for refractive index n � 2 and size
ange 2a � 10�, Eq. �10a� is satisfied for any aspect
atio a�b, whereas Eq. �10b� is satisfied only for a
imited range of a�b� �a�b�max. For example, in the
ase in which n � 1.5 and a � 10�, �a�b�max � 1.4 is
he upper limit of the aspect ratio for Eq. �10b� to be
atisfied. For a smaller refractive index n� 1.1, Eq.
10b� can be satisfied for much more elongated sphe-
oids with aspect ratios as large as �a�b�max � 5.

The next step is to extend this analysis from sphe-
oidal particles to ellipsoidal particles with one of the
hree axes parallel to the incident light. Without
oss of generality, we assume that the semiaxis c is
arallel to the incident light propagation direction ẑ
nd semiaxis a and b are located in the transverse
lane. Following the derivation presented in our
revious study,10 the volume term of the TSCS spec-
rum of an ellipsoid can also be approximated by Eq.
7� with

S � �ab, (11)

� �
4�
�

c�n � 1�. (12)

he validity condition analogous to Eqs. �10a� and
10b� is given by

� � 4�n � 1�b�L��

�
16
�2

�n � 1�2

n �2c
� �� �c�min�a, b� � 1�

1 � min�a2, b2��c2� � 1.

(13)

The criterion given in Eq. �13� can be intuitively
nterpreted as the following. Because Eq. �13� is de-
ived from inequality �9�, the intrinsic validity condi-
ion is that the path-length difference between the
llipsoid and its EPS �L must be small. Note that
L becomes greater as the direction of propagation of
he light within the particle deviates from that of the
ncident light because of refraction. Therefore �L
ncreases with higher refractive index ��L � �n �
�2�n	 and with increased curvature of the particle’s
ront surface ��L � �c�min�a, b� � 1���1 
 min�a2,
2��c2	�. Similar to the spheroidal particle cases, if
he ellipsoid is oriented in the position such that the
aximum cross-sectional plane is transverse to the

ncident light �a c and b c�, Eq. �13� is satisfied in
ost cases. Here the EPS approximation can be

pplied to calculate the TSCS spectrum of the ellip-
oid as long as inequalities �8� are also satisfied.
For convenience of future discussion, we now refor-
ulate the EPS approximation for ellipsoids by com-

ining Eq. �4�, approximation �5�, and Eqs. �7� and
12�. This yields

�s��� � 2S�2��3V�4��1�3��	�2�3 � 2S�1

� 2n sin ��� � 4n sin2���2���2	, (14)

here S � �ab, V � �4����3�abc, and � � �4���
��c�n � 1�.

Note that the volume term in the EPS approxima-
ion �Eq. �7�	 becomes equivalent to the van de Hulst
pproximation �Eq. �1�	 for spheres with low refrac-
ive indexes, i.e., n3 1 and a� b� c. However, the
PS approximation �Eq. �14�	 includes an additional
urface term �s

�s�. It also implicitly incorporates the
ffect of refraction, which is embedded in the deriva-
ion of Eq. �7�. Therefore the EPS approximation
rovides improved accuracy even for spherical parti-
les compared with the expression given by the van
e Hulst approximation �Eq. �1�	, particularly for
igher refractive indices. More importantly, the
PS approximation predicts the interference struc-

ure in the TSCS spectra of ellipsoidal particles
here the validity conditions of inequalities �8� and
q. �13� are satisfied. The accuracy and validity
ondition of the EPS approximation applied to ellip-
10 August 2004 � Vol. 43, No. 23 � APPLIED OPTICS 4499
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4

oids are demonstrated with numerical studies pre-
ented in Subsection 3.A.
As evident from Eq. �14�, the frequency of the TSCS

pectrum oscillation is determined by the maximum
ongitudinal extent 2c of the ellipsoid, whereas the
veraged magnitude of the TSCS is roughly propor-
ional to the transverse cross-sectional area S � �ab.
herefore one can retrieve the size and aspect ratio of
n ellipsoid from its TSCS spectrum in a straightfor-
ard manner.

. Equiphase-Sphere Approximation for Arbitrarily
haped Particles

o extend the EPS method to arbitrary shapes, we
ropose to approximate the TSCS spectrum of an
rregularly shaped particle with the EPS-calculated
SCS of its best-fitting ellipsoid having one axis par-
llel to the incident light. If the validity criteria of
nequalities �8� and Eq. �13� are satisfied for the best-
tting ellipsoid, the EPS approximation given by Eq.

14� can be used to calculate the TSCS spectrum of
he irregularly shaped particle. In this subsection,
e first define the best-fitting ellipsoid for an arbi-

rarily shaped particle and then discuss the effect of
article surface fluctuations on the validity of the
pproximation.
In general, finding the best-fitting ellipsoid for an

rbitrary three-dimensional �3-D� shape is a multipa-
ameter optimization problem with eight free
arameters—three semiaxes �a, b, and c�, three co-
rdinates of the center �x0, y0, and z0�, and two rota-
ional angles ��0 and �0�. For our specific
pplication, a few constraints can be added to sim-
lify the optimization procedure. First, we specify
ne of the axes 2c to be aligned with the incident wave
ector ẑ. Thus we have �0 � 0. The second con-
traint is to match the cross-sectional area of the
llipsoid with the projected area of the particle in the

ˆ–ŷ plane �Sp � �ab�. Furthermore, the location of
he geometric center �x0, y0, z0� is assigned to the
enter of mass of the irregular particle. Therefore
e need to determine only three free parameters—

he longitudinal semiaxis c, the aspect ratio of the
ross section �T � a�b, and the transverse rotational
ngle �0 �the angle between the cross-sectional major
emiaxis a and x̂�. The objective of the optimization
rocedure is to minimize the mean-squared differ-
nce of the ẑ-directed light-ray path-length between
he irregular particle and the corresponding ellipsoid.
arameters �T, c, and �0 are chosen such that

arg�c, �T, �0��min��	�Lr	2��. (15)

he TSCS spectrum of the irregularly shaped particle
s then approximated by that of its best-fitting ellip-
oid, which can be calculated by Eq. �14�.
The next step is to determine the influence of par-

icle surface fluctuations on the validity of the EPS
pproximation. It is useful to statistically charac-
erize these fluctuations to account for both the mag-
itude and the geometric scale. We use the root
ean square �rms� of the path-length difference
500 APPLIED OPTICS � Vol. 43, No. 23 � 10 August 2004
�L � ��	�L	2��1�2 between the sample shape and its
llipsoidal counterpart to quantify the magnitude of
he surface fluctuations and correlation angle � to
arameterize the geometric scale of these fluctua-
ions. � is defined as the solid angle within which
he path-length difference �L is correlated.

The validity conditions of the EPS approximation
or arbitrary particles are derived by examination of
he Wentzel–Kramers–Brillouin integral given by
q. �6�. For a homogeneous irregularly shaped par-

icle, the relative phase shift ��r� inside the particle
an be expanded as ��r� � �0�r� 
 ���r�, where �0�r� �
2�������n � 1�L0�r� is the phase shift in the best-
tting ellipsoid with path length L0�r�, and the con-
ribution due to the shape irregularity is given by
��r� � �2�������n � 1��L�r�.
First, we stipulate that the average value of the

hase shift is small:

�1 �
2�
�
�n � 1���L�r�� �� 1. (16)

his criterion is equivalent to one of the validity con-
itions of the Wentzel–Kramers–Brillouin approxi-
ation on which the EPS approximation is based:
he wavelength of light cannot change significantly
t a distance comparable to itself.15

Next, if

1
2�

Re � exp�i���d� � 1
 � 1,


 1
2� � exp�i���d�
 � 1, (17)

he exponent in Eq. �6� can be expanded to perform
he integration analytically. This yields �s

�v� � �EPS
�v�

���v�, and the EPS approximation is valid provided
hat ���v� �� �EPS

�v� .
We assume that �� is a stochastic function of r.

nequalities �17� are satisfied if

�� 1
2� � ��d�� �

�

2
. (18)

eplacing the integral in inequality �18� by a sum-
ation, we obtain

�� 1
2� � ��d�� �

n � 1
�

���
i�1

N

�Li��i�
�

n � 1
�

�����L�r�	�N, (19)

here �� is the angle within which �L is correlated.
hus �� � �, N � 2���, and the second EPS validity
riterion of inequality �18� becomes

�2 �
2�2

��� �n � 1������L�r�	 � 1. (20)
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To summarize the above analysis, to apply the EPS
pproximation to an arbitrarily shaped particle, the
ondition of Eq. �13� needs to be satisfied for its best-
tting ellipsoid. The conditions of Eqs. �16� and �20�
rovide additional validity criteria accounting for the
urface fluctuations of the particle. Numerical stud-
es validating the accuracy and validity conditions of
he EPS approximation applied to irregularly shaped
articles are presented in Subsection 3.C and 3.D.

. Numerical Results

o verify the EPS approximation and its validity con-
itions derived in Section 2, we conducted numerical
xperiments for a wide range of particle shapes.
omparison of the TSCS spectra calculated with the
PS approximation with numerical FDTD bench-
ark data permit us to validate the EPS approxima-

ion and to explore the correlation between the
pproximation accuracy and the geometric character-
stics of the particles. We first demonstrate the ap-
lication of the EPS approximation to ellipsoids with
variety of aspect ratios. Subsequently, we demon-

trate the effect of surface fluctuations of irregularly
haped particles on the accuracy of the EPS approx-
mation using Gaussian random spheres, which are a
lass of well-parameterized geometries capable of
epresenting natural and artificial shapes with vary-
ng deviations from spheres,17 as geometric models.

. Comparison of Total Scattering Cross-Sectional
pectra Calculated by the Finite-Difference Time-Domain
ethod and the Equiphase-Sphere Approximation for
llipsoids

he FDTD method numerically solves the Maxwell’s
quations and thus provides exact solutions to many
cattering problems. We use 3-D FDTD simulations
o accurately characterize the light-scattering prop-
rties of a wide variety of geometries. We have ex-
ensively validated our FDTD code by computing the
cattering patterns of homogeneous spheres and com-
aring the results with Mie theory. The geometry of
particle having its size scaled to the resonance

ange is imported to the FDTD grid by a staircasing
cheme with 25-nm resolution. The FDTD grid is
erminated by a Berenger perfectly matched layer
bsorbing boundary condition.18 The total-field–
cattered-field technique19 is employed to source an

ˆ-polarized plane wave propagating in the 
ẑ direc-
ion within the FDTD grid. We choose a modulated
aussian pulse as the time-domain source waveform

hat accommodates the complete frequency range of
isible light. The scattered-field frequency response
s extracted by a discrete Fourier transform of the
ime-domain data recorded on the six surfaces of the
cattered-field region and normalized by the spec-
rum of the source pulse. A 3-D near to far-field
ransformation in the phasor domain20 is imple-
ented to calculate the far-field scattered wave in the

orward direction, and the TSCS spectrum is calcu-
ated with the extinction formula for nonabsorbing
articles.9
FDTD simulations are conducted for ellipsoidal
articles with a wide range of aspect ratios to validate
he EPS approximation. Figure 1 shows six repre-
entative examples of our numerical experiments.
n these examples, the lengths of two axes of the
llipsoids are fixed, i.e., 2c � 3.5 �m, 2b � 3.0 �m,
hereas the length of the third axis 2a is varied from
.5 to 1.5 �m in Figs. 1�a�–1�f � to yield varying aspect
atios. The refractive index of the particle is fixed at
.5 in each case. The TSCS spectra are calculated
rom the FDTD simulations over the wavelength
ange of 500–1000 nm to serve as benchmark data.
he EPS approximation of Eq. �14� is used to calcu-

ate the TSCS spectrum of each ellipsoidal particle
nd is compared with the FDTD data. The � factor
n the validity condition of Eq. �13� is calculated for
hese particles. As illustrated in Figs. 1�a�–1�d�,
hen the validity condition of Eq. �13� is satisfied, i.e.,
� 1, the oscillatory interference structures in the

SCS spectra calculated by the EPS approximation
re in phase with the benchmark data provided by
he FDTD method. In the cases of Figs. 1�d� and 1�e�
here �  1, however, the oscillatory period of the
SCS spectrum of the particle completely departs

rom the one calculated by the EPS approximation.
herefore Fig. 1 demonstrates the significance of the
alidity condition of Eq. �13� to predict whether the
PS approximation can be applied to an ellipsoid
ith a certain aspect ratio.

. Geometric Model for Irregularly Shaped
articles—Gaussian Random Spheres

o investigate the validity and accuracy of the EPS
pproximation applied to arbitrarily shaped parti-
les, we use Gaussian random spheres as geometric
odels. We define a Gaussian random sphere in

pherical coordinates as having the following angle-
ependent radius:

r� , �� �
R

�1 � !2
exp�s� , ��	, (21)

here R is the mean radius and ! is the normalized
tandard deviation of the radius. s� , �� is the log
adius, which defines the shape of the particles. s� ,
� is given as a real-valued series expansion of spher-

cal harmonics Ylm with degree l and order m:

s� , �� ��
l�0

"

�
m��l

l

slmYlm� , ��. (22)

he weights slm are selected on the basis of particle
eometry statistics, which is determined by the co-
ariance function #s � Cs��$�ln�!

2 
 1�, the product
f the correlation function Cs, and the log variance
n�!2
 1� of the log radius. The log variance ln�!2

� determines the amplitude of the variation of the
adius. Cs��$� describes the correlation of the ra-
ius r� , �� over the angular displacement �$. If the
orrelation function is constant �Cs��$� � 1	, the re-
ulting shape is a sphere. On the other hand, for
rregular particles, Cs��$� decreases with increasing
ngular displacement. A steep decline of C ��$�
s
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ith �$ results from small-scale perturbations of the
article shape. In this paper we use the modified
aussian correlation function following the research

f Muinonen et al.21:

Cs�$� � exp�� sin2�$�2�
2 sin2�%g�2�� , (23)

here %g is the correlation angle of the Gaussian
phere—the angular displacement over which the cor-
elation drops to 1�&e. Thus the geometry statis-
ics of the particle are specified solely by ! and %g.

We generate the 3-D geometry of Gaussian spheres
n the spherical coordinates using a computer pro-
ram based on the code developed by Muinonen and
ousiainen.22 As shown in Figs. 2�a�–2�c�, increas-

ig. 1. TSCS spectra calculated with FDTD simulations and EPS a
ector of the incident light in the legends illustrating the geometry
.5 �m, � � 0.18; �b� 2a � 4.0 �m, 2b � 3.0 �m, 2c � 3.5 �m, � �
.5 �m, 2b � 3.0 �m, 2c � 3.5 �m, � � 0.5; �e� 2a � 2.0 �m, 2b
.5 �m, � � 2.1.
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ng ! results in an increased magnitude of deforma-
ion from a sphere in the particle shape. On the
ther hand, as illustrated in Figs. 2�d�–2�f �, reducing
g leads to an increased short-distance fluctuation
increased numbers of valleys and hills� on the par-
icle surface.

. Comparison of Total Scattering Cross-Sectional
pectra Calculated by the Finite-Difference Time-Domain
ethod and the Equiphase-Sphere Approximation for
aussian Random Spheres

e conducted FDTD simulations for Gaussian
pheres with ! ranging from 0.1 to 0.9 and %g ranging
rom 10° to 90°. The geometries of the Gaussian
pheres are converted to the Cartesian coordinates
nd incorporated into the FDTD grids with 25-nm

ximations for ellipsoids with different aspect ratios. ẑ is the wave
orientation of the particles. �a� 2a � 4.5 �m, 2b � 3.0 �m, 2c �

8; �c� 2a � 3.5 �m, 2b � 3.0 �m, 2c � 3.5 �m, � � 0.18; �d� 2a �
�m, 2c � 3.5 �m, � � 1.1; �f � 2a � 1.5 �m, 2b � 3.0 �m, 2c �
ppro
and
0.1

� 3.0
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esolutions. The particles are assigned a mean di-
meter of the order of 3.5 �m and a refractive index
f 1.5. The EPS approximation given by Eq. �14� is
pplied to calculate the TSCS spectra of the particles
fter finding their best-fitting ellipsoids.
Figure 3 illustrates six examples of our numerical

xperiments conducted on a variety of Gaussian
pheres. In each example, displayed from left to
ight, the geometry and size of the Gaussian sphere
re illustrated in the first panel; the corresponding
est-fitting ellipsoids are shown in the second panel;
nd the comparison of the spectra calculated by
DTD and the EPS approximation are plotted in the

hird panel. For the particles illustrated in the
ases of Figs. 3�a�–3�c� we can see that the TSCS
pectra calculated by the EPS approximation closely
esemble the benchmark data provided by FDTD
ethod. In the cases of Figs. 3�d� and 3�e� the TSCS

pectra calculated with the EPS approximation start
o deviate from the FDTD data. In the case of Fig.
�f � the oscillatory period of the TSCS spectrum of the
article completely departs from that of its best-
tting ellipsoid, and the EPS approximation is not
alid in the calculation of the TSCS spectrum for this
ase. As discussed in Subsection 3.D, both the ex-
ellent accuracy of the EPS approximation in the
ases of Figs. 3�a�–3�c� as well as its relatively poor
erformance in the cases of Figs. 3�d�–3�f � can be
xplained with the validity analysis presented in Sec-
ion 2.

. Validity and Accuracy of the Equiphase-Sphere
pproximation with Respect to Particle Surface
luctuations

n a previous study10 we investigated the correlation
etween the aspect ratio and the validity of the EPS
pproximation for spheroidal particles. There our
umerical study supported the validity criteria given

n Eqs. �10a� and �10b�. The numerical experiments
resented in Subsection 3.A also support the validity

ig. 2. Representative Gaussian sphere geometries. �a�–�c�
aussian spheres with increasing ! �%g is fixed at 70°�. �d�–�f �
aussian spheres with decreasing %g �! is fixed at 0.1�.
ondition of Eq. �13� for ellipsoidal particles. In this
ubsection we focus on the effect of particle surface
uctuations on the accuracy of the EPS approxima-
ion.

The examples shown in Fig. 3 illustrate both the
article shapes for which the EPS approximation
ives fairly accurate results and for which the ap-
roximation cannot be applied. To systematically
nvestigate the validity and accuracy of the EPS

ethod, we conducted a parametric study of the ac-
uracy of the approximate TSCS spectra with respect
o the FDTD benchmark data. Two complementary

ig. 3. TSCS spectra calculated by FDTD simulations and EPS
pproximations for a variety of Gaussian spheres. The geome-
ries of the Gaussian sphere and its corresponding best-fitting
llipsoid are illustrated on the left two panels for each example.
he incident light propagates in the ẑ direction. �a� ! � 0.1, %g �
0°; �b� ! � 0.1, %g � 10°; �c� ! � 0.2, %g � 70°; �d� ! � 0.2, %g �
5°; �e� ! � 0.2, %g � 40°; �f � ! � 0.6, %g � 70°.
10 August 2004 � Vol. 43, No. 23 � APPLIED OPTICS 4503
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easures are considered: rms error R and the cor-
elation coefficient rc. The rms error measures the
verall estimation accuracy whereas the correlation
oefficient, which is evaluated with data recorded at

wavelengths � ,
i

s
s
i
s
T
e
c
p
g
u
T
s
l

uantifies the capability of the EPS approximation to
eplicate the frequency oscillation characteristics of
he TSCS spectrum.

Note that all particles considered here have best-
tting ellipsoids that satisfy the validity criterion of
q. �13�. We further note that the validity condition
f Eq. �16� is satisfied for most convex particles when
he best-fitting ellipsoid is properly chosen. Thus
he �2 factor in the validity condition of Eq. �20� is the
ost important parameter that effects the accuracy

nd validity of the EPS approximation.
The influence of the �2 factor on the validity of the

PS approximation is illustrated in Figs. 4�a� and
504 APPLIED OPTICS � Vol. 43, No. 23 � 10 August 2004
�b�, where we plot the percent rms error and the
orrelation coefficient as functions of �2 for 23 Gauss-
an spheres covering a wide range of shapes �! rang-
ng from 0.1 to 0.9 and %g ranging from 10° to 90°�.
o calculate �2, �0 is chosen as the central wave-

ength of our range of interest �500–1000 nm�, i.e.,
0 � 750 nm. The surface fluctuation correlation
ngle � is approximated by %g, the correlation angle
f the Gaussian sphere, because both angles quantify
he angular scale within which a geometric feature is
resent. To better illustrate the connection between
he quality of the EPS approximation and the accu-
acy measurements, we cross reference six data
oints in Figs. 4�a� and 4�b� with their corresponding
article geometries and the TSCS spectra shown in
igs. 3�a�–3�f �.
We observe from Fig. 4 that when the criterion of

q. �20� is satisfied ��2 � 1�, the EPS approximation
s sufficiently accurate, i.e., the rms error R � 10%
nd the correlation coefficient rc � 0.9. Figure 4�b�
urther reveals that when �2  1, the accuracy of the
PS approximation degrades rapidly as �2 increases.
his further demonstrates the importance of the pa-
ameter �2 in when we determine the validity of the
PS approximation.
We note from the validity criterion of Eq. �20� that

2 is proportional to the square root of the correlation
ngle � when the magnitude of the surface fluctua-
ion ���L�r�	 is fixed. The geometric interpretation
s that surface perturbations within smaller angular
cales have less effect on the validity of the EPS
pproximation. This provides the explanation for
he two cases shown in Figs. 3�d� and 3�e�, where the
eemingly more irregular particle in Fig. 3�d� can be
etter treated by the EPS approximation than the
pparently less irregular particle in Fig. 3�e�.

. Summary and Discussion

n this paper we have presented the EPS approxi-
ation to characterize light-scattering properties of

rbitrarily shaped particles. Our analytical and
umerical studies reveal that the interference
tructure characteristic of the TSCS spectrum of a
pherical particle with a size in the resonance range
s also present for a wide range of irregularly
haped particles. We also demonstrate that the
SCS spectra of irregularly shaped particles can be
asily calculated by the EPS approximation. Be-
ause of its mathematical simplicity, the EPS ap-
roximation can be used to probe the size and
eometric characteristics of a wide variety of irreg-
larly shaped particles from their TSCS spectra.
he vertical axis length 2c of the best-fitting ellip-
oid of a particle, which is an estimation of the
ongitudinal extent of the particle, can be easily
ig. 4. Accuracy measurements of the EPS approximation as
unctions of the validity condition of parameter �2. The labeled
ata points correspond to the cases illustrated in Figs. 3�a�–3�f �.
DTD simulation results are used as the benchmark data. �a�
rc �
�
i�1

N

��TSCSFDTD��i� � �TSCSFDTD����	�TSCSEPS��i� � �TSCSEPS����	�

N��TSCSFDTD���	��TSCSEPS���	
, (24)
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erived from the periodicity of the interference
tructure by use of Eq. �3�.
Furthermore, we have derived and verified the va-

idity criteria of the EPS approximation to guide the
ractical application of this method. The validity
nalysis should enable researchers to determine
hen this approximation can and, importantly, can-
ot be used to model light interaction with nonspheri-
al particles based on the particle geometry.

Overall, we have demonstrated that the effective,
et easy to use, EPS approximation can be used to
odel light scattering by a wide range of nonspheri-

al particles when certain validity criteria are satis-
ed. This method may become a valuable tool for
he analysis of light scattering by random particles in
any applications.
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