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Abstract

In this paper, we propose a novel variational energy fortiaridor image segmentation. Traditional
variational energy formulation for image segmentatiore ltkat in [1] only incorporates local region
potentials with a Gaussian distribution on each region. Weethat for segmentation of natural objects,
Gaussian mixture model (GMM) needs to be adopted to capterappearance variation of the objects.
Moreover, we introduce a global image data likelihood pti&gno address the problem that each local
region usually contains a portion of incorrectly classi pikels during the iterations. By combining
it with local region potentials, we obtain more robust andusate estimation of the foreground and
background distributions. The minimization of the propbszcal-global energy functional is achieved
in two steps: the evolution of the foreground and backgrobodndary curve by level set; and the
robust estimation of the foreground and background modekég-point iteration, called quasi-semi-
supervised EM, which is particularly suited for the leagnproblem where some unknown portion of the
data are labeled incorrectly. Extensive experimentalli@gucluding both business card extraction, road
sign extraction and general object-of-interest segmiamatiemonstrate the robustness, effectiveness,

and ef ciency of the proposed approach.

Index Terms

Variational energy, Level set, Fixed-point iteration, Mb@stimation, Semi-supervised learning

. INTRODUCTION

Automatic extraction of objects of interest (OOI) from Isithages is an important problem
of early vision with applications in object recognition, age painting, video content analysis,
visual surveillance, etc. Given an arbitrary image, theeobpf interest is usually subjective, but
it should be at the focus of attention. When one takes a gattian OOI, one normally tries to
put it roughly at the center. With this weak assumption, we avle to build a fully automatic
system to extract the OOIs. Notice that this assumption doesell us where the boundary of
the OOl is.

In order to extract the OOI, it is desirable to have the favegd and background models. The
extraction of the OOl and the estimation of foreground anckeound models is intrinsically
a chicken-and-eggroblem. If we have thea priori knowledge of the OOl model, we can
directly separate the OOI from the background like what isedm the geodesic active region

approach [2]. On the other hand, if we have already extrattedDOIl from the image, we can
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easily estimate the OOI and the background models from thmeeted image data. Problems
like this are usually solved in an iterative way. At eachatam, the current estimates of the
OOl and background models are xed rst, and the segmentaisoperformed. Based on the
segmentation, the OOl and background models are thenimadst. These two steps can be
formulated as an energy minimization problem such as themegompetition approach [1]
and the GrabCut system [3]. Both the region competition dred GrabCut techniques model
coherent image regions in a probabilistic way. The regiompmetition algorithm models each
coherent image region as a Gaussian distribution on thd jitensities. The GrabCut models
both the foreground and background as Gaussian mixture Ismodethe RGB channels of the
pixels. Both algorithms iteratively minimize an energy étion whose unknowns include the
segmentation results and the subregion model parameters.

One problem with the iteration process is that at each iterahe model estimation for each
subregion is based on inaccurately labeled image pixetedime initial partition is usually not
perfect. The incorrectly labeled pixels will affect the acacy of the model parameters which in
turn will affect the subsequent segmentation. How to redheenegative effect of the incorrectly
labeled pixels is the central focus of this paper.

We propose a novel variational energy formulation for thebpgm of the OOI extraction,
which combines different image cues including gradieniipicdistribution, and spatial coherence
of the image pixels. Our energy formulation differentiatiesn previous works ( [1], [3]) in that
we incorporate a potential function that represents thbajlomage data likelihood. The intuition
of incorporating this term is that instead of just tting tineodels locally for each subregion on
the inaccurately labeled image pixels, we also want to seek fjlobal description of the whole
image data in the energy minimization process.

The minimization of the proposed energy functional invelieo steps: the optimization of
the OOI and background boundary curve by level set with thdehdistributions xed; and the
robust estimation of the OOI and background models by a getht iteration with the boundary
curve xed. The robustness of the model estimation resutisifincorporating the global image
likelihood potential. What is more interesting is that theed-point iteration reveals a robust
computational paradigm of model estimation for Gaussiaxtumés when some unknown portion
of the data are labeled incorrectly. This is different froemé-supervised learning because in

semi-supervised learning, the labels are assumed to bectofio the best of our knowledge, we
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are the rst to propose such a machine learning techniquelwhie call quasi-semi-supervised
EM.

The remainder of the paper is organized as follows: the eélatork will be summarized
and discussed in Section Il; the detailed discussion of aumiational energy formulation with
the global image likelihood potential is presented in Serctill; in Section IV, we describe
the details of the iterative minimization algorithm incing the optimization of the boundary
curve by level set, and the detailed derivation of the qsasm-supervised EM algorithm for
the robust estimation of the OOI and background models; oii@e V, extensive experimental
results on business card scanning, road signs extractibgemeral OOI extraction are presented

and discussed; nally we conclude and discuss future workéction VI.

I[l. RELATED WORK

Image segmentation and foreground/background sepaiateofundamental yet dif cult prob-
lem in computer vision. There has been a lot of work in thisaam@nd it is formidable to
enumerate all of them. We will only mention a few that are nretdted to our work.

One popular approach is to formulate the segmentation @nolzls an energy minimization
problem. This approach can be roughly categorized as twasttaams: variational energy
minimization which usually involves solving a partial difential equation (PDE), and graph
energy minimization which minimizes an energy function ggah-cut.

The research of image segmentation by variational energynmzation can be traced back
to the active contour I®AKES [4]. Later work include the Mumford-Shah model [5], the aeti
contour with balloon forces [6], the region competition@ithm [1], the geodesic active con-
tours [7], the active contour without edges [8], the geadesitive region [2], etc. The energy
functionals constructed in this track are usually formedaon the region boundary curves [4],
[6], [7] and/or over the regions partitioned by the boundawves [1], [8], [2]. In practice,
energy functionals based purely on image gradient infaondike what was proposed in [4],
[6], [7] are easy to get stuck in a local optima especially whigere are many spurious edges
in the image. On the other hand, using the intensity, colaor temture distributions [1], [8], [2]
of the image pixels over the regions to formulate the enetmctional can largely overcome
this problem. In principle, we can obtain a better energynigdation by combining the edge

information and the feature distribution of the image pxXg]. The minimization of this type of
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variational energy has evolved from the traditional nitéfefence method (FDM) [4], [1] and
the nite element method (FEM) [6] to the more advanced Isetimethod [9], [10], [7], [8], [2].
There are a lot of work on the implementation of the level sethod to reduce the computation
involved during the evolution of the implicit level set sack, such as the narrow-band level
set method [11], the level set without re-initializatior2]land the fast level set implementation
without solving PDEs [13]. In fact, all these ef cient leveét algorithms take advantage of the
property of the signed distance function [14], which is dlsuadopted as the implicit level set
surface [2], [12], [13].

Formulating the problem of image segmentation as an eneigiynmzation (or a posterior
distribution maximization) to be solved by graph cut can bstijed by the theory of Markov
random eld (MRF) [15], [16]. A lot of successful results habeen proposed in recent years
such as the interactive object extraction [17], [18], [L8H&he iterative Grab-cut system [3],
where an ef cient min-cut/max- ow algorithm proposed in(Ris adopted to minimize the
energy function. This min-cut/max- ow algorithm is guataad to nd the global optimal for
certain types of energy functions which satisfy the propénat they are functions of binary
variables, submodular, and can be written as the sum of tewotving at most three variables
at a time [21]. For energy functions with multi-label vailed approximate solution can be
obtained by using the algorithm proposed in [22] which méila sequence of binary moves such
as alpha-expansion, alpha-beta swap and k-jumps, ettioddh there are ef cient polynomial
time min-cut/max- ow algorithms [20], the types of energynictions it can minimize are still
limited [21]. A more general but less efcient algorithm, igh can sample from arbitrary
posterior distributions and thus can minimize a more gdnsgt of energy functions, is the
Swendsen-Wang cut [23], [24] and the generalized m-way 8s&m\Wang cut [25].

Both the variational energy minimization approach and theply energy minimization ap-
proach share the same methodology: formulating an enemgtiéin and solving the resulting
optimization problem. What make them different are theeddht optimization strategies being
used. The variational energy minimization can be convetteal PDE and solved by FDM [4],
[1], FEM [6] and level set [2], while the graph energy minimion could be solved by min-
cut/max- ow algorithms such as the one in [20] and the Sweneéd/ang cut [23], [24], [25].
What kind of optimization scheme is more suited is usualliedrined by the type of objective

function. The objective function is also a main factor deti@ing the quality of the segmentation
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results. Therefore, it is misleading to only ask questiamith method, graph cut or level set,

produces better image segmentation resuftsce it all depends on the objective function. While
it is extremely important to study various optimization sstes, this paper mainly focuses on a
better and justi able energy function formulation.

We propose a novel local-global variational energy funwiofor the problem of extracting
the foreground OOI from static images. The novelty comemftbe incorporation of a global
image data likelihood potential that seeks for a global deson of all the pixels in the image.
This addresses the problem that during the iterations theMGibdel for each region (e.g.
foreground or background) is estimated locally from theefsxn the currently estimated region
which is in general different from the true region. Basigalh one hand the estimated region
may contain only a portion of the pixels that belong to thestragion, and on the other hand
it may contain pixels that do not belong to the true regionteNihat the proposed variational
energy functional can not be optimized by a graph-cut tepmibecause it is not clear how to
incorporate the curve energy term into a graph-cut optitiimascheme. We choose to use a level

set approach and a novel quasi-semi-supervised EM algotithcarry out the optimization.

IIl. ROBUST VARIATIONAL FORMULATION

The de nition of “homogeneity” is critical for any image segntation algorithm. It is natural
to model the homogeneity of an image region using a prolsaigildistribution. For example, a
Gaussian distribution on the pixel intensity was adoptefl]Jnand a learned Gaussian mixture
model for each texture region was adopted in [2].

Our goal is to extract a foreground object from the backgdouinis not realistic to assume the
foreground object or the background region is a single Gansdistribution. We instead model
the feature distributions of both the foreground and thé&gamund regions as Gaussian mixtures.
Denote the foreground image &s the background image & the image dath = F[B and

u(x;y) as the feature vector at image coordingtgy), we have

G

Pu(x;y)j(x;y)2F)= FNuesy)~F; 1)

i=1

Pe (U(X;y))

KB

Puxy)i(xy)2B)=  PN(UMy)j~: ) (1)

i=1

Ps(u(x;y))
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where i, ~i and ; are, respectively, the mixture weight, the mean and the r@we of
the corresponding Gaussian components, rdand Kg represent the number of Gaussian
components in each of the Gaussian mixtures.

Assuming the image pixels are drawnd. from the two Gaussian mixtures, the image data

likelihood is simply a mixture model of the foreground anctkground distributions, that is,
Pr(u(x;y)) = e Pr(u(x;y)) + ' gPs(u(x;y)); siti; 1 +15=1; (2)

where! ¢ = P((x;y) 2 F) and! g = P((x;y) 2 B) are the prior probabilities that a pixel is

drawn from the foreground and background, respectively.

A. Local region potential

Denote Ar and Ag as the estimated foreground and background regions résggct et
| denote the whole image data, thatlis= Ar [ A g. The quality of the estimation can be

evaluated by the joint likelihood probabilities of he foregnd and background pixels, i.e.,

PUGY)(GY) 2F) © P(u(xy):(xy) 2B)

(xy)2A F (xy)2A B

I £ P (U(X;Y)) lgPg(U(x;y)); 3)

(Xy)2A (xy)2A B

Eni

Taking the logarithm on both sides of Equation 3, we obtaéltital region likelihood potential

as
4 4

En= (x;y)ZAFflog Pe(u(x;y))+log g+ (x;y)2ABf|og Pe(u(x;y)) +log ! gg: 4)
Our local region potential energy in Equation 4 is more gahigran the energy function adopted
in [1], [2] since we have incorporated the prior probal®iitiof the foreground and background.
In the case where we have no prior knowledge ablqutand! g and set them both té, the

local region potential in Equation 4 boils down to what isdise [1], [2].

B. Global image data likelihood potential

The maximization oy, with respect to the regions: andAg and the probability distribution
is achicken-and-eggroblem. If we know ¢, ! g, Pr andPg, we can easily identify the optimal
Ar andAg, and vice versa. In practice, the regions and the probgplphrameters are solved

alternatively. At each iteratiolAr andAg are xed rst while the probability parameters are
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solved to maximizeE;,. Then the probability parameters are xed while the regibbesome
unknowns to solve for.

Notice that Equation 4 only independently evaluates thesgiof the estimated foreground
and background region. When the estimated foreground aokigbaund regions are close to
the ground truth, Equation 4 gives the maximum likelihootinestion for the probability model
which makes perfect sense. But in practiég; and Ag are usually quite different from the
ground truth during the iteration process. In other wols, may not contain all the pixels in
the foreground, and furthermore, it may contain pixels Whielong to the background. The same
problem exists withAg. This affects the accuracy of the probability model paramsewhich in
turn affects the subsequent segmentation. To addressrtiitep, we propose to incorporate a
global image data likelihood that seeks for a global desiompof the entire image data.

Since the image pixels can be regarded.iad. samples drawn fron®P, (u(x;y)), the global
image data likelihood is the following:

Ei= ' PUY)E | LePeUOy)* laPeu(cy):  (5)

(Xy)2AE[A 8 (xy)2l
By taking the logarithm, the global image data likelihoodgrdial is nally obtained as
z z

E = | logP; (u(x;y)) = ) logf! £ Pe (u(x;y)) + ! 8Ps(U(X;Y))0Q: (6)

(xy)2 (xy)

C. Boundary potential

Image edges provide strong cues for segmentation. Therddms a signi cant literature
which incorporate edge information into a variational gyefunction such as theN\KES [4],
the active contour model with balloons [6] and the geodestiv@ contour [26], to list a few.

Since the geodesic active contour overcomes some of thegiattimitations of SIAKES, we
adopt a similar formulation to obtain the optimal boundarg) : ¢ 2 [0;1] ! (X;y) 2 R?,
which is a closed curve between the regidp and the regiorAg such that( ¢) = Ar \A .

The energy term corresponding to edge information is
Z z

_ 1 Lo A N
Ee((0)= o T+ig:(( NI+ 1%(( C))ijcC)JdC— . G(( c)jLojdc (7)

where gy and g, are the image gradient at the image coordin@atey), and £ c) is the rst

order derivative of the boundary curve. Minimizikg( ( ¢)) will align the boundary curvg c)
to the image pixels with the maximum image gradient whil€) will impose the rst order

smoothness constraint on the boundary curve.
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D. Boundary, region and data likelihood synergism

There has been a lot of work that formulate the image segriiemtas a variational energy
minimization problem such as the region competition [1] &mel geodesic active region [2]. We

also use a variational energy minimization approach. Oergnfunctional is

Eo((0);P) = Ee En E
21 1 Lo
= . — -] L ¢)jdc
o T+ igd (it ig (i~
Ee
z z
flogPe(u)+log ! Fg+ flogPg(u) +log ! gg
Afr Ag
| {z }
z ="
logf ! ¢ Pr (u) + ! gPs(u)g; (8)
Ar[A B
I {z }
E)
where , and are positive numbers with + + = 1. They are intended to balance

different energy terms.

Compared with the formulation of the potential energy in teégion competition [1] and the
geodesic active region [2], the uniqueness of our formaihais that none of their formulation
incorporated theglobal image data likelihood potentiaMoreover, the region competition ap-
proach [1] assumes a Gaussian distribution for each honoogeregion while we use Gaussian
mixtures to model the foreground and background. In the @siadactive region approach [2],
the foreground and background distributions are pre-awwhich renders the potential energy

to be only dependent on the boundary curive).

E. General machine learning problem behind the joint logkdbal energy

The estimation of the image data model by minimizing thetjgiobal likelihood energy and
the local region energy indeed reveals a very interestinghma learning problem, i.e., learning
with inaccurately labeled data set. It can be stated mowgaigsly as the following proposition.

Proposition 3.1:Let D = fdjj1 = 1:::ng be ai.i.d. data set drawn from a mixture data
modelP(dj )= !.Pi(dj 1)+ !,Px(dj ), where!;+!,=1and =f!;; ;;i=1;2g.
Assumel = flijl; 2f 1;2g;i =1 :::ng be the unknown ground truth binary label set indicating

that eachd; is drawn fromPy, (dj ). Suppose we have an inaccurate label&et fzjz 2
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f1,2g;i =1 :::ngwhere an unknown portiok = f zjz 6 |;g are incorrectly labeled. Then the
problem is that giveld andZ, how could we robustly estimat,(dj ), or more concrete the
model parameters ?

In principle, this is a parameter estimation problem in kestw of purely supervised parameter
learning and purely unsupervised parameter learningesve do have labeled data set but the
labels are not accurate. Just considering the situatidnathéhe labels are correct, i.eE = ;,
we can easily estimate by the routine maximum likelihood estimation (MLE). Withdoss of
any generality, if oveb0% of the data points have been erroneously labeled, the |abklsot
provide any helpful information for the estimation of thegaeters since a random guess of the
label may do better than the labels provided. In this casep#drameters of the data model can
only be estimated by unsupervised learning algorithm sigcthea popular EM algorithm [27].

DenoteD; = fdijzz = 1g andD, = fdjz = 29, we haveD = D; [ D ,. Mathematically,
the purely supervised learning targets on maximizing theviang log likelihood function in
Equation 9.

00Po,0, = flogl s +log Pu(dj 1)g+  flog!,+log Pa(dj 2g:  (9)
D1 D2
It is easy to gure out that Equation 9 exactly correspondshi local region potential in our
variational energy forumlation in Equation 8 for the imaggmentation problem. On the other
hand, purely unsupervised learning aims at maximizing thewing joint data log likelihood
function in Equation 10.

X
logPp = f1,P(dj 1)+ !2P2(dj 2)g: (10)

D
It is also easy to gure out that Equation 10 exactly corresfmto the global data likelihood

potential in Equation 8. For the problem stated in the prapes3.1, if E 6 ; and there is a

signi cant part (e.g., over 60%) of the labels which haverbeerrectly labeled, both the purely
supervised learning scheme and purely unsupervised tepscheme are not suitable. Intuitively,
purely supervised learning scheme may result in a very Biase@mation due to the erroneously
labeled data points. On the other hand, purely unsupenkseding scheme totally ignores the
useful information from the correctly labeled data pointeally, we should effectively utilize

the correctly labeled data and reduce the effects of theneously labeled data to the minimum

for the robust estimation of the model parameters. To aehileis, we propose to maximize the
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following combined log likelihood function, i.e.,

FD = |809 PDlDz + (1 )|Og PD 9 (11)

< X - X - =

= flog!;+log Pi(dj 1)g+  flog!,+log Px(dj »)g.

' D1 D» !

( X )
+ (1 ) fl1P(dj 1)+ !2Po(dj 2)g ; (12)
D

where 0 1 should be set to make a balancing between the supervisetingaand

unsupervised learning scheme based on our con dence abheutdrrectness of the labels. It
is intuitive to see that maximize this combined log likelilsbfunction will t the data model

locally with the labeled data and at the same time seek forohagjldescription of the whole
data to reduce the effects of those erroneously labeledtddtee minimum. We name this type

of problem as ajuasi-semi-supervisdéarning problem.

IV. ENERGY MINIMIZATION ALGORITHMS

Since we do not have a pre-speci ed image data mé&gél), it is obvious that the variational
energy functional we formulated in Equation 8 relies on twts of functions, i.e., the boundary
curve ( ¢), and the the image data mode| (u). Therefore, we propose a two step iterative
process to minimize the energy functional, i.e., at one,stéftn xed P, (u), we minimize the
energy with respect to thé c). While at the other step, we minimize the energy functional
with respect toP, (u) with a xed boundary ( ¢). Each step will guarantee to minimize the

variational energy, we present more details of the two ssspfollows.

A. Boundary optimization by level set

In the rst step of our iterative minimization scheme, we B (u), Pg(u), ! ¢ and! g, and
minimize the functional with respect t¢ c). This can be achieved by gradient decent, e.g., take
the variation ofE,( ( c); Pe; Pg) with respect to( c), we have

#

@, _ FePe(u(( 9))
@0 - 99 TReu((oy MO

+G((NK((Q) 1 () (N A(( ) (13)

wheref( ) represents the normal line pointing outwards from the bawndurve ( ), K() is

the curvature, and all the function values should be evatlah the boundary curvé c). One
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interesting observation here is that the form of the paviation in Equation 13 is almost the
same as that in [2] except the mixture weights and! g. This means that the image data
likelihood potentialE, does not affect the partial variation of the energy fundiomith respect
to the curve. This is easy to understand becaus&the evaluated on the whole image, it does
not rely on the boundary curvé c).

We propose to use level set to implement the above partialadime equations, i.e., at each
time instantt during the optimization of the curvg c;t) is represented as the zero level set of
a 2 dimensional function or surface(x;y;t), i.e., ( ¢c;t) := f(X;y)]' (Xx;y;t) = 0g. Following
the literature [2], [26], we de né (x;y;t) to be a signed distance function, i.e.,

8

3 d(xy) (cit) i(xy)2Aen (ct)

: 0 (xy)2 (ct) (14)
di(x;y); (1) ;(xy)2Aen (c;t)

whered( ) is the Euclidean distance from the poifx;y) to ( c;t) which is de ned as the

t(xy;t) =

shortest possible distance framx; y) to any points in( c;t). We have
" #
@'(xy;1) PePe(u(xy))

@t~ %9 iy MU ,
£ BYKEGY) T B6Y) Tk i O (15)
where S D,
K(gy)= 23 20y ® wk, (16)

( 2+ 92
among which' , and' y, and' ., ' yy and' , are the set of rst order partial derivatives and
the set of second order partial derivatives ¢k; y;t), respectively.

The evolution of' (Xx;y;t) over timet is then implemented by replacing the derivatives by
discrete differences, i.e., the partial derivative witlspect tot is approximated by forward
differences and the partial derivative with respectxtcand y are approximated by central

differences. In principle, the evolution of the surface valaated by
( " #
ePe(u(xy)) .,

Gyt ) = TGy 199 TP (uty)) ()i
n ’I # )
£ BYKEY) T BMY) e Ol @)

where is the discrete time step. We haec;t+ )= f(x;y)j" (x;y;t+ )=0g.
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B. Image data model estimation

In the second step of our iterative minimization scheme, wehe the boundary curvé c)

and minimize the energy functional with respectPo(u), Pg(u), ! ¢ and! g at the same time.

In other words, by xingAr and Ag, we minimize the functional with respect # (u). In

principle, this involves to minimize the variational engngith respect to all the parameters

of P, (u), i.e.,

n 0

= leilef Tief5 Todif 5= Pog (18)

Take the derivative oE, with respect to each parameter in we have

@,
@k
&,
@5
@,

F
i

Qe

®

ol

#

i)

®

#

©

+

where | is the
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z 1 7 Pe (U)

ZA,: :-’- Z| !|:P|:(U)'|' !BPB(U) (19)
1 PB(U)

e ls 1 TEPE(U)+ ! Pa(U) (20)

ZOUEN(@USF; F) L f TEN(USE F)

Ar e Pe(u) * I ' ePe(u) + ! gPs(U) (21)

20 FN@F; B)(CP) Yu )

AE !FPF(U)

e FN@~F F)CF) Yu ~F)

| l e Pe(u) + ! gPg(u) ) | (22)

Z e FN@UT AP T ~Hu ~HTFH) Lo

Af 2h!FPF(u) i

Z g FN@UT IR P ~Hu ~HT(H L

. 20 £ Pr (U) + | oPa(U)] (23)

OGN (Ui~ B) % 1N (uj~? B

ae TePe() 1 TePe(u)+ !oPe(u) (@4)

£ 1 BN(Uj~E; B)( B) Hu ~)

Ag !BPB(U)

z g BN (uj~B B)( B) Yu ~)

Ag[A B !FPF (U)+ IBP?](U) i (25)

Z 15 BN(U~B; B)(B)l(u ~)u ~)T( BT

Ag Z!hBPB(u) i

Z 1g BN(Uj~B B)( B) L (u ~)(u ~)T(B)* 26)

l 2[' g Pe(u) + ! gPg(U)] ’
identity matrix. Set all the derivatives to zero anteasome mathematical
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manipulation, we easily come up with the following xed-poiequations, i.e.,

R R aepeq
1+ 'FPF
Ar I 1 g Pe (u)+!gPg(u)
!F - ~ Pe (u) (27)
I 1 Pe (u)+! gPg(u)
R 21 5 Pg (U)
1+ - BB
— AB - | !FPF(U)+!BPB(U)
lg = R — (28)
I 1 e Pe(u)+ ! gPg(u)
R FN@-F; F)
F = AF 'r P (u)
T RaNiF ) R N@j-F; F) (29)
Ar TTEPE(U) I TEPe (u)+!gPg(u)
Roun@i-F: By . R uni-f: F)
~F = AF  1EPe(u) I e Pe(u)+!gPg(u)
b ROoN@-F ), R N@=f; F) (30)
AF 1EPE(u) I 1TePg (u)+ ! gPg(u)
Ro@w -Fyw -Hy'nwi-fs F) o R ~Fyw -F)TNwi-F; F)
Foo_ Ar ' Pe(u) ' 'FPr (Wt !ePe(Y) (31)
' RoN@-F B, R N@i-f )
Ar  EPg(u) I 1 e Pg (u)+!gPg(u)
R BN@j-8: B
B _ As  1pPg(u)
T RN B . R N P (32)
Ag  IgPg(u) I TePe(u)+!gPg(u)
RouN@i-8: &) R uNi-8; 8
B _ As  1gPg(u) | Vg Pe(u)+!gPs(u) (33)
! RON@-P: B) . R N@j-P; P)
As !gPg(u) I e Pe (u)+ ! gPg(u)
RO -B)yu B)'N@i-8: B) . R -Byu -B)TnNj-8; P)
B _ As ! gPg(u) | ''r Pe (u)+ ! gPg(u) . (34)
' RN (uj-B; B) RO N(uj-B; 8) ’
A !gPg(u) I e Pe (u)+ ! gPg(u)
which are also subject to the constraints that
L L G
e+ 1lg=1; ;=1 P =1: (35)
i=1 i=1

Therefore, we must ensure that we normalize these weighgaddt iteration of the xed-point
iterations.

This set of xed-point equations can be interpreted as a solowasi-semi-supervised EM
algorithm for Gaussian mixture models, where we have inateuabels of the data in a 2-class
classi cation problem, and each class can be represented®gussian mixture model. It turns
out that the robust estimation of the data distribution, #tng the probabilistic distribution for
each of the class could be achieved by xed-point iterationilar to that in Equation 27 to
Equation 34. This is just a speci ¢ result on Gaussian mixtorodels on the general machine

learning problem we have discussed in Section IlI-E.
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Here the foreground and background image pixels are the tesses we would want to
discriminate, andAr andAg can be regarded as the inaccurate labeling of the foregrandd
background pixels. The xed-point equations we have defitrg to make a balancing between
the estimation from the labeled data and the unsupervisichasn. The erroneous labeled
data will be given less weight during the xed-point itexati This can be easily observed in
Equation 30, the rst integral of the numerator ovAr is in fact the estimation from the
inaccurately labeled data, and the second integrationehthmerator ovet = A [A g is a
soft classi cation of the image pixels by the current estilma of the data likelihood model.
Those image pixels which have been labeled to bé in and which have also been classi ed
with high con dence as foreground pixels will be given moreight. This will result in a more
robust estimation of the data distribution since the effeftthose erroneously labeled data will

be suppressed. This has also been demonstrated in ourregpé&siin Section V.

V. EXPERIMENTS EXTRACTING OBJECTS AT THE FOCUS OF ATTENTION

Although the formulation of the proposed method is very geh® handle image segmentation
in a general setting, we focus on a more speci ¢ applicati@n, the extraction of object at the
focus of attention. The basic assumption is that when orestak image of an object of interest,
he will usually locate it in the center of the image. This wessumption does not affect our

formulation, but makes the fully automatic extraction pholes

A. Validation of minimizing the local-global energy on nuroal example

We use a synthetic numerical example to demonstrate thetigfaess of minimizing the
local-global energy in the problem of model estimation wiiaccurately labeled data. The

ground truth data model is
P(dj ) PiPa(d] 1)+ !2P2(dj 2)

0:5 (0:4N (dj1C; 25) + 0:6N (dj30; 25))

+

0:5 (0:3N (dj50; 25) + 0:7N (dj70; 25)) (36)

whereN (dj ; 2) represents a Gaussian distribution with meamand variance 2. Then
represents the set of parameters for all the Gaussian raixtiadels. We then randomly draw

a setD of 20000data samples from the data model and during the samplingepspave also
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(a) Ground truth (b) Local-global energy (c)Local energy

Fig. 1. Comparison of minimizing the local energy and jomtdl-global energy function. From left to right are the mestiion

results of the ground truth, the result of minimizing thedbglobal energy and the result of minimizing only the loeakrgy.

recorded the sdt of ground-truth labels, which indicates whether a sampligas P, or P,,
and we denoté ; = fl; = 1gandL, = fl; = 2g. To simulate the situation of erroneous labeling,
we randomly exchang80% of the labels betweeh; andL,. We then denote the exchanged
label set aZ; andZ, which are supposed to be the known condition.

We then compared the model estimation results of only maingithe local log likelihood (or
equivalently minimizing the local energy due to the negatign) in Equation 9 and the results
of maximizing the local-global log likelihood (or equivalidy minimizing the local-global energy
due to the negative sign) in Equation 10. Figure 1(b) showstbdel estimated by minimizing
the local-global energy function, Figure 1(c) shows the el@s$timated by only minimizing the
local energy function. Compared with the ground truth mqutelsented in Figure 1(a), we can
easily see that the model estimated by local-global enerigynmzation is far more close to the
real model than the model estimated by the local energy niaition.

Since30%erroneous labels is signi cant, we seto be0:05to balance more toward the global
energy function. In the experiments, the local-global gpeninimization is performed by xed
point iteration similar to what has been derived in SectigB| namely quasi-semi-supervised
EM. The local energy minimization is performed by applyihg tlassical EM algorithm [27] to
tting the two Gaussian mixtures independently on the tweadsets induced by, andZ,. For
both algorithms, we randomly choo4® different initializations and the best results on t&
runs are adopted for comparison. We have extensively ruraltp@ithm with different setting
of the ground truth data model parameters. We generallyrebsgmilar results as shown in

Figure 1.
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Fig. 2. Card segmentation results.

B. Automatic extraction of business card from images

We have constructed a fully automatic real-time system tiwaek business card from still
images of unconstrained background. We can then rectifyskizge of the extracted business
card to be a rectangle with the correct physical aspect tiasing techniques similar to that
in [28]. We further enhance the recti ed image, e.g., enleathe contrast of the recti ed image
by transforming it through a “S” shaped Hermite curve intdaped according the intensity
distribution of the image pixels.

In summary, the whole system is composed of three sub-sgsteamely the segmentation
subsystem, the shape recti cation subsystem and the imalggneement subsystem.

1) Business card segmentatiofihe segmentation of the business card in the image is achieve
by the proposed algorithm. The output of the sub-system ieckavise chain code of the image
coordinates of the closed boundary of the business cardmredenti ed, along with the labeling
of whether a pixel belongs to the business card or backgroB8othe implementation details

and explanation are as follows:
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INPUT: The input is a color image, and the image feature vectoadopted is a ve
dimensional vectoff L;U;V; x;yg, whereL, U andV are the color pixel values in the
LUV color space ana andy are the coordinates of the pixels in the image. We adopt
the LUV color space because it was specially designed to best dapmatex perceptually
uniform color spaces [29]. That will facilitate to obtain aeamningful segmentation as the
perceived color difference in theUV space is very coherent to be an Euclidean metric.
MoDEL: The foreground object modé}: is a 2-component mixture of Gaussian, which
models the bright sheet and dark characters of most of th@dssscard. The background
model Pg is a 8-component mixture of Gaussian, which should covertrabshe pixels
located in the boundary of the image coordinate.
INITIALIZATION OF SURFACE: The initial level set surface is initialized by a signedtdrsce
transform with respect to a rectangle located in the centeh® image with length and
width of % of the image width and length.
INITIALIZATION OF FOREGROUND MODEL Firstly, we sort the pixels inside the initial
rectangle according to their intensity valle Then we takeKr = 2 average values of
the 5-dimensional feature vectors of the light@86 pixels and the darkest0% pixels
respectively as the seeds for the mean-shift mode seekinthereature space of the
whole image. The two modes obtained are then adopted as itfeization of ~f and
~F . The mixture weights I and 5 are both initialized to b&®:5. Each covariance matrix

F is initialized as the same diagonal covariance matrix, thee variances of the spatial
componentyx;y) are initialized as% of the image width and height, respectively. The
variances of the color componeritls; U; V g are all initialized as 25. Note we do not make
much effort to tune these initialization parameters.
INITIALIZATION OF BACKGROUND MODEL: TheKg = 8 average feature vectors of pixels
inside eight10 10 rectangles, which are circled around the margin of the image
adopted as the initialization of the mean-shift mode segllgorithm in the full image

feature space. The eight recovered feature modes are tlogteddas the initialization of

with those of the foreground mode% (u). All the Bs are set to bé.
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Fig. 3. Some failure cases of the variational energy fortiatawithout the global image data likelihood energy.

INITIALIZATION OF FOREGROUND/BACKGROUND MIXTURE WEIGHT: The mixture weights

I £ and! g are initialized to be equal té.

CONVERGENCE CRITERION Whenever the foreground region has less th&nchange in

two consecutive iterations, we consider the algorithm isveeged. However, this criterion

is very rough but it meets the requirement of the business estraction system. We also

set a maximum iteration number 80 in case thel% change criterion can not be achieved

within the processing time we can tolerate.
Note that these settings are applied to all the experimeatfopned and reported in this
paper. We present some segmentation results of differesmdss card in various background in
Figure 2. The closed boundary of the business card is ostlayred. We can generally obtain
satisfactory segmentation results, i.e, we achieve 886 successful rate on ov&00images
tested. We regard a segmentation result to be successfusifiimost matched with the region
which would be segmented by human perception.

For comparison, we have also run the algorithm from the tianial energy formulation
without the global image data likelihood included. Now ir ttep of estimating the distribution
P andPg (! ¢ and! g are not necessary any more), we apply classical EM algor[@if
to t Pr and Pg independently on the current partitidke and Ag. Although the algorithm
works with some of the images, it generally performs lessisbthan the proposed local-global
energy minimization algorithm. Some of the typical failleeamples of the variational energy
formulation without the global energy term are shown in Fgg8. The reason for the failure is
that without seeking a global description of the image dp&form EM independently on the

inaccurately partitionedr andAg may result in a biased estimation Bf and Pg, this will
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not ensure good segmentation results.

As pointed out in [30], estimating the Gaussian mixture ni®de a purely unsupervised
fashion can hardly keep the identity of the Gaussian commookethe OOI (such as the hand
in their case). Thus they proposed a restricted EM algori¥inich xes the mean of the OOI
Gaussian component throughout the EM iterations. It assuhe the initial estimation is good
enough which may be too strong in many practical situatiGigen that we assume more general
Gaussian mixture model for the OOI, the initially estimateddel is usually not accurate. Thus
we have to re ne it during the xed-point iterations. We dotri@ve the identity problem because
we combine the global energy with the local region energy.

2) Shape recti cation: The physical shape of a business card is usually rectangleeter,
in the image formation process, the rectangle shape wildliysbe projected as a quadrangle
shape in the image. Thus the texts on the business card imidugei will be skewed. It would
be nice to re-transform the quadrangle shape back to a rgetanth the physical aspect ratio
of the business card so we can also rectify the skewed tekieasame time.

Since the business card is a planar object, it is well knowva tthis can be easily achieved by
a homography transform. It is also well known that only foairp of correspondence points are
needed to solve for a homography matrix. In fact, it is ndttoachoose the four corner points
of the quadrangle since they are direct correspondenceedbtir corner points of the physical
business card. To make the recti ed text to look natural,eaist we still need to estimate the
physical aspect ratio of the business card since we have paon@btain the physical size of the
business card from a single view image. Fortunately, by ntpkéasonable assumptions about
the camera model which are easy to satisfy, if we have theencagrdinates of the four corner
points of the quadrangle, it has been shown in [28] that thesiphl aspect ratio of the rectangle
can be robustly estimated given that the quadrangle is tbggion of a physical rectangle
shape.

Therefore, now the problem we need to address is to locatdotlvecorner points of the
guadrangle in the image. Since the segmentation subsystieims to us the clock-wise chain
code of the closed boundary of the business card, it greatyithte us to achieve this goal.
Note that the corner points may not necessary to be on thedaoyicurve we obtained because
it is common that one corner point be occluded by the ngershef people who is holding it,

e.g., see Figure 2(a), (b), (d), (9), (h), (i), (j), (k) andl fir a few examples. Our solution is
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Fig. 4. Results of Curve Simpli cation.

to t four lines to nd a best quadrangle based on the boundamge points and business card
region. This can be achieved by the following steps.
CURVE SIMPLIFICATION: The boundary chain code we have obtained is a dense polygon
representation of the segmented area, i.e., each vertakipan the3 3 neighborhood of
its neighboring vertex. This usually results in 0\&&0 vertex points. As we can easily see
from Figure 2, this is too redundant. Without losing muchuaacy, the curve simpli cation
procedure try to reduce the vertex 1®  20. Denote the set ofi vertex points we

the neighbor ofv, 1, we perform the following two steps for curve simpli catipne.,
— Multi-scale corner point detection : Denote(i)y, = i mod m, fori =

O;::::n 1, check to see if

(Vi n Vi) (Vsj)a Vi)
. : < 0:98 = cos(10 37
kV(i idn Vika(i+j)n Vik ( ) ( )

vertex set, otherwise we remove it from the vertex set. Ttap # principle removes
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Fig. 5. Quadrangle tting of business card.

vertex points with too small transition over multiple ssal§/e denote the reducen

vertex set as7 = fwo; ;¥ 01 ¥m 10 Wherewy and v, ; are again neighboring
vertex.
— Iterative minimum error vertex pruning :Fori =0;:::;m 1, evaluate

di = d(%; ¥ 1. ¥i+1.) the Euclidean distance from; to the straight line formed
by its backward and forward neighbor verticeg 1), and .1, . Supposewvy is
such thatdy = min; fd;g, if d¢ < 4, where 4 is a pre-speci ed error tolerance (we
usually set it to be 1), we remows, from V. Repeat the same operations until no

more vertices could be removed from the set. This returnsrthlereduced vertices

QUADRANGLE FITTING: We formulate the quadrangle tting as an optimization pewb.
We rst construct the set of all straight line candidates fioe quadrangle boundary based
on the pruned vertices s&. We then seek the best combinations of four lines which
returns the highest score according to the criterions wedniced below to obtain the best

guadrangle.
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Fig. 6. Results of recti ed business card.

— Boundary line candidate set . For eachi = 0;:::;l, construct the ordered

is an integer value which speci es how far we should look fard/to form the line

candidates from one speci ¢ vertex. We generally set it tolb&/e nally obtain the

1g. Note that the order of the lines are also ordered accordintpe ordering of the
vertices.

— Quadrangle evaluation : DenoteQjq be the quadrangle spannedfidy; I ; Ic; g
wherei<j<k<l ,f B} fu: & o 9 be the four corner angles spanned by the
four lines. LetNg, Ng and Ng\, o be the number of pixels identi ed as foreground
business card pixel, the number of pixels inside the quadiea@;, and the number
of pixels in the intersection of the former two sets, respebtt. Also, let N, be the
number of vertices point in/ which are in thed, neighborhood of the four line
segments formed by the four liné§; I;; lc; ;9. We usually taken. to be 3 pixel. Also

note that there ara vertices in the vertices s&t. Then the tness of the quadrangle
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Fig. 7. An example of S-Shaped curve.

is evaluated by
V

u S
neg ¥ : .+ Nro , Nro
So = — 1 cos ! + : 38

The Qj with the largesiSq is regarded as the best quadrangle. In principle the cost
function Sq favors the quadrangle whose boundary and enclosed reginaide with

the boundary and enclosed region of the segmentation sethdtmost. It also favors
quadrangle whose corner angles are ngarhis is based on the assumption that the
users usually try to face the frontal of the business carchéocamera. Moreover, a
post-processing could be performed by collecting the Setigé points in the neighbor

of each boundary lines and then performing a weighted lestre tting to further

re ne the position of each of the side lines of the quadrarsfiape.

— Heuristics to reduce computation : ;I'he most computation intensive part
of the optimization process is the evaluation o ,\FIEQQ + lel% in Sq since we must
count the intersection of two region in the image. The follmyvheuristics have been
adopted to reduce the computation and they have been proves very effective:

If the length of a line segment®.j), 1 | ngis less thank of the minimum
of the image width and length, then we do not put it in the b@aupdine candidate
set.

If any of the corner points of the quadrandlgy falls out of the image size, we
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Fig. 8. Results of enhanced business card image.

simply discard it without evaluating th®q for it.

If fe < 0:5 for Q. , we simply discard it without evaluating the other termSyf.

evaluation.

RECTANGLE RECTIFICATION Once we have obtained the best quadrangle skgpe for
the business card in the image, we can easily identify the fmuner points. Then by
utilizing the techniques in [28], we can easily estimate phgsical aspect rati®R = \‘,’VV—;

of the business card. To rectify the quadrangle, we needttordee the size of the rectangle
after recti cation. Since we do not want to lose any imageoiniation, i.e., each image
pixel inside the quadrangle in the image must have a diregt imahe recti ed rectangle
image, we must set the length and widthW, of the recti ed rectangle to be suitable to
achieve this. We rstly identify the longest side of the quagle whose length is denoted
asLq, and denote the longer length of the two neighbor sides oldhgest side a¥V,,.
Then, if R Wy > L 4, we set thew, = W, andL, = R W,, otherwise we seL, = L,
andW, = FL{—'. We then have the four corner points of the recti ed rectangl be(0; 0),
(Ly;0), (Ly;W,;) and (0; W,) and they are corresponding to the four corner points of the

guadrangle. A homography could be estimated from the fouis & corresponding points,
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and we can easily re-warp the quadrangle shaped image pathk tecti ed rectangle by
reverse mapping with bi-linear color pixel interpolation.

We present the step by step results of each step of the shetpeaton subsystem through
Figure 4 to Figure 6.

Figure 4 presents the results of curve simpli cation basedtlte segmentation results of
those images presented in Figure 2. The blue curve overlayeghch of the image is the
boundary curve from our segmentation algorithm and theevhdints are the nally simpli ed
vertices of the boundary curve. As we can easily observectinee simpli cation algorithm
adopted signi cantly reduces the number of vertices of these while the simpli ed curve still
represents the originally curve with high accuracy.

Figure 5 presents the results of quadrangle tting from optiraization criterion. The green,
blue, red and yellow corner points correspond to {Be0), (L;0), (L;;W;) and (O; W,)
coordinate of the recti ed rectangle respectively. We ats@rlay the recovered quadrangle
shape with red lines in the image, we can easily notice howecibis tted with the boundary
curve (blue lines) and region from our segmentation resaltso notice how the occluded corner
points (mostly occluded by ngers) are recovered throughdyangle tting, it is not a problem
at all.

Figure 6 shows the results of the recti ed business card enligises the estimated quadrangle
shapes in Figure 5. Note how the skewed business card tesdatbes are recti ed at the same
time with the shape recti cation. Note the different aspeatios of the recti ed business card
image represent very well the differences of the physicpkeisratio of these business card.
For a quantitative study about the accuracy of the physsadet ratio of the recti ed rectangle
shape, we refer the readers to [28].

3) Card Image Enhancemento make the contrast of the text characters and the backdroun
in the recti ed business card image more sharp, we simplgpeesdently transform the, G, B
pixel value of the recti ed image through a “S” shape curveHsrmite polynomial interpolation
on the average intensity, of the lightest10% pixels and the average intensity; of the darkest
10% pixels. In principle, the curve should map the pixel valugyéa or equal td_, and pixel
value less or equal tb4 to near 255 and O, respectively. Here we present in Figure $"a “
shaped curve interpolated on the recti ed business cardyéma Figure 6(m).

We present the contrast enhanced business card image ire BgGompared with the original
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Fig. 9. Segmentation results for road sign images.

recti ed business card image in Figure 6, the contrast ofdbler pixels has been effectively
improved. However, it sometimes causes some negativeteféspecially when there are large
light variation on the business card, e.g., Figure 8(d) {e(e some examples. In this case,

tting a lighting plane like what has been utilized in [28] gfit be of great help.

C. Segmentation of road sign images

We have also collected a set &7 road sign images from the internet, in which the road signs
are at the focus of attention. This set of road sign imagetagmiroad signs of different shapes
and different poses under a large variety of backgroundsh#e subjectively evaluated the
quality of the extraction results of our algorithms by categing them into3 different groups,
namely “good”, “fair”, and “bad”. We havé& different people to vote for the extraction results of
each image, and the extraction result of one image is camagbto the group which it receives

the largest number of votes. Overall there &ieresults being categorized as godidpeing
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(a). Fair (b). Fair  (c). Fair (d). Bad (e). Bad (f). Bad

Fig. 10. Fair and bad results of road sign segmentation.

categorized as fair anfl being categorized as bad. We present some of the samplesstudce
results in Figure 9. As we can observe, the extraction result quite accurate.

We also present some of the fair and bad results in Fig. 10. fe@sons may cause the
unsatisfactory results: (1). The OOls are too small or tao ih the image such as Fig. 10(e)
where the tree behind the road sign is classi ed as the foregt object. This is because the
initial OOI region contains large number of pixels of theetr€2). There are very strong spurious
edges surrounding the OOI while there is not enough difteaton between the foreground and
the background colors. Fig. 10(f) is such an example wheeectilor difference between the
tree and the characters on the road sign is not strong enaugkiercome the biased energy
force from the spurious edges. One possible solution mightiobreduce , but how to tune it
adaptively is an open issue. Note that these reasons al$p tapihe unsatisfactory results for

extracting general OOIs in Section V-D.

D. Segmentation of other objects

To test the ability and robustness of the proposed algorithextract general object of interest
from static images, we have tested the proposed algorithim set 0f63 images, in which the
OOl is at the focus of attention, from the Berkley image das#b[31]. This set of images are
more challenging because the appearances of the OOIs arh¢kground are more complex.
With the same subjective evaluate method as that for the sgadimage set, the extraction
results on31 images are categorized as godé,are categorized as fair ardd are categorized
as bad. We present some typical successful extractionsesuthis image database in Figure 11.

With the same setting as the segmentation algorithm in @edtiB, we have also obtained
successful segmentation results in a variety animal imagek as dog, wolf, rabbit, squirrel,

zebra, raccoon and hawk downloaded from internet. We algair@n successful results on
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Fig. 11. Segmentation results of general objects on thedbgykimage data-base.

segmenting human hand and head, cell phone and teleph@®and even receipts. We present

some of the results in Figure 12. The results are quite ateura

E. Validation of the quasi-semi-supervised EM on real expents

One may have the concern that why the local-global variatienergy formulation can achieve
better results. The reason is that the quasi-semi-suer&@d! algorithm generally will achieve
more accurate estimation of the joint data likelihood maaladl thus more accurate estimation
of the foreground and background model, since the objedtimetion incorporated a term to
maximize the joint data likelihood. In fact, this can be destoated by analyzing the failure case
of the variational energy formulation without the data likeod potential in Figure 3(c). We plot
the marginal foreground background distribution obtaifredh both formulations in Figure 13.

For convenience, we call the variational formulation withthe global data likelihood potential
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Fig. 12. Segmentation results of other general objects.

as local variational formulation.

From left to right, the rst row in Figure 13 presents the asted marginal foreground/background
distributions by our algorithm upon convergence onlth& andV dimension, respectively. The
second row of Figure 13 shows the ground-truth marginatidigion onL, U andV, which are
estimated on the manually annotated foreground/backgrouarthe image shown in Figure 3(c)
(actually, different intermediate results of the same ienage shown in (h) of Figure 2, 4 and 5,
respectively.). The third row presents the three margirsdtidutions estimated by the algorithm
deduced on the local variational formulation.

It is worthwhile to mentioning how close are the marginaltrdisitions estimated by our
algorithm to the ground-truth marginal distributions. lmntrast, also note that how far away are
the foreground/background distributions obtained by tiell variational formulation to those

of the ground-truth . It is obvious that the failure of thedbwariational formulation is due to
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Fig. 13. The estimated marginal distribution of foregroretl line) and background (blue line) an( rst column), U (second
column) anadV (last column). The rst row presents these distributionsagted by our algorithm upon convergence. The second
row presents the ground-truth distributions estimated @mually labelled foreground/background regions. And thiedtrow
presents these distributions estimated by local variatiéormulation. The comparison is performed on the imagesshmn

Figure 3 (c).

the inability to accurately estimate the foreground/backgd distributions. This is not strange
because under the local variational formulation, the tvabritiutions are independently estimated
by traditional EM algorithm [27] over the regiohr andAg, respectively, which are doomed by
the local tting problem. On the other hand, our xed-poiméiations nicely solved this problem

since it also maximize the global image data likelihood &t shme time.

VI. CONCLUSION AND FUTURE WORK

This paper proposes a novel local-global variational gnéogmulation for image segmenta-

tion, based on which an iterative scheme is formulated ttoparthe minimization of the energy.
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Our main contributions are (1) the incorporation of a gloibahge data likelihood potential to
better estimate the foreground/background distributiamsl (2) a set of xed-point equations
which we call quasi-semi-supervised EM for Gaussian m&tuodels. As we have discussed, the
guasi-semi-supervised EM is specially suited to deal whth learning problem with inaccurate
labeled data where an unknown portion of the labels of tha de¢ erroneous.

Based on the proposed approach, we have built a real timemsytst segment, rectify and
enhance business card images. Our formulation and algoatle also general to segment other
general objects. Extensive experiments have demonstitageeffectiveness and ef ciency of the
proposed approach. Future work includes extending that@nial energy formulation for the

segmentation of multiple objects.
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