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ABSTRACT Started with a data matri€, whose columns correspond to

In this paper, we propose a novel method to address the segthe features’ trajectories imaged in a sequence of frames,
mentation problem of multiple independently moving ob- the segmentation of independently moving objects can be
jects. Based on the fact that multiple objects’ trajectories achieved by grouping columns @f into a set of indepen-
correspond to multiple independent subspaces, first, base§ent subspaces. However, when noise or outliers present,
of these subspaces are extracted by applying independerifie number and dimensions of these subspaces are quite
subspace analysis (ISA). Then, these bases are grouped prdpard to estimate.
erly after evaluating the correlation coefficients of them. ~ Gear [4] formulated this problem as probability analysis
Feature grouping and outlier rejection are effectively per- of the bipartite graph. Both the partition and the dimensions
formed by calculating the data point's membership func- of the subspaces are determined by maximum likelihood es-
tions to these subspaces. A reasonable energy function igimation, which may involve local minima and high compu-
also introduced to facilitate optimal segmentation. The geo- tational cost.
metrical essence of the method is regarded as a global con- Costeira and Kanade [5] presented a multibody factor-
straint added in the segmentation process resulting in a conization method, in which a shape interaction ma@iis in-
siderable increase in error tolerance, without either prior troduced.Q=VV” whereV comes from the singular value
knowledge of the number of objects or prior assumption decomposition (SVD) o€. Elements of) has a nice prop-
about existence of degeneracy. The experimental results orerty that if any features and;j are from different objects,
synthetic and real data both demonstrate the effectiveness of);; will be zero, otherwise, non-zero. They then grouped
our algorithm. features by thresholding and sortiy Ichimura [6] ap-
plied a discriminant criterion to select the most represen-
1. INTRODUCTION tative vectors irQ for grouping features.
Unfortunately, the performance of algorithms based on
Multibody motion segmentation is an important issue in com-Q degrades quickly when noise or outliers exist. This degra-
puter vision. A number of algorithms have been proposed dation results from tha® only records the relationships be-
to address this problem. Ref. [1] presents a method basedween individual features. A single spike of noise could
on evaluating the similarities of some image-level cues. In jeopardize the estimates of both the number of objects and
Ref. [2], rigidity constraints are introduced. Hence, the seg- the dimensions of objects’ subspaces.
mentation process is under the control of optimizing an en- ~ Wu et al. [7] devised a method by performing orthogo-
ergy function or maximizing a posteriori (MAP) criterion. nal subspace decomposition @itogether with a subspace
However, only using the image-based or model-based algo-grouping technique. More robust performance is obtained.
rithms alone has limited applicability because of the ambi- However, degeneracy is not discussed.
guities produced by noise and outliers. It will be shown in Section 2 that columns wf’', which
Recently, factorization method, a novel algorithm orig- comes from the SVD o€, span a set of mutually orthog-
inally developed by Tomasi and Kanade [3], has attractedonal subspaces called objects’ shape subspaces. And the
much popularity. It reveals the fact that under linear pro- segmentation of feature points to objects is equivalent to
jection models, trajectories of a single body lie in a low groupingV7”’s columns to those shape subspaces. In this
dimensional subspace of frame space. And in the case ofpaper, we present a novel approach towards this problem.
shape degeneracy (object has less than three independe®ases of the space spanned\by are extracted and prop-
dimensions such as a line or a plane) or motion degeneracyerly grouped to build up shape subspaces. A suitable mem-
(object performs pure rotation or pure translation), the di- bership function is introduced for grouping features as well
mension of that subspace would be even lower. So, featureas detecting outliers. Influence of noise can be considerably
points of multibody actually reside in multiple subspaces. alleviated by utilizing the mutual orthogonality of those sub-



spaces. Estimations of both the number and dimensionswvhereM; is a x4 matrix andM;; (j=1,..., F) is the
of those subspaces are efficiently and simultaneously per2x4 projection matrix related to obje¢tin the ;1 frame.
formed without knowing the prior knowledge of either the Assume at least four non-coplanar feature points are chosen
number of objects or the existence of degeneracy. from each object, it is obvious that columns ofC; reside

Independent subspace analysis (ISA) [8] is applied to in a 4D subspace spanned by columnof
estimate the relationship between those extracted bases of Al feature points across all frames can be compactly

the objects’ shape subspaces. ISA, an extension of ICAwritten into a ZxP matrixC,
[9], is used to find a partition of independent subspaces

within a data set that the projection norms of the dataon C = [C;Cy...Cy]

those subspaces have maximally sparse distribution. All S,

data points are involved in a global optimization framework Ss

to obtain the description of the intrinsic structure of the data [MiMz... My]- e ®3)
space. This attempt is geometrically meaningful, which SN

makes our approach different from the existing factoriza-
tion based methods. And more robust performance is ex-whereP =XYn; is the total number of features in the scene.
pected than the clustering process which is merely based on  Since the motions of all objects are independent, the
individual similarity measurement matriQ. Besides, the  rank ofCis 4N (degenerate case will be discussed later). By
proposed method can handle any case of degeneracy in théingular value decompositid~UxV”, whereUe2F x 4N,
context of independent motion segmentation. Y€4Nx4AN andVePx4N, the shape interaction matri@
The paper is organized as follows. In Section 2, factor- can be computed b@=VV” and
ization method and Independent Subspace Analysis (ISA)
are briefly reviewed. In Section 3, our algorithm for multi-
body motion segmentation is described. Experimental re-
sults are shown in Section 4. And conclusion is summarized
in Section 5.

# 0 if featurei andj belong to same object
(4)
Assume we have grouped feature points of different ob-
jects, we could expres¢” asV7=[V; V,...Vy], where
V;=[V} VZ...V!]. DenoteSP;=spafV} VZ...V!} as
2. BACKGROUND the shape subspace for objécfccording to the nice prop-
erty of Q in Eq. (4), itis proved [7] that in noise-free case,

0:; { =0 if featurei andj belong to different objects
ij

2.1. Factorization method

We assume that a camera is observing a scene composed of SPi L SP;,Vi# ] ®)

independently moving, rigid bodies and the correspondence |t means that the shape subspaces of objects are mutu-

and trajectories of feature points in the image sequence hav%”y orthogonal. In reality, with no information about fea-

already been discovered. S ture grouping, we might obtain @ whose columns are
SupposeV objects are contained iR frames, each has permutation ofC, as well asv*”, a permuted version of

n; features. The homogeneous coordinates of features ORyT  But this does not violate the mutual orthogonality of
objecti is represented by x n; matrix S; as follows,

shape subspacésP,;.
S — yi Y Y @ 2.2. Independent subspace analysis (ISA)
L Zl 2;2 Zﬂl
f 1’ 11 Independent subspace analysis is an extended version of in-

dependent component analysis (ICA). In ICA model, an ob-

When a linear projection (orthographic, affine, etc.) is as- servedn-D vectorx is represented as a linear combinations
sumed, we collect the projected image coordinates)(of of nbases vector8=[a, . .., a,],

thesen; points over frames into a Exn; matrix C;,

n

-~ _ x=As= Zaisi (6)
Uil o Ulp, =
V11 -0 Uln, ) L
Upy e U, ﬁ” wheres=(s1, ..., s,)" is different for each observed vector
Vor o+ Uop, = 2 1S, x and the components=<w; x> are statistically indepen-
@ dent. ‘<>’ denotes dot-product and/=[w, ..., w,]T is
Up1 o Upp, Mir the inverse of matriA. The ICA model can be reformulated
Up1 o Upn, asx=y_1  x by definingx(¥=a;s;. This shows thax is

C, = MS, a sum ofn independent vectossV, . . ., x(™).



While in ISA model, the decomposition into inde- o — ‘ ‘
pendent subspaceR,'=Srsa_1 @ - D Srsa_r, IS real- ol 1
ized. And vectorx here admits a uniqgue decomposition as .«

x =31 x with xV eS8 54_;. The vectorsc®), ..., x(1)  — T |
are called thdéinear componentsf x and they are indepen- = T
dent [10], o St }
= AT
g AT !
X(l) = Zaisi; X = Zx(l) (7) ‘_l‘)NMz’;/h 40 60 80 100 1%0 1 1122 6 9 3 5 7 134 8 11J
e = @ ®)
The S;s4-; are spanned by a set of bases vecfagi € Fig. 1. (a) Components;. (b) The result off permuted

S'}, whereS' denotes the set of indices af belonging to  according to the formation of the independent groups.
that subspace. This decomposition also indicates a partition

of s, into the correspondingy groups. To demonstrate the effectiveness of ISA, we generate 4
According to the invariant feature subspace theory [8], Mutually orthogonal subspaces of dimensions 3, 3, 3 and 4
the independence dinear componentx(") can be inter- in a 13D space. 30 samples from each subspace are selected
preted as the independence of projection normsoofthese  to form a 13<120 observation matriX=[xi, X1, ..., X120].
subspaces. In other words, the independence of (squaredpy applying Fast-ICA [11] orX, Fig. 1(a) shows the result
norms of the projections on these subspades, s s? (I= of s;, i=1,...,13. Obviously, there are totally 4 groups

1,..., L), are to be maximized. Thus, giverobservead-D consisting of component$'={1,10,13, §*={2,6,9}, %=
vectorsx. The ISA model can be formulated as a maximum {3.5,7,13, andS*={4,8,13}, respectively. This waveform
likelihood estimation problem [8]. of s; interprets the concept of “independence between pro-
- jection norms”: Assume, € Syg4_p, its projection result
onto its own subspacks; 1|¢ € SP} has no correlation with
logL(W) = Z log P(Z six) + Plog/detW]| (8) its projection resultsc{(?;to'other gubspa@eﬁku ¢ SPL.
h=1i=1 ies! Fig. 1(b) represents the matrik which has been per-
wherep(-) is some known density functions (often assumed muted according to the formation of the independent groups
to be exponential) of the projection norms. Gradient ascentof theses;. The higher the;; is, the greater the brightness.
algorithm [8] or Newton method [11] can be used to esti-

mate both the basis matb=[ay,. . .,a,], W=[wy,. . .,w,]" 3. MOTION SEGMENTATION BASED ON ISA

and the realization of; ,=<w; X;> for i=1,...,n, k=

1,...,P. Compared with ICA, this model specifies the in- Given a FxP matrix C*, the purpose of our algorithm is
formation thats; within the same group are dependent, but to find a set of mutually orthogonal (i.e. independent) shape
thoses; in different groups are independent. subspace§P; from ther x P matrix V*”, wherer is the

In ICA applications, the correlation coefficient between rank of C* andP is the number of imaged features.
ABS(s;) and ABSE;) is zero, which is calculated as,

I(s;,s;) =< ABS(s;), ABS(s;) > /(|lsill - 1) (9) 3.1. Estimation of the number of subspaces

Each column ofv*” is regarded as an observed vec-
tor. After applying Fast-ICA oV*T', ar x r basis matrix
A, the corresponding components;; and thecomponent
similarity matrixZ are obtained.
Becausé;; is a similarity measurement of relevant bases,
the greater th&;; is, the more possible that ands; belong
to one independent subspace. Due to local measurement er-
rors, the entryZ;; may exhibit a small nonzero value for
independent components ands;. However, this distur-
bance does not bring too much difficulty. Referring to the
nearest-neighbor algorithm [12], we begin with the largest
T ={T;; : Tyy = I(si,5;),Vi,j < n} (11) Zij, e_ither by mer_ging a co_mponem into one set or by
merging two sets into one, iteratively. Thus, the number of
Note that the process of clustering componentdose not subspaces and dimension of each subspace can be acquired
need the prior knowledge of the number or dimensions of simultaneously. The only constraints in this clustering pro-
those subspaces. cedure are that dimension of any subspace is at most 4 and

where ABS(Y) returns the absolute value of the elements of
Y, s; = (si1,8i1,---,8,p) is aP-dimensional vector and
|| - || denotes norm function. But, in the case of ISA,

>0 if s; ands; are dependent

I(si’sj){ =0 if s; ands; are independent (10)

According tol (s;, s;), a partition ofL groups withins; can
be found easily: Only it(s;, s;)>0, we groups; ands; to
the same group. Aomponent similarity matrixor group-
ing components; is then defined as,



the adopted.;; for clustering is bigger than a certain thresh-
old.

Note that the entry of is a kind of global structure
based similarity measurement, which evaluates the simi-

larities between extracted bases of data space. All feature

points are involved in the maximization process in Eqg. (8)
to achieve a maximally sparse distribution of their projec-

tion results on those inferred subspaces. So, more accurate
description of the data space structure and more robust per-

1. GivenC*, obtain ther x P matrix V*T by SVD,
wherer is the rank ofC*.

2. Computes; (i=1,...,r) and evaluate theomponent
similarity matrixZ by applying ISA tov*”.

3. UseZ to discover the grouping of these components
s; and the numberX{) of these groups. Then con-
struct the corresponding shape subspaggs, | =

1,...,N.

formance are expected than the clustering process which is

merely based on individual similarity measurement matrix

Q.

3.2. Feature grouping and outlier rejection

After groupings; into N groups, hereV is the automati-
cally obtainednumber of moving objects, th&¥ subspaces
Srsa—i can be constructed by spanning basisBgtga;|i €
S'},1=1,...,N. Infact, theseS;s 4, exactly correspond
to the shape subspa&éP;. Because both of them describe
the inherent structure of independent subspaces within th
same data set. In the following, we uS@,; denote these
subspaces. The grouping of feature points to the bodies no
is equivalent to grouping the columns 6f” to those de-
rived subspaceSP;. For this purpose, a membership func-
tion is defined as,

Mem(i, 1) = [|lm - V7| /I[V;T ] (12)
wherem; = B;(BYB;) !B/ is the projection matrix onto
SP;. Eq. (12) describes the degree to which iHecolumn
of V*T belongs to the subspa&eP;,

=1
=0

if vectori lies inSP;
if vectori is orthogonal taS P;
(13)

In real applications, noise and outliers will make the mu-
tual orthogonality ofS P; distorted. In our extensive exper-
iments, the inlier's membership to its own subspace will be
mostly around 1, but is nearly 0 to other subspaces. Thus
outliers could be simply identified if memberships of such

Mem(i, 1) {

e

4. Evaluate the membership function using Eq. (12) to

group features into multibodies and discard outliers.

After this clustering procedure, the grouping of columns
of V*T to shape subspacé&;, =1, ..., N is discovered.
This is equivalent to grouping feature points to tkieb-
jects. Neither prior knowledge of number of objects nor
prior assumption about existence of degeneracy is assumed.

Recall that the clustering process in Section 3.1 is able
to estimate the dimensions of each subspace. As long as
these motions are linearly independent, the presented algo-
rithm can robustly handle any case of shape degeneracy or

V\;notion degeneracy. This happens, for example, when the

object undergoes pure rotation (corresponding to a 3D sub-
space) or when the object is a 2D (corresponding to a 3D
subspace) or a 1D (corresponding to a 2D subspace) entity.

Another case of degeneracy is when the transformation
of one object is coupled with another. This case is more
complex and will be our further study.

3.4. Determination of parameterr

In Section 3.3, the value, rank of C*, is essential since
the rank specifies the rows of singular vectdts’. Let
o1 > 09> > U"noisebe singular values at*, where

oy =min(2F, P). In our experiment, we define the rank
of C* as the smallestggtthat satisfies,

rest "noise

, Yot ) Y o7 =098
=1 =1

(14)

feature points to all the shape subspaces are nearly equal 9tor more accuracy, we run the algorithm for several times

comparable.
If Mem(7, [)<0.99, feature will not be classified to the
subspac& P;. The benefit of this thresholding is that out-

with the rank ofC* in some range, e.g:€[rest3rest3]-
The following energy function is used to choose the optimal
segmentation result which produces the minimum energy,

liers are detected and discarded by multi-pass formed by

these subspaces. We then classify the filtered inlier column

1 to the shape subspac&P;; which produces the largest
membership valud, = arg maxMem(i, ).
3.3. Summary of algorithm

The outline of the proposed algorithm for multibody seg-
mentation is summarized below:

P N N
E(r)=AY_>" Mem(z, j)Mem(i, k)

i=1 j=1k=1,k#j

P N
+B(P — ; 21 Mem(i,j))? (A=B=1) (15)

The first component of(r) is minimized if for Vi, at
most one of the membership functions Mémjj j € [1, N]
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Fig. 2. (a) A view of 1SUsynthetic scene containing 3 mov- Fig. 3. (a) Change in the value @f(r) for differentr in ond
ing objects and several outliers. (b) Change in the value of synthetic data set. (b) Visualization of all feature’s member-
E(r) for differentr in 15t synthetic data set. ship functions to each subspace. (Totally 4 objects)

is nonzero. The second component is minimized if the sum-the actual situation. For convenience of visualization, the
mation of Mem(, j) is equal toP. Reflect the definitionand  membership functions of these features to the 4 extracted
property of the membership function in Eq. (12), (13). The subspaces are transformed to gray scale between [0, 255],
minimum energyE(r) obviously favors the case that the as shown in Fig. 3(b). We can see that each subspace’s
obtained subspaces are mutually orthogonal and all featuresesponse to its inliers is very apparent while outliers have

are correctly classified. If the value of currents incor- comparable impress on all subspaces.
rect, disharmony with the original data structure makes it~ Table 1 summarized the segmentation results on these
less likely to yield the minimum energy over all two synthetic data. Our method acts more accurately in our

extensive experiments, in which the inlier to outlier ratio is

4. EXPERIMENTAL RESULTS not so severe as in the shown synthetic data sets.

Experiments on synthetic and real data are carried out to .
) : 4.2. Realimage sequences
demonstrate the effectiveness of our algorithm.
. Adequate results are shown for real image sequences. Fea-
4.1. Synthetic data ture points were extracted using the corner detector pro-

In one of the synthetic experiment, three transparent full 3D PoSed in [13]. Detected features are tracked by normalized

objects (rank 4), a sphere, a cylinder and a cubic, are gen_correlation. Fig. 4(a)-(c) show 3 views from collected 16
erated (=4x3=12). Totally 90 points are randomly cho- frames. The background is not still due to hand-held video

sen, 30 points from each object. We let these three sets of@Mera’s vibration. “+”and “o” denote good features of ve-
points undergo independent motions. Using orthographic Nicle and background correctly grouped by the algorithm.
projection, 10 frames with resolution 10000 pixels are ~ F19- 4(d)-() show another sequence containing 12 frames.

captured. Gaussian noise with standard deviation of 2 pix- + and “0” denote properly grouped features of vehicle and

els is added and 30 fake trajectories are fabricated in theP@ckground, respectively. _
image stream. Fig. 5 show 3 views from an image sequence of 20 frames.

Fig. 2(a) shows a view of the synthetic scene. Points Features that belong to two books and a face are properly

are features while squares denote outliers. Fig. 2(b) showsc!assified and denoted by “x”, “+” and “0", respectively.

the minimum energy according to Eq. (15) under different 1N€ results are promising. _ _

rankr of V*T. =12 is obviously the most favorable result However, currently there are no available public data

coinciding with the actual situation. sets of this topic. And quantitative comparison with the ex-
The d experiment is conducted on more complicated isting methods is hampered by the difficulties of selecting

synthetic data set. Image resolution is £M0 pixels and thresholding parameters for clustering, which is the essen-

the standard deviation of simulated Gaussian noise is 1 pier'.[Ial procedure for efficient and faithful implementation of

120 points are randomly chosen from 4 transparent entities,Other methods. Qualitative comparison is in Section 5.

two spheres and two planes (rank 3), each containing 30 5. CONCLUSIONS

points. All of them move in an arbitrary way except that

one of the spheres performs pure rotation (rank 3) across thdn this paper, we have provided a novel attempt for the prob-
sequence. So, both shape degeneracy and motion degendem of independent multibody motion segmentation. Due to
acy are allowedr(=4+3+3+3=13). 50 outliers are imported. the mutually orthogonal subspace structur® f, bases of

Fig. 3(a) shows the minimum energy according to Eq. (15). these subspaces are extracted and properly grouped by us-
r=13 is obviously the most favorable result coinciding with ing ISA. Outliers are efficiently discarded by a introduced



Table 1. Segmentation results on synthetic data

1St set of synthetic data 2Nd set of synthetic data
cubic | cylinder | sphere| outliers || spherel| sphere2| planel| plane2| outliers
input features 30 30 30 30 30 30 30 30 50
clustering result 29 29 29 33 31 33 22 27 57
true inliers  (true outliers) 29 29 29 30 30 30 22 27 46
false outliers (false inliers)| 0 0 0 3 1 3 0 0 11
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