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Abstract. The tutorial starts with an overview of the concepts of VC dimension and structural risk minimization.
We then describe linear Support Vector Machines (SVMs) for separable and non-separable data, working through
a non-trivial example in detail. We describe a mechanical analogy, and discuss when SVM solutions are unique
and when they are global. We describe how support vector training can be practically implemented, and discuss
in detail the kernel mapping technique which is used to construct SVM solutions which are nonlinear in the
data. We show how Support Vector machines can have very large (even infinite) VC dimension by computing
the VC dimension for homogeneous polynomial and Gaussian radial basis function kernels. While very high VC
dimension would normally bode ill for generalization performance, and while at present there exists no theory
which shows that good generalization performancguiaranteedor SVMs, there are several arguments which
support the observed high accuracy of SVMs, which we review. Results of some experiments which were inspired
by these arguments are also presented. We give numerous examples and proofs of most of the key theorems.
There is new material, and | hope that the reader will find that even old material is cast in a fresh light.
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1. Introduction

The purpose of this paper is to provide an introductory yet extensive tutorial on the basic
ideas behind Support Vector Machines (SVMs). The books (Vapnik, 1995; Vapnik, 1998)
contain excellent descriptions of SVMs, but they leave room for an account whose purpose
from the start is to teach. Although the subject can be said to have started in the late
seventies (Vapnik, 1979), it is only now receiving increasing attention, and so the time
appears suitable for an introductory review. The tutorial dwells entirely on the pattern
recognition problem. Many of the ideas there carry directly over to the cases of regression
estimation and linear operator inversion, but space constraints precluded the exploration of
these topics here.

The tutorial contains some new material. All of the proofs are my own versions, where
| have placed a strong emphasis on their being both clear and self-contained, to make the
material as accessible as possible. This was done at the expense of some elegance and
generality: however generality is usually easily added once the basic ideas are clear. The
longer proofs are collected in the Appendix.

By way of motivation, and to alert the reader to some of the literature, we summarize
some recent applications and extensions of support vector machines. For the pattern recog-
nition case, SVMs have been used for isolated handwritten digit recognition (Cortes and
Vapnik, 1995; Schlkopf, Burges and Vapnik, 1995; Salkopf, Burges and Vapnik, 1996;
Burges and Satikopf, 1997), object recognition (Blanz et al., 1996), speaker identification
(Schmidt, 1996), charmed quark detectipface detection in images (Osuna, Freund and
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Girosi, 1997a), and text categorization (Joachims, 1997). For the regression estimation
case, SVMs have been compared on benchmark time series prediction telits @val.,

1997; Mukherjee, Osuna and Girosi, 1997), the Boston housing problem (Drucker et al.,
1997), and (on artificial data) on the PET operator inversion problem (Vapnik, Golowich
and Smola, 1996). In most of these cases, SVM generalization performance (i.e. error
rates on test sets) either matches or is significantly better than that of competing methods.
The use of SVMs for density estimation (Weston et al., 1997) and ANOVA decomposition
(Stitson et al., 1997) has also been studied. Regarding extensions, the basic SVMs contain
no prior knowledge of the problem (for example, a large class of SVMs for the image
recognition problem would give the same results if the pixels were first permuted randomly
(with each image suffering the same permutation), an act of vandalism that would leave the
best performing neural networks severely handicapped) and much work has been done on
incorporating prior knowledge into SVMs (Salkdpf, Burges and Vapnik, 1996; Salkopf

etal., 1998a; Burges, 1998). Although SVMs have good generalization performance, they
can be abysmally slow in test phase, a problem addressed in (Burges, 1996; Osuna and
Girosi, 1998). Recent work has generalized the basic ideas (Smolak8ghand Miller,

1998a; Smola and Solkopf, 1998), shown connections to regularization theory (Smola,
Sclolkopf and Miller, 1998b; Girosi, 1998; Wahba, 1998), and shown how SVM ideas can
be incorporated in a wide range of other algorithms (Habpf, Smola and Mller, 1998b;
Scholkopf et al, 1998c). The reader may also find the thesis of¢Ropf, 1997) helpful.

The problem which drove the initial development of SVMs occurs in several guises -
the bias variance tradeoff (Geman and Bienenstock, 1992), capacity control (Guyon et al.,
1992), overfitting (Montgomery and Peck, 1992) - but the basic idea is the same. Roughly
speaking, for a given learning task, with a given finite amount of training data, the best
generalization performance will be achieved if the right balance is struck between the
accuracy attained on that particular training set, and the “capacity” of the machine, that is,
the ability of the machine to learn any training set without error. A machine with too much
capacity is like a botanist with a photographic memory who, when presented with a new
tree, concludes that it is not a tree because it has a different number of leaves from anything
she has seen before; a machine with too little capacity is like the botanist’s lazy brother,
who declares that if it's green, it's a tree. Neither can generalize well. The exploration and
formalization of these concepts has resulted in one of the shining peaks of the theory of
statistical learning (Vapnik, 1979).

In the following, bold typeface will indicate vector or matrix quantities; normal typeface
will be used for vector and matrix components and for scalars. We will label components
of vectors and matrices with Greek indices, and label vectors and matrices themselves with
Roman indices. Familiarity with the use of Lagrange multipliers to solve problems with
equality or inequality constraints is assurhed

2. A Bound on the Generalization Performance of a Pattern Recognition Learning
Machine

There is a remarkable family of bounds governing the relation between the capacity of a
learning machine and its performafc@he theory grew out of considerations of under what
circumstances, and how quickly, the mean of some empirical quantity converges uniformly,
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as the number of data points increases, to the true mean (that which would be calculated
from an infinite amount of data) (Vapnik, 1979). Let us start with one of these bounds.

The notation here will largely follow that of (Vapnik, 1995). Suppose we are given
observations. Each observation consists of a pair: a vegterR™, i = 1,...,l and the
associated “truth’;, given to us by a trusted source. In the tree recognition probtem,
might be a vector of pixel values (e.g.= 256 for a 16x16 image), ang would be 1 if the
image contains atree, and -1 otherwise (we use -1 here rather than 0 to simplify subsequent
formulae). Now it is assumed that there exists some unknown probability distribution
P(x,y) from which these data are drawn, i.e., the data are assumed “iid” (independently
drawn and identically distributed). (We will ugefor cumulative probability distributions,
andp for their densities). Note that this assumption is more general than associating a fixed
y with everyx: it allows there to be a distribution gffor a givenx. In that case, the trusted
source would assign labejsaccording to a fixed distribution, conditional &n However,
after this Section, we will be assuming fixgdor givenx.

Now suppose we have a machine whose task it is to learn the mappirgy;. The
machine is actually defined by a set of possible mappings f (X, «), where the functions
f(x, @) themselves are labeled by the adjustable parametefhe machine is assumed to
be deterministic: for a given input and choice ofy, it will always give the same output
f(x,«). A particular choice ofv generates what we will call a “trained machine.” Thus,
for example, a neural network with fixed architecture, witborresponding to the weights
and biases, is a learning machine in this sense.

The expectation of the test error for a trained machine is therefore:

R(e) = [ 5lv= fxa)ldP(x) )

Note that, when a densipy(x, y) exists,dP(x,y) may be writterp(X, y)dxdy. This is a
nice way of writing the true mean error, but unless we have an estimate of(kag) is,
it is not very useful.

The quantityR(«) is called the expected risk, or just the risk. Here we will call it the
actual risk, to emphasize that it is the quantity that we are ultimately interested in. The
“empirical risk” R..., () is defined to be just the measured mean error rate on the training
set (for a fixed, finite number of observatiots)

l
Rempl@) = o5 > s = f(x3,0)]. 2)
=1

Note that no probability distribution appears herg.,,,(«) is a fixed number for a
particular choice of and for a particular training s€k;, y; }.

The quantity;|y; — f(x;, )| is called the loss. For the case described here, it can only
take the values and1. Now choose somg such that) < n < 1. Then for losses taking
these values, with probability — 7, the following bound holds (Vapnik, 1995):

R(0) < Remp(e) + \/ (Mloel/t) 1) ot o

l
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whereh is a non-negative integer called the Vapnik Chervonenkis (VC) dimension, and is
a measure of the notion of capacity mentioned above. In the following we will call the right
hand side of Eqg. (3) the “risk bound.” We depart here from some previous homenclature:
the authors of (Guyon et al., 1992) call it the “guaranteed risk”, but this is something of a
misnomer, since it is really a bound on a risk, not a risk, and it holds only with a certain
probability, and so is not guaranteed. The second term on the right hand side is called the
“VC confidence.”

We note three key points about this bound. First, remarkably, it is independB(% af).
It assumes only that both the training data and the test data are drawn independently ac-
cording tosomeP(x, y). Second, it is usually not possible to compute the left hand side.
Third, if we knowh, we can easily compute the right hand side. Thus given several different
learning machines (recall that “learning machine” is just another name for a family of func-
tions f(x, «)), and choosing a fixed, sufficiently smallby then taking that machine which
minimizes the right hand side, we are choosing that machine which gives the lowest upper
bound on the actual risk. This gives a principled method for choosing a learning machine
for a given task, and is the essential idea of structural risk minimization (see Section 2.6).
Given a fixed family of learning machines to choose from, to the extent that the bound is
tight for at least one of the machines, one will not be able to do better than this. To the
extent that the bound is not tight for any, the hope is that the right hand side still gives useful
information as to which learning machine minimizes the actual risk. The bound not being
tight for the whole chosen family of learning machines gives critics a justifiable target at
which to fire their complaints. At present, for this case, we must rely on experiment to be
the judge.

2.1. The VC Dimension

The VC dimension is a property of a set of functidn§«a)} (again, we usex as a generic

set of parameters: a choice efspecifies a particular function), and can be defined for
various classes of functiofi Here we will only consider functions that correspond to the
two-class pattern recognition case, so thet, «) € {—1,1} Vx, a. Now if a given set of

[ points can be labeled in all possitdeways, and for each labeling, a member of the set
{f(a)} can be found which correctly assigns those labels, we say that that set of points is
shatteredby that set of functions. The VC dimension for the set of functiffi&v)} is
defined as the maximum number of training points that can be shatterfgt{ by}. Note

that, if the VC dimension is, then there exists at least one sethgpoints that can be
shattered, but it in general it will not be true tleateryset ofh points can be shattered.

2.2. Shattering Points with Oriented Hyperplane®ifi

Suppose that the space in which the data liveisand the sef f(«)} consists of oriented
straight lines, so that for a given line, all points on one side are assigned thé,caskall
points on the other side, the clasg. The orientation is shown in Figure 1 by an arrow,
specifying on which side of the line points are to be assigned thelab¥hile it is possible

to find three points that can be shattered by this set of functions, it is not possible to find
four. Thus the VC dimension of the set of oriented lineRnis three.
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Figure 1. Three points irR?, shattered by oriented lines.

Let's now consider hyperplanes R". The following theorem will prove useful (the
proof is in the Appendix):

THEOREM 1 Consider some set of pointsinR™. Choose any one of the points as origin.
Then them points can be shattered by oriented hyperplanésnd only if the position
vectors of the remaining points are linearly indepenéent

Corollary : The VC dimension of the set of oriented hyperplang®'iris n + 1, since we
can always choose + 1 points, and then choose one of the points as origin, such that the
position vectors of the remaining points are linearly independent, but can never choose
n + 2 such points (since no + 1 vectors inR™ can be linearly independent).

An alternative proof of the corollary can be found in (Anthony and Biggs, 1995), and
references therein.

2.3. The VC Dimension and the Number of Parameters

The VC dimension thus gives concreteness to the notion of the capacity of a given set
of functions. Intuitively, one might be led to expect that learning machines with many
parameters would have high VC dimension, while learning machines with few parameters
would have low VC dimension. There is a striking counterexample to this, due to E. Levin
and J.S. Denker (Vapnik, 1995): A learning machine with just one parameter, but with
infinite VC dimension (a family of classifiers is said to have infinite VC dimension if it can
shatter! points, no matter how largg. Define the step functiofi(z), x € R : {0(z) =

1Vz > 0; 0(xz) = —1Vz < 0}. Consider the one-parameter family of functions, defined

by
f(z,a) = 0(sin(ax)), z,a € R. 4

You choose some numbérand present me with the task of findihgoints that can be
shattered. | choose them to be:
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x=0 1 2 3 4
Figure 2. Four points that cannot be shattereddfyin(a:z)), despite infinite VC dimension.

r;=10"% i=1,---,l. (5)

You specify any labels you like:

Y1,Y92, Y, Y S {_171} (6)
Then f(«) gives this labeling if | choose to be
l .
(1—y,)10°
y = 7(1 ). 7
@ =T+ Y ) @)

Thus the VC dimension of this machine is infinite.

Interestingly, even though we can shatter an arbitrarily large number of points, we can
also find just four points that cannot be shattered. They simply have to be equally spaced,
and assigned labels as shown in Figure 2. This can be seen as follows: Write the phase at
x1 as¢; = 2nw+ 6. Thenthe choice of label = 1 requires) < § < 7. The phase at,,
mod2m, is24; thenys =1 = 0 < 6 < /2. Similarly, pointzs forcesé > /3. Then at
x4, /3 < 6 < w/2implies thatf (x4, ) = —1, contrary to the assigned label. These four
points are the analogy, for the set of functions in Eq. (4), of the set of three points lying
along a line, for oriented hyperplanesRY. Neither set can be shattered by the chosen
family of functions.

2.4. Minimizing The Bound by Minimizirtg

Figure 3 shows how the second term on the right hand side of Eq. (3) varies,witlen a
choice of 95% confidence leve} & 0.05) and assuming a training sample of size 10,000.
The VC confidence is a monotonic increasing functioh.ot his will be true for any value

of l.

Thus, given some selection of learning machines whose empirical risk is zero, one wants to
choose that learning machine whose associated set of functions has minimal VC dimension.
This will lead to a better upper bound on the actual error. In general, for non zero empirical
risk, one wants to choose that learning machine which minimizes the right hand side of Eq.
3).

Note that in adopting this strategy, we are only using Eq. (3) as a guide. Eq. (3) gives
(with some chosen probability) an upper bound on the actual risk. This does not prevent
a particular machine with the same value for empirical risk, and whose function set has
higher VC dimension, from having better performance. In fact an example of a system that
gives good performance despite having infinite VC dimension is given in the next Section.
Note also that the graph shows that fgll > 0.37 (and forn = 0.05 andl = 10, 000), the
VC confidence exceeds unity, and so for higher values the bound is guaranteed not tight.
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Figure 3. VC confidence is monotonic ih

2.5. Two Examples

Consider thé'th nearest neighbour classifier, with= 1. This set of functions has infinite

VC dimension and zero empirical risk, since any number of points, labeled arbitrarily, will
be successfully learned by the algorithm (provided no two points of opposite class lie right
on top of each other). Thus the bound provides no information. In fact, for any classifier
with infinite VC dimension, the bound is not even vélidHowever, even though the bound

is not valid, nearest neighbour classifiers can still perform well. Thus this first example is
a cautionary tale: infinite “capacity” does not guarantee poor performance.

Let's follow the time honoured tradition of understanding things by trying to break them,
and see if we can come up with a classifier for which the bound is supposed to hold, but
which violates the bound. We want the left hand side of Eq. (3) to be as large as possible,
and the right hand side to be as small as possible. So we want a family of classifiers which
gives the worst possible actual riski$, zero empirical risk up to some number of training
observations, and whose VC dimension is easy to compute and is less(H#tathat the
bound is non trivial). An example is the following, which | call the “notebook classifier.”
This classifier consists of a notebook with enough room to write down the classes of
training observations, where < [. For all subsequent patterns, the classifier simply says
that all patterns have the same class. Suppose also that the data have as many positive
(y = +1) as negativey = —1) examples, and that the samples are chosen randomly. The
notebook classifier will have zero empirical risk for upitabservations)).5 training error
for all subsequent observatiorts) actual error, and VC dimension= m. Substituting
these values in Eq. (3), the bound becomes:

% < In(2l/m) + 1 — (1/m) In(y/4) (8)
which is certainly met for alh if
f(z) = (%) exp*/4D <1, 2= (m/l), 0<z<1 ©)

which is true, sincef(z) is monotonic increasing, anf{z = 1) = 0.236.



128 BURGES

ha h3 hl<h2<h3..

Figure 4. Nested subsets of functions, ordered by VC dimension.

2.6. Structural Risk Minimization

We can now summarize the principle of structural risk minimization (SRM) (Vapnik, 1979).
Note that the VC confidence term in Eq. (3) depends on the chosen class of functions,
whereas the empirical risk and actual risk depend on the one particular function chosen by
the training procedure. We would like to find that subset of the chosen set of functions, such
that the risk bound for that subset is minimized. Clearly we cannot arrange things so that
the VC dimensiorh varies smoothly, since it is an integer. Instead, introduce a “structure”
by dividing the entire class of functions into nested subsets (Figure 4). For each subset,
we must be able either to computeor to get a bound oh itself. SRM then consists of
finding that subset of functions which minimizes the bound on the actual risk. This can be
done by simply training a series of machines, one for each subset, where for a given subset
the goal of training is simply to minimize the empirical risk. One then takes that trained
machine in the series whose sum of empirical risk and VC confidence is minimal.

We have now laid the groundwork necessary to begin our exploration of support vector
machines.

3. Linear Support Vector Machines
3.1. The Separable Case

We will start with the simplest case: linear machines trained on separable data (as we shall
see, the analysis for the general case - nonlinear machines trained on non-separable data
- results in a very similar quadratic programming problem). Again label the training data
{Xiyyi}, i=1,---, 1, y; € {-1,1}, x; € R?. Suppose we have some hyperplane which
separates the positive from the negative examples (a “separating hyperplane”). The points
x which lie on the hyperplane satisfy - x + b = 0, wherew is normal to the hyperplane,
[b|/|lw]| is the perpendicular distance from the hyperplane to the origin,||ardis the
Euclidean norm ofv. Letd, (d_) be the shortest distance from the separating hyperplane
to the closest positive (negative) example. Define the “margin” of a separating hyperplane
tobed,; +d_. Forthelinearly separable case, the support vector algorithm simply looks for
the separating hyperplane with largest margin. This can be formulated as follows: suppose
that all the training data satisfy the following constraints:
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Figure 5. Linear separating hyperplanes for the separable case. The support vectors are circled.

X; W+0b>+1 fory, = +1 (10)
Xi W4+b< -1 fory, =—1 (112)

These can be combined into one set of inequalities:

Now consider the points for which the equality in Eg. (10) holds (requiring that there
exists such a point is equivalent to choosing a scalevfandb). These points lie on the
hyperplaneH; : x; - w+ b = 1 with normalw and perpendicular distance from the origin
|1 — b|/||wl||. Similarly, the points for which the equality in Eq. (11) holds lie on the
hyperplaneHs : x; -w + b = —1, with normal agairw, and perpendicular distance from
the origin| — 1 — b|/||w||. Henced, = d_ = 1/||w|| and the margin is simplg/||w||.

Note thatH; and H, are parallel (they have the same normal) and that no training points
fall between them. Thus we can find the pair of hyperplanes which gives the maximum
margin by minimizing||w||?, subject to constraints (12).

Thus we expect the solution for a typical two dimensional case to have the form shown in
Figure 5. Those training points for which the equality in Eq. (12) holds (i.e. those which
wind up lying on one of the hyperplanés,, H-), and whose removal would change the
solution found, are called support vectors; they are indicated in Figure 5 by the extra circles.

We will now switch to a Lagrangian formulation of the problem. There are two reasons
for doing this. The first is that the constraints (12) will be replaced by constraints on the
Lagrange multipliers themselves, which will be much easier to handle. The second is that
in this reformulation of the problem, the training data will only appear (in the actual training
and test algorithms) in the form of dot products between vectors. This is a crucial property
which will allow us to generalize the procedure to the nonlinear case (Section 4).

Thus, we introduce positive Lagrange multipliers i = 1,---,[, one for each of the
inequality constraints (12). Recall that the rule is that for constraints of thedornD, the
constraint equations are multiplied pgsitiveLagrange multipliers and subtracted from
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the objective function, to form the Lagrangian. For equality constraints, the Lagrange
multipliers are unconstrained. This gives Lagrangian:

l l
— 1 2
Lp = glWl* =D oigi(xi - W+b) + > o (13)

i=1 i=1

We must now minimizel p with respect tow, b, and simultaneously require that the
derivatives ofL p with respect to all they; vanish, all subject to the constrainis > 0
(let’s call this particular set of constrainds). Now this is a convex quadratic programming
problem, since the objective function is itself convex, and those points which satisfy the
constraints also form a convex set (any linear constraint defines a convex set, and a set of
N simultaneous linear constraints defines the intersectidv obnvex sets, which is also
a convex set). This means that we can equivalently solve the following “dual” problem:
maximizelL p, subject to the constraints that the gradientgf with respect towv andb
vanish, and subject also to the constraints thaithe 0 (let’s call that particular set of
constraint<y). This particular dual formulation of the problem is called the Wolfe dual
(Fletcher, 1987). It has the property that the maximuni gf subject to constraints,,
occurs at the same values of theb andc, as the minimum of_ p, subject to constraints
C,8.

Requiring that the gradient df » with respect tav andb vanish give the conditions:

W= Z Qi YiXi (14)
i

Zaiyi = 0. (15)

Since these are equality constraints in the dual formulation, we can substitute them into
Eq. (13) to give

1
Lp=>Y a;— 3 > iagyiyXi - X (16)

%]

Note that we have now given the Lagrangian different lakl&¢ primal, D for dual) to
emphasize that the two formulations are differeht: andL  arise from the same objective
function but with different constraints; and the solution is found by minimiZingor by
maximizingL p. Note also that if we formulate the problem witk= 0, which amounts to
requiring that all hyperplanes contain the origin, the constraint (15) does not appear. This
is a mild restriction for high dimensional spaces, since it amounts to reducing the number
of degrees of freedom by one.

Support vector training (for the separable, linear case) therefore amounts to maximizing
Lp with respect to they;, subject to constraints (15) and positivity of g with solution
given by (14). Notice that there is a Lagrange multipligrfor every training point. In
the solution, those points for whiely > 0 are called “support vectors”, and lie on one of
the hyperplanegl,, Hs. All other training points havey; = 0 and lie either onH; or
Hs (such that the equality in Eg. (12) holds), or on that sidéfgfor H5 such that the
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strict inequality in Eg. (12) holds. For these machines, the support vectors are the critical
elements of the training set. They lie closest to the decision boundary; if all other training
points were removed (or moved around, but so as not to dies® H,), and training was
repeated, the same separating hyperplane would be found.

3.2. The Karush-Kuhn-Tucker Conditions

The Karush-Kuhn-Tucker (KKT) conditions play a central role in both the theory and
practice of constrained optimization. For the primal problem above, the KKT conditions
may be stated (Fletcher, 1987):

85}VLP:wV_§i:aiyiin: 0 v=1,---,d a7
O N —

b P = zj:azyz_ 0 (18)

yi(X; W+b)—-1>0 i=1,---,1 (19)

>0 Vi (20)

ai(yi(w-%+b)—1)= 0 Vi (21)

The KKT conditions are satisfied at the solution of any constrained optimization problem
(convex or not), with any kind of constraints, provided that the intersection of the set of
feasible directions with the set of descent directions coincides with the intersection of the
set of feasible directionfor linearized constraintsvith the set of descent directions (see
Fletcher, 1987; McCormick, 1983)). This rather technical regularity assumption holds
for all support vector machines, since the constraints are always linear. Furthermore, the
problem for SVMs is convex (a convex objective function, with constraints which give a
convex feasible region), and for convex problems (if the regularity condition holds), the
KKT conditions arenecessary and sufficiefdar w, b, « to be a solution (Fletcher, 1987).
Thus solving the SVM problem is equivalent to finding a solution to the KKT conditions.
This fact results in several approaches to finding the solution (for example, the primal-dual
path following method mentioned in Section 5).

As an immediate application, note that, whitds explicitly determined by the training
procedure, the thresholds not, although it is implicitly determined. Howevkrs easily
found by using the KKT “complementarity” condition, Eq. (21), by choosing afgyr
which «; # 0 and computing (note that it is numerically safer to take the mean value of
b resulting from all such equations).

Notice that all we've done so far is to cast the problem into an optimization problem
where the constraints are rather more manageable than those in Egs. (10), (11). Finding
the solution for real world problems will usually require numerical methods. We will have
more to say on this later. However, let’s first work out a rare case where the problem is
nontrivial (the number of dimensions is arbitrary, and the solution certainly not obvious),
but where the solution can be found analytically.
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3.3. Optimal Hyperplanes: An Example

While the main aim of this Section is to explore a non-trivial pattern recognition problem
where the support vector solution can be found analytically, the results derived here will
also be useful in a later proof. For the problem considered, every training point will turn
out to be a support vector, which is one reason we can find the solution analytically.
Considerm + 1 symmetrically placed points lying on a sph&%& ! of radiusR: more
precisely, the points form the vertices of astimensional symmetric simplex. It is conve-
nient to embed the points R™*! in such a way that they all lie in the hyperplane which
passes through the origin and which is perpendicular tdsthe 1)-vector(1,1,...,1) (in
this formulation, the points lie 08", they sparR™, and are embedded Ri* ). Explic-
itly, recalling that vectors themselves are labeled by Roman indices and their coordinates
by Greek, the coordinates are given by:

R Rn

. - 22
n(n+ 1) +5z7lb TL+1 ( )

Tip = —(1 =8 )

where the Kronecker deltg; ,,, is defined bys; , = 1if 4 = ¢, 0 otherwise. Thus, for
example, the vectors for three equidistant points on the unit circle (see Figure 12) are:

B 2 -1 -1
X1 = ( 3 %7 %)
Xo — (__1 2 __1)
2 — \/6, 37 \/6
-1 -1 2

X3 = (%7 %7 5) (23)

One consequence of the symmetry is that the angle between any pair of vectors is the
same (and is equal taccos(—1/n)):

%[> = R? (24)

X; - Xj = —R2/7’L (25)
or, more succinctly,

X; + X, 1
2 S = 0 —(1— 5i7j)5. (26)

Assigning a class label' € {+1, —1} arbitrarily to each point, we wish to find that
hyperplane which separates the two classes with widest margin. Thus we must maximize
Lpin Eg. (16), subject te; > 0 and also subject to the equality constraint, Eq. (15). Our
strategy is to simply solve the problem as though there were no inequality constraints. If
the resulting solution does in fact satisfy > 0 Vi, then we will have found the general
solution, since the actual maximum bf, will then lie in the feasible region, provided the
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equality constraint, Eq. (15), is also met. In order to impose the equality constraint we
introduce an additional Lagrange multiplier Thus we seek to maximize

n+1 n+1 n+1

Lp= ;ai — % Z o Hijo; — )\Zaiyiv (27)

i,j=1 i=1
where we have introduced the Hessian

Hij = YiYiXi - Xj. (28)
SettinggLe = 0 gives

(Ha); + Ay; =1 Vi (29)

Now H has a very simple structure: the off-diagonal elements-ajg; R*/n, and the
diagonal elements aig®. The fact that all the off-diagonal elements differ only by factors
of y; suggests looking for a solution which has the form:

ai:<1—;yi>a+<1_2yi)b (30)

wherea andb are unknowns. Plugging this form in Eq. (29) gives:

n+1 a+b yp (a+b\ 1-—Ay
() (%) - (%) % e

wherep is defined by

n+1
P=Y_ui (32)
i=1
Thus
2n
b= —— 33
ot R?(n+1) (33)

and substituting this into the equality constraint Eq. (15) to finklgives

n p n p
=—(1- — = 1 4
“ RQ(n+1)( n+1>7 b Rz(nJrl)( +n+1> (34)
which gives for the solution
o n _Yip
@i= R2(n+1) (1 n+1) (35)
Also,
(Ha); =1 — 2L (36)

n+1
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Hence
n+1
HWH2 = Z aiajyiiji ‘Xj = O[THCV
ij=1
n+1 yip n+1 n D 2
- A1) == () (1= 37
Yot ) -So- () (- (1)) e

Note that this is one of those cases where the Lagrange multhptien remain undeter-
mined (although determining it is trivial). We have now solved the problem, since all the
«; are clearly positive or zero (in fact thg will only be zero if all training points have
the same class). Note thiar|| depends only on theumberof positive (negative) polarity
points, and not on how the class labels are assigned to the points in Eqg. (22). This is clearly
not true ofw itself, which is given by

n+1

n P
WZmZ(?Ji—n—H)Xi (38)

i=1
The margin, M = 2/||w||, is thus given by
M = 21 .
vn(l—(p/(n+1))?)

Thus when the number of points + 1 is even, the minimum margin occurs when
p = 0 (equal numbers of positive and negative examples), in which case the margin is
Min, = 2R/\/n. If n+ 1is odd, the minimum margin occurs when= +1, in which
caseM,;, = 2R(n + 1)/(nyv/n + 2). In both cases, the maximum margin is given by
Mo = R(n+ 1)/n. Thus, for example, for the two dimensional simplex consisting of
three points lying o8 (and spanningR?), and with labeling such that not all three points
have the same polarity, the maximum and minimum margin are dBi2 (see Figure
(12)).

Note that the results of this Section amount to an alternative, constructive proof that the
VC dimension of oriented separating hyperplaneR'inis at least: + 1.

(39)

3.4. Test Phase

Once we have trained a Support Vector Machine, how can we use it? We simply determine
on which side of the decision boundary (that hyperplane lying half way betigesnd

H, and parallel to them) a given test patteriies and assign the corresponding class label,
i.e. we take the class afto besgn(w - x + b).

3.5. The Non-Separable Case

The above algorithm for separable data, when applied to non-separable data, will find no
feasible solution: this will be evidenced by the objective function (i.e. the dual Lagrangian)
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growing arbitrarily large. So how can we extend these ideas to handle non-separable data?
We would like to relax the constraints (10) and (11), but only when necessary, that is, we
would like to introduce a further cost (i.e. an increase in the primal objective function) for
doing so. This can be done by introducing positive slack variahles=1,---,1 in the
constraints (Cortes and Vapnik, 1995), which then become:

X;-W+b > 4+1-¢ fory, =+1 (40)
X;i WH+b < 714’67 foryi:—l (41)
& > 0V (42)

Thus, for an error to occur, the correspondfpgnust exceed unity, sp_. &; is an upper
bound on the number of training errors. Hence a hatural way to assign an extra cost for errors
is to change the objective function to be minimized frw{|? /2 to [|w||?/2+ C (3, &))",
where(C is a parameter to be chosen by the user, a lafgeorresponding to assigning
a higher penalty to errors. As it stands, this is a convex programming problem for any
positive integek; for k = 2 andk = 1 itis also a quadratic programming problem, and the
choicek = 1 has the further advantage that neitherghenor their Lagrange multipliers,
appear in the Wolfe dual problem, which becomes:

Maximize:
1
LD = 21: o — 5 ;aiajyiiji . Xj (43)
subject to:
0<a; <C, (44)

The solution is again given by

Ns
W= Z ;Y X (46)
i=1

whereNg is the number of support vectors. Thus the only difference from the optimal
hyperplane case is that the now have an upper bound 6f. The situation is summarized
schematically in Figure 6.

We will need the Karush-Kuhn-Tucker conditions for the primal problem. The primal
Lagrangian is

Lo = gIWP+ O 6 - Y afpt Wb - 146} - wé @)
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Figure 6. Linear separating hyperplanes for the non-separable case.

where theu, are the Lagrange multipliers introduced to enforce positivity ofth& he
KKT conditions for the primal problem are therefore (noteins from 1 to the number of
training points, and from 1 to the dimension of the data)

OLp

D, =w, — ; Q;YiTiy =0 (48)
oL

—abp = — Z a;y; =0 (49)

a& *070417#1*0 (50)

Yi(Xi - W+b) —1+& >0 (51)

& =0 (52)

pi >0 (54)

ai{yi(Xi - W+b) —1+&} =0 (55)

pi& =0 (56)

As before, we can use the KKT complementarity conditions, Egs. (55) and (56), to
determine the threshold Note that Eq. (50) combined with Eq. (56) shows that 0 if
a; < C. Thus we can simply take any training point for whithk: «; < C to use Eq. (55)
(with & = 0) to computeb. (As before, it is numerically wiser to take the average over all
such training points.)

3.6. A Mechanical Analogy

Consider the case in which the data ar&®h Suppose that the i'th support vector exerts
a forceF; = «;y;W on a stiff sheet lying along the decision surface (the “decision sheet”)
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Figure 7. The linear case, separable (left) and not (right). The background colour shows the shape of the decision
surface.

(herew denotes the unit vector in the directiar). Then the solution (46) satisfies the
conditions of mechanical equilibrium:

Z Forces = Z QYW =0 (57)
> Torques= ) s A (aigiW) = WA W = 0. (58)

(Here thes; are the support vectors, anddenotes the vector product.) For dateRh,
clearly the condition that the sum of forces vanish is still met. One can easily show that the
torque also vanishés.

This mechanical analogy depends only on the form of the solution (46), and therefore
holds for both the separable and the non-separable cases. In fact this analogy holds in
general (i.e., also for the nonlinear case described below). The analogy emphasizes the
interesting point that the “most important” data points are the support vectors with highest
values ofa, since they exert the highest forces on the decision sheet. For the non-separable
case, the upper bounrd < C corresponds to an upper bound on the force any given point
is allowed to exert on the sheet. This analogy also provides a reason (as good as any other)
to call these particular vectors “support vectofs”

3.7. Examples by Pictures

Figure 7 shows two examples of a two-class pattern recognition problem, one separable
and one not. The two classes are denoted by circles and disks respectively. Support vectors
are identified with an extra circle. The error in the non-separable case is identified with a
cross. The reader is invited to use Lucent's SVM Applet (Burges, Knirsch and Haratsch,
1996) to experiment and create pictures like these (if possible, try using 16 or 24 bit color).

4. Nonlinear Support Vector Machines

How can the above methods be generalized to the case where the decision flinstion
a linear function of the data? (Boser, Guyon and Vapnik, 1992), showed that a rather old
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trick (Aizerman, 1964) can be used to accomplish this in an astonishingly straightforward
way. First notice that the only way in which the data appears in the training problem, Egs.
(43) - (45), is in the form of dot products; - x;. Now suppose we first mapped the data to
some other (possibly infinite dimensional) Euclidean spdcasing a mapping which we

will call &:

R — H. (59)

Then of course the training algorithm would only depend on the data through dot products
in H, i.e. on functions of the forn®(x;) - #(x;). Now if there were a “kernel functionk
such thafi{ (x;, x;) = ®(x;)-®(x;), we would only need to usk in the training algorithm,
and would never need to explicitly even know wkais. One example is

K (x;,x;) = e~ IX%l%/20%, (60)

In this particular examplégy is infinite dimensional, so it would not be very easy to work
with @ explicitly. However, if one replaces - x; by K (x;, X;) everywhere in the training
algorithm, the algorithm will happily produce a support vector machine which lives in an
infinite dimensional space, and furthermore do so in roughly the same amount of time it
would take to train on the un-mapped data. All the considerations of the previous sections
hold, since we are still doing a linear separation, but in a different space.

But how can we use this machine? After all, we neg@nd that will live inH also (see
Eq. (46)). Butintest phase an SVM is used by computing dot products of a given test point
x with w, or more specifically by computing the sign of

Ng Ns
FOO =) ai®(s) - 2(X) b= iyl (s;,x) + (61)
i=1 1=1

where thes; are the support vectors. So again we can avoid compdtimgy explicitly
and use the((s;,x) = ®(s;) - D(x) instead.

Let us call the space in which the data live, (Here and below we usé as a mnemonic
for “low dimensional”, and for “high dimensional”: it is usually the case that the range
of ® is of much higher dimension than its domain). Note that, in addition to the faciwthat
lives inH, there will in general be no vector fiwhich maps, via the mag, tow. If there
were, f(X) in Eq. (61) could be computed in one step, avoiding the sum (and making the
corresponding SVMVy times faster, wher&/g is the number of support vectors). Despite
this, ideas along these lines can be used to significantly speed up the test phase of SVMs
(Burges, 1996). Note also that it is easy to find kernels (for example, kernels which are
functions of the dot products of the in £) such that the training algorithm and solution
found are independent of the dimension of b6tandH.

In the next Section we will discuss which functioAsare allowable and which are not.
Let us end this Section with a very simple example of an allowed kernel, for whicawe
construct the mapping.

Suppose that your data are vector&ih and you choos& (x;, X;) = (X; - X;)2. Then
it's easy to find a spack, and mappingb from R? to , such thatx - y)? = ®(x) - ®(y):
we choosé{ = R® and
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(I)(X) = \/51‘11‘2 (62)

(note that here the subscripts refer to vector components). For ditdéfined on the
squarg—1,1] x [~1,1] € R? (a typical situation, for grey level image data), the (entire)
image of® is shown in Figure 8. This Figure also illustrates how to think of this mapping:
the image of® may live in a space of very high dimension, but it is just a (possibly very
contorted) surface whose intrinsic dimensibis just that ofL.

Note that neither the mappirgnor the spacé{ are unique for a given kernel. We could
equally well have choseH to again beR® and

q)(X) = — 21,‘1.732 (63)

or H to beR* and
3
SO = [ T2 (64)

T1T2
2

T3
The literature on SVMs usually refers to the spatas a Hilbert space, so let’s end this

Section with a few notes on this point. You can think of a Hilbert space as a generalization
of Euclidean space that behaves in a gentlemanly fashion. Specifically, itis any linear space,
with an inner product defined, which is also complete with respect to the corresponding
norm (that is, any Cauchy sequence of points converges to a point in the space). Some
authors (e.g. (Kolmogorov, 1970)) also require that it be separable (that is, it must have a
countable subset whose closure is the space itself), and some (e.g. Halmos, 1967) don't.
It's a generalization mainly because its inner product caarenner product, not just

the scalar (“dot”) product used here (and in Euclidean spaces in general). It's interesting
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that the older mathematical literature (e.g. Kolmogorov, 1970) also required that Hilbert
spaces be infinite dimensional, and that mathematicians are quite happy defining infinite
dimensional Euclidean spaces. Research on Hilbert spaces centers on operators in those
spaces, since the basic properties have long since been worked out. Since some people
understandably blanch at the mention of Hilbert spaces, | decided to use the term Euclidean
throughout this tutorial.

4.1. Mercer’'s Condition

For which kernels does there exist a péi, &}, with the properties described above,
and for which does there not? The answer is given by Mercer’s condition (Vapnik, 1995;
Courant and Hilbert, 1953): There exists a mappingnd an expansion

K(xy) = > @(x)i®(y); (65)
if and only if, for anyg(x) such that

/ g(x)2dx is finite (66)
then

[ Kxyatgty)axay = . (67)

Note that for specific cases, it may not be easy to check whether Mercer’s condition is
satisfied. Eqg. (67) must hold feveryg with finite L, norm (i.e. which satisfies Eq. (66)).
However, we can easily prove that the condition is satisfied for positive integral powers of
the dot productK (x,y) = (X - y)P. We must show that

d
[ awatgty)any = (68)

The typical term in the multinomial expansion@:f=1 x;y;)P contributes a term of the
form

p! 71,72 T1,,T2
, dxd 69
rlral - (p— 11 — 12 )] /11 ) Y1 Yo 9(X)g(y)dxdy (69)

to the left hand side of Eq. (67), which factorizes:

_ 2 ([t gbodo? 2o, 7o

rilrgle e (p—ry =12 )!

One simple consequence is thatany kernel which can be expredséxl 3 = Z;":O cp(X-
y)?, where thez, are positive real coefficients and the series is uniformly convergent, sat-
isfies Mercer’s condition, a fact also noted in (Smola,@kbpf and Miller, 1998b).
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Finally, what happens if one uses a kernel which does not satisfy Mercer’s condition?
In general, there may exist data such that the Hessian is indefinite, and for which the
quadratic programming problem will have no solution (the dual objective function can
become arbitrarily large). However, even for kernels that do not satisfy Mercer’s condition,
one might still find that a given training set results in a positive semidefinite Hessian, in
which case the training will converge perfectly well. In this case, however, the geometrical
interpretation described above is lacking.

4.2. Some Notes ob and’H

Mercer’s condition tells us whether or not a prospective kernel is actually a dot product
in some space, but it does not tell us how to constfuot even what+ is. However, as

with the homogeneous (that is, homogeneous in the dot prodgtjoadratic polynomial
kernel discussed above, we can explicitly construct the mapping for some kernels. In
Section 6.1 we show how Eq. (62) can be extended to arbitrary homogeneous polynomial
kernels, and that the corresponding spates a Euclidean space of dimensiaé?Lf”"1

Thus for example, for a degrege= 4 polynomial, and for data consisting of 16 by 16
images (d=256), din{) is 183,181,376.

Usually, mapping your data to a “feature space” with an enormous number of dimensions
would bode ill for the generalization performance of the resulting machine. After all, the
set of all hyperplanegw, b} are parameterized by dif) +1 numbers. Most pattern
recognition systems with billions, or even an infinite, number of parameters would not
make it past the start gate. How come SVMs do so well? One might argue that, given the
form of solution, there are at mokt+ 1 adjustable parameters (whéres the number of
training samples), but this seems to be begging the quéstittrmust be something to do
with our requirement ofnaximum margimyperplanes that is saving the day. As we shall
see below, a strong case can be made for this claim.

Since the mapped surface is of intrinsic dimension dijn@nless dim{) = dim(*),
it is obvious that the mapping cannot be onto (surjective). It also need not be one to one
(bijective): consider:; — —x1, x2 — —x2 INEQ. (62). The image ob need not itself be
a vector space: again, considering the above simple quadratic example, the~&xor
is not in the image of® unlessx = 0. Further, a little playing with the inhomogeneous
kernel

K(Xi,Xj) = (Xi . Xj + 1)2 (71)

will convince you that the correspondidigcan map two vectors that are linearly dependent
in £ onto two vectors that are linearly independenitdin

So far we have considered cases wherie done implicitly. One can equally well turn
things around andtartwith ®, and then construct the corresponding kernel. For example
(Vapnik, 1996), ifC = R!, then a Fourier expansion in the datacut off after N terms,
has the form

N
= ?0 Z a1, cos(rx) + ag, sin(rzx)) (72)
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and this can be viewed as a dot product between two vectBrii': a = (%, 11y ey A215 - 1),
and the mapped(r) = (%,cos(m),cos@x), ...,sin(z),sin(2x),...). Then the corre-
sponding (Dirichlet) kernel can be computed in closed form:

sin(N +1/2)(z; — x))

2sin((z: — ;)/2) (73)

(i) - () = K(ws,75) =

This is easily seen as follows: lettidg= x; — x;,

1 X
(z;) P(2;) = 9 T ZCOS(rxi) cos(rx;) + sin(ra;) sin(raz;)

;XN 1 N
5T TE:O cos(rd) 5 + Re{}zo et}

= 5+ Ref(1 - D0 (1 - o))
= (sin((N + 1/2)0))/2sin(6/2).

Finally, it is clear that the above implicit mapping trick will work fany algorithm in
which the data only appear as dot products (for example, the nearest neighbor algorithm).
This fact has been used to derive a nonlinear version of principal component analysis by
(Scholkopf, Smola and Mller, 1998b); it seems likely that this trick will continue to find
uses elsewhere.

4.3. Some Examples of Nonlinear SVMs

The first kernels investigated for the pattern recognition problem were the following:

K(xy)=(xy+1)" (74)
K(x,y) = e*HX*YHQ/?cr2 (75)
K(x,y) = tanh(kX -y — 9) (76)

Eq. (74) results in a classifier that is a polynomial of degreethe data; Eq. (75) gives
a Gaussian radial basis function classifier, and Eq. (76) gives a particular kind of two-layer
sigmoidal neural network. For the RBF case, the number of cendéssr( Eq. (61)),
the centers themselves (tbg, the weights ¢;), and the threshold) are all produced
automaticallyby the SVM training and give excellent results compared to classical RBFs,
for the case of Gaussian RBFs (8thopf et al, 1997). For the neural network case, the
first layer consists olVg sets of weights, each set consistinglgf (the dimension of the
data) weights, and the second layer consist& gfweights (thex;), so that an evaluation
simply requires taking a weighted sum of sigmoids, themselves evaluated on dot products
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Figure 9. Degree 3 polynomial kernel. The background colour shows the shape of the decision surface.

of the test data with the support vectors. Thus for the neural network case, the architecture
(number of weights) is determined by SVM training.

Note, however, that the hyperbolic tangent kernel only satisfies Mercer’s condition for
certain values of the parametersand § (and of the datdx||?). This was first noticed
experimentally (Vapnik, 1995); however some necessary conditions on these parameters
for positivity are now knowtt.

Figure 9 shows results for the same pattern recognition problem as that shown in Figure
7, but where the kernel was chosen to be a cubic polynomial. Notice that, even though
the number of degrees of freedom is higher, for the linearly separable case (left panel),
the solution is roughly linear, indicating that the capacity is being controlled; and that the
linearly non-separable case (right panel) has become separable.

Finally, note that although the SVM classifiers described above are binary classifiers, they
are easily combined to handle the multiclass case. A simple, effective combination trains
N one-versus-rest classifiers (say, “one” positive, “rest” negative) fohMtotass case and
takes the class for a test point to be that corresponding to the largest positive distance (Boser,
Guyon and Vapnik, 1992).

4.4. Global Solutions and Uniqueness

When is the solution to the support vector training problem global, and when is it unique?
By “global”, we mean that there exists no other point in the feasible region at which
the objective function takes a lower value. We will address two kinds of ways in which
unigueness may not hold: solutions for whigh, b} are themselves unique, but for which
the expansion ok in Eq. (46) is not; and solutions whoée, b} differ. Both are of interest:
even if the paifw, b} is unique, if then; are not, there may be equivalent expansions of
which require fewer support vectors (a trivial example of this is given below), and which
therefore require fewer instructions during test phase.

It turns out that every local solution is also global. This is a property of any convex
programming problem (Fletcher, 1987). Furthermore, the solution is guaranteed to be
unique if the objective function (Eq. (43)) is strictly convex, which in our case means
that the Hessian must be positive definite (note that for quadratic objective funétions
the Hessian is positive definite if and onlyffis strictly convex; this is not true for non-
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quadraticF: there, a positive definite Hessian implies a strictly convex objective function,
but not vice versa (considdr = z*) (Fletcher, 1987)). However, even if the Hessian

is positive semidefinite, the solution can still be unique: consider two points along the
real line with coordinates; = 1 andz, = 2, and with polarities+ and—. Here the
Hessian is positive semidefinite, but the solution=€ —2, b = 3, & = 0in Egs. (40),

(41), (42)) is unigue. It is also easy to find solutions which are not unique in the sense
that thecq; in the expansion o#v are not unique:: for example, consider the problem of
four separable points on a squareRA: z; = [1,1], 2o = [-1,1], 23 = [-1,—1] and

x4 = [1,—1], with polarities[+, —, —, +] respectively. One solution i = [1,0], b = 0,

a = [0.25,0.25,0.25,0.25]; another has the sameandb, buta = [0.5,0.5,0, 0] (note

that both solutions satisfy the constraints> 0 and), a;y; = 0). When can this occur

in general? Given some solutien choose am’ which is in the null space of the Hessian
H;; = y;y;X; - Xj, and require that’ be orthogonal to the vector all of whose components
are 1. Then adding’ to « in Eq. (43) will leaveL p unchanged. I < o; 4+ o} < C and

o satisfies Eq. (45), them + o’ is also a solutiot?.

How about solutions where thav, b} are themselves not unique? (We emphasize that
this can only happen in principle if the Hessian is not positive definite, and even then, the
solutions are necessarily global). The following very simple theorem shows that if non-
unigue solutions occur, then the solution at one optimal point is continuously deformable
into the solution at the other optimal point, in such a way that all intermediate points are
also solutions.

THEOREM 2 Let the variableX stand for the pair of variablegw, b}. Let the Hessian

for the problem be positive semidefinite, so that the objective function is conveX, Let
and X, be two points at which the objective function attains its minimal value. Then there
exists a pattX = X(7) = (1 — 7)Xo + 7X1, 7 € [0,1], such thatX(7) is a solution for

all 7.

Proof: Let the minimum value of the objective function bg,;,,. Then by assumption,
F(Xo) = F(X1) = Fyin- By convexity of F', F(X(7)) < (1 — 7)F(Xo) + 7F(X1) =
F,..n.. Furthermore, by linearity, th¥ () satisfy the constraints Eq. (40), (41): explicitly
(again combining both constraints into one):

Yi(Wr - X +b7) = 5 (1 —7)(Wo - X; + bo) + 7(Wy - X; + b1))
> (1-7)(1-&)+7(1-&)=1-& (77)

Although simple, this theorem is quite instructive. For example, one might think that the
problems depicted in Figure 10 have several different optimal solutions (for the case of linear
support vector machines). However, since one cannot smoothly move the hyperplane from
one proposed solution to another without generating hyperplanes which are not solutions,
we know that these proposed solutions are in fact not solutions at all. In fact, for each of
these cases, the optimal unique solution isvat 0, with a suitable choice of (which
has the effect of assigning the same label to all the points). Note that this is a perfectly
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Figure 10.Two problems, with proposed (incorrect) non-unique solutions.

acceptable solution to the classification problem: any proposed hyperplaney(th)
will cause the primal objective function to take a higher value.

Finally, note that the fact that SVM training always finds a global solution is in contrast
to the case of neural networks, where many local minima usually exist.

5. Methods of Solution

The support vector optimization problem can be solved analytically only when the number
of training data is very small, or for the separable case when it is known beforehand which
of the training data become support vectors (as in Sections 3.3 and 6.2). Note that this can
happen when the problem has some symmetry (Section 3.3), but that it can also happen
when it does not (Section 6.2). For the general analytic case, the worst case computational
complexity is of ordetN3 (inversion of the Hessian), whefés is the number of support
vectors, although the two examples given both have complexity of O(1).

However, in most real world cases, Equations (43) (with dot products replaced by kernels),
(44), and (45) must be solved numerically. For small problems, any general purpose
optimization package that solves linearly constrained convex quadratic programs will do.
A good survey of the available solvers, and where to get them, can be'fonr@®loré and
Wright, 1993).

For larger problems, a range of existing techniques can be brought to bear. A full ex-
ploration of the relative merits of these methods would fill another tutorial. Here we just
describe the general issues, and for concreteness, give a brief explanation of the technique
we currently use. Below, a “face” means a set of points lying on the boundary of the feasible
region, and an “active constraint” is a constraint for which the equality holds. For more on
nonlinear programming techniques see (Fletcher, 1987; Mangasarian, 1969; McCormick,
1983).

The basic recipe is to (1) note the optimality (KKT) conditions which the solution must
satisfy, (2) define a strategy for approaching optimality by uniformly increasing the dual
objective function subject to the constraints, and (3) decide on a decomposition algorithm
so that only portions of the training data need be handled at a given time (Boser, Guyon
and Vapnik, 1992; Osuna, Freund and Girosi, 1997a). We give a brief description of some
of the issues involved. One can view the problem as requiring the solution of a sequence
of equality constrained problems. A given equality constrained problem can be solved in
one step by using the Newton method (although this requires storage for a factorization of
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the projected Hessian), or in at mdstteps using conjugate gradient ascent (Press et al.,
1992) (wherd is the number of data points for the problem currently being solved: no extra
storage is required). Some algorithms move within a given face until a new constraint is
encountered, in which case the algorithm is restarted with the new constraint added to the
list of equality constraints. This method has the disadvantage that only one new constraint
is made active at a time. “Projection methods” have also been considered, (M21),

where a point outside the feasible region is computed, and then line searches and projections
are done so that the actual move remains inside the feasible region. This approach can add
several new constraints at once. Note that in both approaches, several active constraints
can becoménactivein one step. In all algorithms, only the essential part of the Hessian
(the columns corresponding tg # 0) need be computed (although some algorithms do
compute the whole Hessian). For the Newton approach, one can also take advantage of the
fact that the Hessian is positive semidefinite by diagonalizing it with the Bunch-Kaufman
algorithm (Bunch and Kaufman, 1977; Bunch and Kaufman, 1980) (if the Hessian were
indefinite, it could still be easily reduced to 2x2 block diagonal form with this algorithm).

In this algorithm, when a new constraint is made active or inactive, the factorization of
the projected Hessian is easily updated (as opposed to recomputing the factorization from
scratch). Finally, in interior point methods, the variables are essentially rescaled so as
to always remain inside the feasible region. An example is the “LOQO” algorithm of
(Vanderbei, 1994a; Vanderbei, 1994b), which is a primal-dual path following algorithm.
This last method is likely to be useful for problems where the number of support vectors as
a fraction of training sample size is expected to be large.

We briefly describe the core optimization method we currentlyusk is an active set
method combining gradient and conjugate gradient ascent. Whenever the objective function
is computed, so is the gradient, at very little extra cost. In phase 1, the search directions
s are along the gradient. The nearest face along the search direction is found. If the dot
product of the gradient there withindicates that the maximum alorgdies between the
current point and the nearest face, the optimal point along the search direction is computed
analytically (note that this does not require a line search), and phase 2 is entered. Otherwise,
we jump to the new face and repeat phase 1. In phase 2, Polak-Ribiere conjugate gradient
ascent (Press et al., 1992) is done, until a new face is encountered (in which case phase 1
is re-entered) or the stopping criterion is met. Note the following:

e Search directions are always projected so thaitheontinue to satisfy the equality
constraint Eq. (45). Note that the conjugate gradient algorithm will still work; we
are simply searching in a subspace. However, it is important that this projection is
implemented in such a way that not only is Eq. (45) met (easy), but also so that the
angle between the resulting search direction, and the search direction prior to projection,
is minimized (not quite so easy).

e We also use a “sticky faces” algorithm: whenever a given face is hit more than once,
the search directions are adjusted so that all subsequent searches are done within that
face. All “sticky faces” are reset (made “non-sticky”) when the rate of increase of the
objective function falls below a threshold.

e The algorithm stops when the fractional rate of increase of the objective funktion
falls below a tolerance (typically 1e-10, for double precision). Note that one can also
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use as stopping criterion the condition that the size of the projected search direction
falls below a threshold. However, this criterion does not handle scaling well.

e In my opinion the hardest thing to get right is handling precision problems correctly
everywhere. Ifthis is not done, the algorithm may not converge, or may be much slower
than it needs to be.

A good way to check that your algorithm is working is to check that the solution satisfies
all the Karush-Kuhn-Tucker conditions for the primal problem, since these are necessary
and sufficient conditions that the solution be optimal. The KKT conditions are Eqgs. (48)
through (56), with dot products between data vectors replaced by kernels wherever they
appear (note&v must be expanded as in Eq. (48) first, simcis not in general the mapping
ofapointing). Thusto check the KKT conditions, itis sufficient to check thatthsatisfy
0 < o; < C, that the equality constraint (49) holds, that all points for whick «; < C
satisfy Eq. (51) with¢; = 0, and that all points withy; = C satisfy Eq. (51) for some
& > 0. These are sufficient conditions for all the KKT conditions to hold: note that by
doing this we never have to explicitly compute er 1, although doing so is trivial.

5.1. Complexity, Scalability, and Parallelizability

Support vector machines have the following very striking property. Both training and test
functions depend on the data only through the kernel functios, x;). Even though it
corresponds to a dot product in a space of dimengignwheredy can be very large or
infinite, the complexity of computind’ can be far smaller. For example, for kernels of
the formK = (x; - x;)?, a dot product irf{ would require of orde(d“’pp‘l) operations,
whereas the computation @ (x;,x;) requires onlyO(dr) operations (recaltl;, is the
dimension of the data). It is this fact that allows us to construct hyperplanes in these
very high dimensional spaces yet still be left with a tractable computation. Thus SVMs
circumvent both forms of the “curse of dimensionality”: the proliferation of parameters
causing intractable complexity, and the proliferation of parameters causing overfitting.

5.1.1. Training Forconcreteness, we will give results for the computational complexity

of one the the above training algorithms (Bunch-Kaufm&rfKaufman, 1998). These
results assume that different strategies are used in different situations. We consider the
problem of training on just one “chunk” (see below). Againilbe the number of training
points, Ng the number of support vectors (SVs), afidthe dimension of the input data.

In the case where most SVs are not at the upper boundNand << 1, the number of
operationg is O(N2 + (N2)l + Ngdl). IfinsteadNg /I ~ 1, thenC is O(N3 + Nsl +

Ngdrl) (basically by starting in the interior of the feasible region). For the case where
most SVs are at the upper bound, ag/! << 1, thenC is O(NZ + Nsd ). Finally, if

most SVs are at the upper bound, a¥igl/! ~ 1, we haveC of O(Dri?).

For larger problems, two decomposition algorithms have been proposed to date. In the
“chunking” method (Boser, Guyon and Vapnik, 1992), one starts with a small, arbitrary
subset of the data and trains on that. The rest of the training data is tested on the resulting
classifier, and a list of the errors is constructed, sorted by how far on the wrong side of the
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margin they lie (i.e. how egregiously the KKT conditions are violated). The next chunk is
constructed from the firsV of these, combined with th&s support vectors already found,
whereN + Ny is decided heuristically (a chunk size that is allowed to grow too quickly or
too slowly will result in slow overall convergence). Note that vectors can be dropped from
a chunk, and that support vectors in one chunk may not appear in the final solution. This
process is continued until all data points are found to satisfy the KKT conditions.

The above method requires that the number of support veitolse small enough so that
a Hessian of siz&/s by Ng will fitin memory. An alternative decomposition algorithm has
been proposed which overcomes this limitation (Osuna, Freund and Girosi, 1997b). Again,
in this algorithm, only a small portion of the training data is trained on at a given time, and
furthermore, only a subset of the support vectors need be in the “working set” (i.e. that set
of points whose's are allowed to vary). This method has been shown to be able to easily
handle a problem with 110,000 training points and 100,000 support vectors. However, it
must be noted that the speed of this approach relies on many of the support vectors having
corresponding Lagrange multipliesis at the upper boundy; = C.

These training algorithms may take advantage of parallel processing in several ways.
First, all elements of the Hessian itself can be computed simultaneously. Second, each
element often requires the computation of dot products of training data, which could also
be parallelized. Third, the computation of the objective function, or gradient, which is
a speed bottleneck, can be parallelized (it requires a matrix multiplication). Finally, one
can envision parallelizing at a higher level, for example by training on different chunks
simultaneously. Schemes such as these, combined with the decomposition algorithm of
(Osuna, Freund and Girosi, 1997b), will be needed to make very large problems¥i.e.
100,000 support vectors, with many not at bound), tractable.

5.1.2. Testing In test phase, one must simply evaluate Eq. (61), which will require
O(M Ng) operations, wheré/ is the number of operations required to evaluate the kernel.
For dot product and RBF kernel3{ is O(dy ), the dimension of the data vectors. Again,
both the evaluation of the kernel and of the sum are highly parallelizable procedures.

In the absence of parallel hardware, one can still speed up test phase by a large factor, as
described in Section 9.

6. The VC Dimension of Support Vector Machines

We now show that the VC dimension of SVMs can be very large (even infinite). We will
then explore several arguments as to why, in spite of this, SVMs usually exhibit good
generalization performance. However it should be emphasized that these are essentially
plausibility arguments. Currently there exists no theory wigdlaranteeshat a given

family of SVMs will have high accuracy on a given problem.

We will call any kernel that satisfies Mercer’s condition a positive kernel, and the cor-
responding spac#l the embedding space. We will also call any embedding space with
minimal dimension for a given kernel a “minimal embedding space”. We have the following
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THEOREM 3 LetK be a positive kernel which corresponds to a minimal embedding space
‘H. Then the VC dimension of the corresponding support vector machine (where the error
penaltyC in Eq. (44) is allowed to take all values)dém(H) + 1.

Proof: If the minimal embedding space has dimensign thend; points in the image of

L under the mapping can be found whose position vectorsHrare linearly independent.
From Theorem 1, these vectors can be shattered by hyperplartés ifhus by either
restricting ourselves to SVMs for the separable case (Section 3.1), or for which the error
penaltyC is allowed to take all values (so that, if the points are linearly separablesam

be found such that the solution does indeed separate them), the family of support vector
machines with kerngk” can also shatter these points, and hence has VC dimehgiorn.

[ |
Let’s look at two examples.
6.1. The VC Dimension for Polynomial Kernels
Consider an SVM with homogeneous polynomial kernel, acting on d&R4’in
K(X1,X2) = (X1 - X2)P, X1, Xo € R (78)

As in the case wher;, = 2 and the kernel is quadratic (Section 4), one can explicitly
construct the mag. Letting z; = x1,29;, SO thatK (X1, X2) = (21 + - - - + 24, )P, We see
that each dimension 6{ corresponds to a term with given powers of the the expansion
of K. Infact if we choose to label the component®dk) in this manner, we can explicitly
write the mapping for any andd.:

dr,
|
p: Td
(I)TlTZ"'TdL (X) = \/(m)$’{1$£2 o 'l‘dLL, E ri=p, 7, >0 (79)
i=1

This leads to

THEOREM 4 If the space in which the data live has dimensign(i.e. £ = R%*), the
dimension of the minimal embedding space, for homogeneous polynomial kernels of degree
P (K (X1,X2) = (X1 - X2)P, X1, X2 € RdL), is (dﬁ;:p_l)'

(The proof is in the Appendix). Thus the VC dimension of SVMs with these kernels is
(d“;p‘l) + 1. As noted above, this gets very large very quickly.

6.2. The VC Dimension for Radial Basis Function Kernels

THEOREM 5 Consider the class of Mercer kernels for whif(x;,x2) — 0 as||x; —

Xz|| — oo, and for whichK (x, x) is O(1), and assume that the data can be chosen arbitrarily
from R?. Then the family of classifiers consisting of support vector machines using these
kernels, and for which the error penalty is allowed to take all values, has infinite VC
dimension.
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Proof: The kernel matrixK;; = K(x;,X;), is a Gram matrix (a matrix of dot products:
see (Horn, 1985)) ir{. Clearly we can choose training data such that all off-diagonal
elementsK;.; can be made arbitrarily small, and by assumption all diagonal elements
K;—; are of O(1). The matriX is then of full rank; hence the set of vectors, whose dot
products inH form K, are linearly independent (Horn, 1985); hence, by Theorem 1, the
points can be shattered by hyperplaneg{inand hence also by support vector machines
with sufficiently large error penalty. Since this is true for any finite number of points, the
VC dimension of these classifiers is infinite. ]

Note that the assumptions in the theorem are stronger than necessary (they were chosen
to make the connection to radial basis functions clear). In fact it is only necessaty that
training points can be chosen such that the rank of the mafgixncreases without limit as
l increases. For example, for Gaussian RBF kernels, this can also be accomplished (even
for training data restricted to lie in a bounded subs&%f) by choosing small enough RBF
widths. However in general the VC dimension of SVM RBF classifiers can certainly be
finite, and indeed, for data restricted to lie in a bounded subsetiafchoosing restrictions
on the RBF widths is a good way to control the VC dimension.

This case gives us a second opportunity to present a situation where the SVM solution
can be computed analytically, which also amounts to a second, constructive proof of the
Theorem. For concreteness we will take the case for Gaussian RBF kernels of the form
K(X1,Xg) = e~ IX1=X2[*/26* | et us choose training points such that the smallest distance
between any pair of points is much larger than the widtiConsider the decision function
evaluated on the support vecwr

f8) = qigre 1SS0 1y, (80)

3

The sum on the right hand side will then be largely dominated by theiterryy in fact the
ratio of that term to the contribution from the rest of the sum can be made arbitrarily large
by choosing the training points to be arbitrarily far apart. In order to find the SVM solution,
we again assume for the moment that every training point becomes a support vector, and
we work with SVMs for the separable case (Section 3.1) (the same argument will hold for
SVMs for the non-separable cas&lfin Eq. (44) is allowed to take large enough values).
Since all points are support vectors, the equalities in Egs. (10), (11) will hold for them. Let
there beN, (N_) positive (negative) polarity points. We further assume that all positive
(negative) polarity points have the same value(«_) for their Lagrange multiplier. (We
will know that this assumption is correct if it delivers a solution which satisfies all the KKT
conditions and constraints). Then Egs. (19), applied to all the training data, and the equality
constraint Eq. (18), become

a4 +b =1
—a_+b = -1
N+Oé+ —N_a_ =0 (81)

which are satisfied by
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Figure 11. Gaussian RBF SVMs of sufficiently small width can classify an arbitrarily large number of training
points correctly, and thus have infinite VC dimension

2N
T NN,
ON,
T N_+N,
N, — N_
h = —~— ~ — 82
N_+ N, (82)

Thus, since the resulting; are also positive, all the KKT conditions and constraints are
satisfied, and we must have found the global solution (with zero training errors). Since the
number of training points, and their labeling, is arbitrary, and they are separated without
error, the VC dimension is infinite.

The situation is summarized schematically in Figure 11.

Now we are left with a striking conundrum. Even though their VC dimension is infinite
(ifthe data is allowed to take all values®{*), SVM RBFs can have excellent performance
(Scholkopf et al, 1997). A similar story holds for polynomial SVMs. How come?

7. The Generalization Performance of SVMs

In this Section we collect various arguments and bounds relating to the generalization
performance of SVMs. We start by presenting a family of SVM-like classifiers for which
structural risk minimization can be rigorously implemented, and which will give us some
insight as to why maximizing the margin is so important.

7.1. VC Dimension of Gap Tolerant Classifiers

Consider a family of classifiers (i.e. a set of functigh®n R%) which we will call “gap
tolerant classifiers.” A particular classifigre @ is specified by the location and diameter
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M =3/2

Figure 12.A gap tolerant classifier on dataR?.

of a ball inR¢, and by two hyperplanes, with parallel normals, als&fn Call the set of
points lying between, but not on, the hyperplanes the “margin set.” The decision functions
¢ are defined as follows: points that lie inside the ball, but not in the margin set, are assigned
class{£1}, depending on which side of the margin set they fall. All other points are simply
defined to be “correct”, that is, they are not assigned a class by the classifier, and do not
contribute to any risk. The situation is summarized,dot 2, in Figure 12. This rather

odd family of classifiers, together with a condition we will impose on how they are trained,
will result in systems very similar to SVMs, and for which structural risk minimization can
be demonstrated. A rigorous discussion is given in the Appendix.

Label the diameter of the bald and the perpendicular distance between the two hyper-
planesM. The VC dimension is defined as before to be the maximum number of points
that can be shattered by the family, but by “shattered” we mean that the points can occur as
errorsin all possible ways (see the Appendix for further discussion). Clearly we can control
the VC dimension of a family of these classifiers by controlling the minimum mavgin
and maximum diametdp that members of the family are allowed to assume. For example,
consider the family of gap tolerant classifiersRfi with diameterD = 2, shown in Figure
12. Those with margin satisfyiny/ < 3/2 can shatter three points;3f2 < M < 2, they
can shatter two; and i¥/ > 2, they can shatter only one. Each of these three families of
classifiers corresponds to one of the sets of classifiers in Figure 4, with just three nested
subsets of functions, and with = 1, hy, = 2, andhsz = 3.

These ideas can be used to show how gap tolerant classifiers implement structural risk
minimization. The extension of the above example to spaces of arbitrary dimension is
encapsulated in a (modified) theorem of (Vapnik, 1995):
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THEOREM 6 For data inR?, the VC dimensioi of gap tolerant classifiers of minimum
marginM,,;, and maximum diameté?, , ... is bounded abov& by min{ [ D2, .. /M2, 1, d}+

max
1.

For the proof we assume the following lemma, which in (Vapnik, 1979) is held to follow
from symmetry arguments:

Lemma: Considem < d+ 1 points lyingin aballB € R?. Let the points be shatterable
by gap tolerant classifiers with margld. Then in order fofl/ to be maximized, the points
must lie on the vertices of am (- 1)-dimensional symmetric simplex, and must also lie on
the surface of the ball.
Proof: We need only consider the case where the number of poisaédisfies: < d + 1.
(n > d+1 points will not be shatterable, since the VC dimension of oriented hyperplanesin
R%is d+ 1, and any distribution of points which can be shattered by a gap tolerant classifier
can also be shattered by an oriented hyperplane; this also shovisthat+ 1). Again we
consider points on a sphere of diameiemwhere the sphere itself is of dimensiédn 2. We
will need two results from Section 3.3, namely ()i even, we can find a distribution of
points (the vertices of thex(— 1)-dimensional symmetric simplex) which can be shattered
by gap tolerant classifiers b2, ,, /M2, = n — 1, and (2) ifn is odd, we can find a
distribution ofn points which can be so shatteredif,,, /M2, = (n — 1)?(n + 1)/n?.

If n is even, at most points can be shattered whenever

n—1< D?

max

/M'r2m'n <n. (83)

Thus forn even the maximum number of points that can be shattered may be written
LD’?YLGJ,/]\/[TQTIZ’IIJ + 1

If n is odd, at most points can be shattered whé3, . /M2, = (n—1)?(n+1)/n?.
However, the quantity on the right hand side satisfies

n—2<(n-1>%n+1)/n*<n-1 (84)

for all integern > 1. Thus forn odd the largest number of points that can be shattered
is certainly bounded above Y2, .. /M2 . 7 + 1, and from the above this bound is also
satisfied whem is even. Hence in general the VC dimensionf gap tolerant classifiers
must satisfy

D12’I’L(L’I‘
h< o141 (85)
This result, together with < d + 1, concludes the proof. ]

7.2. Gap Tolerant Classifiers, Structural Risk Minimization, and SVMs

Let’s see how we can do structural risk minimization with gap tolerant classifiers. We need
only consider that subset of the, call it &g, for which training “succeeds”, where by
success we mean that all training data are assigned adafael } (note that these labels do

not have to coincide with the actual labels, i.e. training errors are allowed). Withifind

the subset which gives the fewest training errors - call this number of e¥i,grs. Within
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that subset, find the functiaghwhich gives maximum margin (and hence the lowest bound
on the VC dimension). Note the value of the resulting risk bound (the right hand side of
Eqg. (3), using the bound on the VC dimension in place of the VC dimension). Next, within
dg, find that subset which gives,,.;,, + 1 training errors. Again, within that subset, find
the ¢ which gives the maximum margin, and note the corresponding risk bound. lterate,
and take that classifier which gives the overall minimum risk bound.

An alternative approach is to divide the functiehsto nested subseds;, i € Z, i > 1,
as follows: allp € ®,; have{ D, M} satisfying[ D?/M?] < i. Thus the family of functions
in ®, has VC dimension bounded above by (ij@) + 1. Note also tha®; C ®,,;. SRM
then proceeds by taking thatfor which training succeeds in each subset and for which
the empirical risk is minimized in that subset, and again, choosingtimdtich gives the
lowest overall risk bound.

Note thatitis essential to these arguments that the bound (3) holsyfohosen decision
function, not just the one that minimizes the empirical risk (otherwise eliminating solutions
for which some training point satisfiesp(x) = 0 would invalidate the argument).

The resulting gap tolerant classifier is in fact a special kind of support vector machine
which simply does not count data falling outside the sphere containing all the training data,
or inside the separating margin, as an error. It seems very reasonable to conclude that
support vector machines, which are trained with very similar objectives, also gain a similar
kind of capacity control from their training. However, a gap tolerant classifier is not an
SVM, and so the argument does not constitute a rigorous demonstration of structural risk
minimization for SVMs. The original argument for structural risk minimization for SVMs
is known to be flawed, since the structure there is determined by the data (see (Vapnik,
1995), Section 5.11). | believe that there is a further subtle problem with the original
argument. The structure is defined so that no training points are members of the margin set.
However, one must still specify how test points that fall into the margin are to be labeled.
If one simply assigns the same, fixed class to them (say +1), then the VC dimension will
be highet! than the bound derived in Theorem 6. However, the same is true if one labels
them all as errors (see the Appendix). If one labels them all as “correct”, one arrives at gap
tolerant classifiers.

On the other hand, it is known how to do structural risk minimization for systems where
the structure does depend on the data (Shawe-Taylor et al., 1996a; Shawe-Taylor et al.,
1996b). Unfortunately the resulting bounds are much looser than the VC bounds above,
which are already very loose (we will examine a typical case below where the VC bound
is a factor of 100 higher than the measured test error). Thus at the moment structural risk
minimization alone does not providerigorous explanation as to why SVMs often have
good generalization performance. However, the above arguments strongly suggest that
algorithms that minimizé? /M? can be expected to give better generalization performance.
Further evidence for this is found in the following theorem of (Vapnik, 1998), which we
guote without proo:

THEOREM 7 For optimal hyperplanes passing through the origin, we have

E[D?/M?]

i (86)

E[P(error)] <
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where P(error) is the probability of error on the test set, the expectation on the left is
over all training sets of size— 1, and the expectation on the right is over all training sets
of sizel.

However, in order for these observations to be useful for real problems, we need a way
to compute the diameter of the minimal enclosing sphere described above, for any number
of training points and for any kernel mapping.

7.3. How to Compute the Minimal Enclosing Sphere

Again let® be the mapping to the embedding sp&te We wish to compute the radius
of the smallest sphere iH which encloses the mapped training data: that is, we wish to
minimize R? subject to

1@ (z:) — C|* < R* Vi (87)
whereC € H is the (unknown) center of the sphere. Thus introducing positive Lagrange

multipliers \;, the primal Lagrangian is

Lp=R*=> XN(R*—|®(x;) - C|). (88)

This is again a convex quadratic programming problem, so we can instead maximize the
Wolfe dual

Lp =Y MK (X %) = > AN K(Xi, X)) (89)

2%

(where we have again replacédx;) - ®(x;) by K (x;, X;)) subject to:

=1 (90)
l A >0 (91)

with solution given by

Thus the problem is very similar to that of support vector training, and in fact the code
for the latter is easily modified to solve the above problem. Note that we were in a sense
“lucky”, because the above analysis shows us that tBgigtsan expansion (92) for the
center; there is na priori reason why we should expect that the center of the sphétie in
should be expressible in terms of the mapped training data in this way. The same can be
said of the solution for the support vector problem, Eq. (46). (Had we chosen some other
geometrical construction, we might not have been so fortunate. Consider the smallest area
equilateral triangle containing two given pointsRi. If the points’ position vectors are
linearly dependent, the center of the triangle cannot be expressed in terms of them.)
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Figure 13. Support vectors (circles) can become errors (cross) after removal and re-training (the dotted line denotes
the new decision surface).

7.4. A Bound from Leave-One-Out

(Vapnik, 1995) gives an alternative bound on the actual risk of support vector machines:

E[Number of support vectafs
Number of training samples

E[P(error)] < (93)
whereP(error) is the actual risk for a machine trained ba 1 examplesE[P(error)]

is the expectation of the actual risk over all choices of training set of /sizel, and

E[Number of support vectofss the expectation of the number of support vectors over all

choices of training sets of sizelt’'s easy to see how this bound arises: consider the typical

situation after training on a given training set, shown in Figure 13.

We can get an estimate of the test error by removing one of the training points, re-training,
and then testing on the removed point; and then repeating this, for all training points. From
the support vector solution we know that removing any training points that are not support
vectors (the latter include the errors) will have no effect on the hyperplane found. Thus
the worst that can happen is that every support vector will become an error. Taking the
expectation over all such training sets therefore gives an upper bound on the actual risk, for
training sets of sizé— 1.

Although elegant, | have yet to find a use for this bound. There seem to be many situations
where the actual error increases even though the number of support vectors decreases, so
the intuitive conclusion (systems that give fewer support vectors give better performance)
often seems to fail. Furthermore, although the bound can be tighter than that found using
the estimate of the VC dimension combined with Eq. (3), it can at the same time be less
predictive, as we shall see in the next Section.

7.5. VC, SV Bounds and the Actual Risk

Let us put these observations to some use. As mentioned above, training an SVM RBF
classifier will automatically give values for the RBF weights, number of centers, center
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Figure 14.The VC bound can be predictive even when loose.

positions, and threshold. For Gaussian RBFs, there is only one parameter left: the RBF
width (o in Eg. (80)) (we assume here only one RBF width for the problem). Can we
find the optimal value for that too, by choosing tlatvhich minimizesD?/M?2? Figure

14 shows a series of experiments done on 28x28 NIST digit data, with 10,000 training
points and 60,000 test points. The top curve in the left hand panel shows the VC bound
(i.e. the bound resulting from approximating the VC dimension in E¢t? (@) Eq. (85)),

the middle curve shows the bound from leave-one-out (Eg. (93)), and the bottom curve
shows the measured test error. Clearly, in this case, the bounds are very loose. The right
hand panel shows just the VC bound (the top curvegfor- 200), together with the test

error, with the latter scaled up by a factor of 100 (note that the two curves cross). It is
striking that the two curves have minima in the same place: thus in this case, the VC bound,
although loose, seems to be nevertheless predictive. Experiments on digits 2 through 9
showed that the VC bound gave a minimum for whiGhwas within a factor of two of that

which minimized the test error (digit 1 was inconclusive). Interestingly, in those cases the
VC bound consistently gave a lower prediction &érthan that which minimized the test
error. On the other hand, the leave-one-out bound, although tighter, does not seem to be
predictive, since it had no minimum for the valuessdftested.

8. Limitations

Perhaps the biggest limitation of the support vector approach lies in choice of the kernel.
Once the kernel is fixed, SVM classifiers have only one user-chosen parameter (the error
penalty), but the kernel is a very big rug under which to sweep parameters. Some work
has been done on limiting kernels using prior knowledge ¢&apf et al., 1998a; Burges,
1998), but the best choice of kernel for a given problem is still a research issue.

A second limitation is speed and size, both in training and testing. While the speed
problem in test phase is largely solved in (Burges, 1996), this still requires two training
passes. Training for very large datasets (millions of support vectors) is an unsolved problem.



158 BURGES

Discrete data presents another problem, although with suitable rescaling excellent results
have nevertheless been obtained (Joachims, 1997). Finally, although some work has been
done on training a multiclass SVM in one stépthe optimal design for multiclass SVM
classifiers is a further area for research.

9. Extensions

We very briefly describe two of the simplest, and most effective, methods for improving
the performance of SVMs.

The virtual support vector method (Sitk6pf, Burges and Vapnik, 1996; Burges and
Scholkopf, 1997), attempts to incorporate known invariances of the problem (for example,
translation invariance for the image recognition problem) by first training a system, and then
creating new data by distorting the resulting support vectors (translating them, in the case
mentioned), and finally training a new system on the distorted (and the undistorted) data.
Theideais easy toimplement and seems to work better than other methods for incorporating
invariances proposed so far.

The reduced set method (Burges, 1996; Burges andlismbf, 1997) was introduced to
address the speed of support vector machines in test phase, and also starts with a trained
SVM. The idea is to replace the sumin Eq. (46) by a similar sum, where instead of support
vectors, computed vectors (which are not elements of the training set) are used, and instead
of the o;, a different set of weights are computed. The number of parameters is chosen
beforehand to give the speedup desired. The resulting vector is still a vecfyrand
the parameters are found by minimizing the Euclidean norm of the difference between the
original vectorw and the approximation to it. The same technique could be used for SVM
regression to find much more efficient function representations (which could be used, for
example, in data compression).

Combining these two methods gave a factor of 50 speedup (while the error rate increased
from 1.0% to 1.1%) on the NIST digits (Burges and 8i&opf, 1997).

10. Conclusions

SVMs provide a new approach to the problem of pattern recognition (together with re-
gression estimation and linear operator inversion) with clear connections to the underlying
statistical learning theory. They differ radically from comparable approaches such as neural
networks: SVM training always finds a global minimum, and their simple geometric inter-
pretation provides fertile ground for further investigation. An SVM is largely characterized
by the choice of its kernel, and SVMs thus link the problems they are designed for with a
large body of existing work on kernel based methods. | hope that this tutorial will encourage
some to explore SVMs for themselves.
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Appendix
A.1. Proofs of Theorems

We collect here the theorems stated in the text, together with their proofs. The Lemma has
a shorter proof using a “Theorem of the Alternative,” (Mangasarian, 1969) but we wished
to keep the proofs as self-contained as possible.

LEMMA 1 Two sets of points iR™ may be separated by a hyperplane if and only if the
intersection of their convex hulls is empty.

Proof: We allow the notions of points iR™, and position vectors of those points, to be
used interchangeably in this proof. L@t, C'gz be the convex hulls of two sets of points
A, Bin R". Let A — B denote the set of points whose position vectors are given by
a—b, ac A, b e B (note thatd — B does not contain the origin), and Iy — Cz have
the corresponding meaning for the convex hulls. Then showingAteatd B are linearly
separable (separable by a hyperplane) is equivalent to showing that the gets linearly
separable from the origi®. For suppose the latter: théhw € R"™, b € R, b < 0 such
thatx -w+b > 0Vx € A — B. Now pick somey € B, and denote the set of all points
a—b+y,ac A, beBbyA-—B+y. Thenx- w+b>y-w Vxe A— B+Yy,and
clearlyy-w+b < y-w, sothe setsl — B +y andy are linearly separable. Repeating this
process shows that — B is linearly separable from the origin if and onlyAfand B are
linearly separable.

We now show that, iiC4(Cp = 0, thenC4 — Cp is linearly separable from the
origin. ClearlyC4 — Cp does not contain the origin. Furthermarg — Cp is convex,
sinceVx; = a — by, Xo = ax — ba, A € [0,1], aj,8 € C4, by,bs € Cp, we have
(I=X)X1+XX2 = ((1=N)a; +Aaz) — ((1—A)by +Abs) € C4 —Cp. Hence itis sufficient
to show that any convex sét, which does not contai®, is linearly separable frorm.

Let X,,in € S be that point whose Euclidean distance from|| X, ||, is minimal. (Note
there can be only one such point, since if there were two, the chord joining them, which
also lies inS, would contain points closer 10.) We will show thatyx € S, X - X5, > 0.
Supposed x € S such thai - X,,;,, < 0. Let L be the line segment joining,,;, andx.
Then convexity implies thak C S. ThusO ¢ L, since by assumptiof® ¢ S. Hence the
three point€), x andx,,,;, form an obtuse (or right) triangle, with obtuse (or right) angle
occurring at the poinO. Definef = (X — Xynin)/|IX — Xmin||- Then the distance from
the closest point ir. to O is || X;min||? — (Xmin - N)?, Which is less thatix,,, ||>. Hence

X Xmin > 0a@nd$ is linearly separable fro®. ThusC4 — Cp is linearly separable from
O, anda fortiori A — B is linearly separable fror®, and thusA is linearly separable from
B.

Itremains to show that, if the two sets of poirtsB are linearly separable, the intersection
of their convex hulls if empty. By assumption there exists awair R”, b € R, such that
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Va; € A, w-a;+b > 0andvb; € B, w-b;+b < 0. Considerageneral poirte C4. Itmay
bewrittenx = 3. \a;, DA\ =1,0< N\ < 1. Thenw-x+b= > \{w-a;+b} > 0.
Similarly, for pointsy € Cg, w-y + b < 0. HenceC, (Cp = 0, since otherwise we
would be able to find a poimt = y which simultaneously satisfies both inequalities.
]

Theorem 1 Consider some set afi points inR™. Choose any one of the points as

origin. Then them points can be shattered by oriented hyperplanes if and only if the
position vectors of the remaining points are linearly independent.
Proof: Label the originO, and assume that the — 1 position vectors of the remaining
points are linearly independent. Consider any partition ofrthpoints into two subsets,
S1 andSs, of orderm; andms respectively, so thak; + ms = m. LetS; be the subset
containingO. Then the convex hull’; of S; is that set of points whose position vectars
satisfy

my my
X = ZO&Z'SM, ZO@ =1, a; >0 (Al)
i=1 1=1

where thes,; are the position vectors of the; points inS; (including the null position
vector of the origin). Similarly, the convex hulk, of Ss is that set of points whose position
vectorsx satisfy

x=S fisu, S fi=1, >0 (A2)
=1 i=1

where thes,; are the position vectors of the,; points inS,. Now suppose thaf’; and
(5 intersect. Then there exists anc R™ which simultaneously satisfies Eq. (A.1) and
Eq. (A.2). Subtracting these equations gives a linear combination of.thel non-null
position vectors which vanishes, which contradicts the assumption of linear independence.
By the lemma, sinc€; andC5 do not intersect, there exists a hyperplane separating
and.S,. Since this is true for any choice of partition, thepoints can be shattered.

It remains to show that if the: — 1 non-null position vectors are not linearly independent,
then them points cannot be shattered by oriented hyperplanes. ththe position vectors
are not linearly independent, then there exist- 1 numbers;y;, such that

Z viSi =0 (A.3)

If all the ; are of the same sign, then we can scale them sohaf0, 1] and) . v; = 1.
Eq. (A.3) then states that the origin lies in the convex hull of the remaining points; hence,
by the lemma, the origin cannot be separated from the remaining points by a hyperplane,
and the points cannot be shattered.

If the ; are not all of the same sign, place all the terms with negative the right:

D hilsi = llse (A.4)

j€h kel
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wherel;, I; are the indices of the corresponding partitionfO (i.e. of the setS
with the origin removed). Now scale this equation so that either ; [y;| = 1 and
Doken el < Lor 3oy vl < 1and, ;v = 1. Suppose without loss of
generality that the latter holds. Then the left hand side of Eq. (A.4) is the position vector of
a point lying in the convex hull of the pointg J,;, s;} U O (or, if the equality holds, of
the points{{J,,, s;}), and the right hand side is the position vector of a point lying in the
convex hull of the point§J, . ;. si., so the convex hulls overlap, and by the lemma, the two
sets of points cannot be separated by a hyperplane. Thus ploénts cannot be shattered.

[ |

Theorem 4 If the data isd-dimensional (i.e.£ = R?), the dimension of the minimal
embedding space, for homogeneous polynomial kernels of degfBex;,Xx2) = (X1 -
Xg)p7 X1, Xg € Rd), is (d+5_1).

Proof: First we show that the the number of component® of) is (”‘i‘l). Label the
components of as in Eq. (79). Then a component is uniquely identified by the choice
of thed integersr; > 0, Zle r; = p. Now considelp objects distributed amonggt— 1
partitions (numbered throughd — 1), such that objects are allowed to be to the left of
all partitions, or to the right of all partitions. Suppaseobjects fall between partitiong
andg + 1. Let this correspond to a terny’ ; in the product in Eq. (79). Similarlyy
objects falling to the left of all partitions corresponds to a teff) andm objects falling

to the right of all partitions corresponds to a tetfji. Thus the number of distinct terms
of the forma (' x5? - - - al?, Zle r; = p, 1; > 0isthe number of way of distributing
the objects and partitions amongst themselves, modulo permutations of the partitions and
permutations of the objects, WhiCh(i§+z_l).

Next we must show that the set of vectors with compon@ns, ..., (x) span the spack.

This follows from the fact that the componentsdgix) are linearly independent functions.
For suppose instead that the imageboéicting onx € L is a subspace dfi. Then there
exists a fixed nonzero vectdr € ‘H such that

dim(r)
D> Vidi(x) =0 Wx € L. (A.5)
1=1

Using the labeling introduced above, consider a particular compondént of

Dy (X); Z Ty =D- (A.6)

Since Eq. (A.5) holds for al, and since the mapping in Eq. (79) certainly has all
derivatives defined, we can apply the operator

0 . 0

(a_xl)h “(6—37(1)” (A.7)

to Eq. (A.5), which will pick that one term with corresponding powers ofihé Eq.
(79), giving
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Vigrgorg = 0. (A.8)
Since this is true for all choices of, - - -, 74 such thag‘f:l r; = p, every component
of V must vanish. Hence the image®facting onx € £ spansH. [ ]

A.2. Gap Tolerant Classifiers and VC Bounds

The following point is central to the argument. One normally thinks of a collection of
points as being “shattered” by a set of functions, if for any choice of labels for the points,
a function from the set can be found which assigns those labels to the points. The VC
dimension of that set of functions is then defined as the maximum number of points that
can be so shattered. However, consider a slightly different definition. Let a set of points
be shattered by a set of functions if for any choice of labels for the points, a function from
the set can be found which assigns itheorrectlabels to all the points. Again let the VC
dimension of that set of functions be defined as the maximum number of points that can be
S0 shattered.

Itis in fact this second definition (which we adopt from here on) that enters the VC bound
proofs (Vapnik, 1979; Devroye, @yfi and Lugosi, 1996). Of course for functions whose
range is{£1} (i.e. all data will be assigned either positive or negative class), the two
definitions are the same. However, if all points falling in some region are simply deemed to
be “errors”, or “correct”, the two definitions are different. As a concrete example, suppose
we define “gap intolerant classifiers”, which are like gap tolerant classifiers, but which label
all points lying in the margin or outside the sphereea®rs. Consider again the situation
in Figure 12, but assign positive class to all three points. Then a gap intolerant classifier
with margin width greater than the ball diameter cannot shatter the points if we use the first
definition of “shatter”, but can shatter the points if we use the second (correct) definition.

With this caveat in mind, we now outline how the VC bounds can apply to functions with
range{+1, 0}, where the labed means that the point is labeled “correct.” (The bounds
will also apply to functions where is defined to mean “error”, but the corresponding VC
dimension will be higher, weakening the bound, and in our case, making it useless). We
will follow the notation of (Devroye, Ggrfi and Lugosi, 1996).

Consider points € R?, and letp(x) denote a density oR?. Let ¢ be a function om??
with range{+1, 0}, and let® be a set of such functions. Let eaclhave an associated
labely, € {+1}. Let{xy,---,X,} be any finite number of points iR?: then we require
® to have the property that there exists at least oree ® such thaip(x;) € {£1} V a;.

For giveng, define the set of pointd by

A={w:y,=1Lo(e) = ~1}Ufe: g, = —1,6(c) = 1} (A.9)

We require that the be such that all setd are measurable. Let denote the set of all
A.

Definition: Letx;,7 = 1,---,n ben points. We define the empirical risk for the set
{Xia ¢} to be
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va({Xi,0}) = (1/n) Y Ix,ea. (A.10)
i=1

wherel is the indicator function. Note that the empirical risk is zerg(ix;) = 0V x;.
Definition: We define the actual risk for the functignto be

v(p) = P(x € A). (A.12)
Note also that those pointsfor which ¢(x) = 0 do not contribute to the actual risk.
Definition: For fixed(xy, ---,%,) € R?, let N4 be the number of different sets in

{{X1, -, xp,JNA:Ac A} (A.12)

where the setsl are defined above. The n-th shatter coefficientlo$ defined

s(A,n) = N e Na(Xy, -, Xn). (A.13)

We also define the VC dimension for the claédo be the maximum integér > 1 for
which s(A, k) = 2",

THEOREM 8 (adapted from Devroye, @yfi and Lugosi, 1996, Theorem 12.6):Given
vn({Xs, 0}), v(¢) ands(A, n) defined above, and givenpoints(xi, ..., X, ) € R?, let ®’
denote that subset @ such that allp € @’ satisfy$(x;) € {£1} V x;. (This restriction
may be viewed as part of the training algorithm). Then for any stch

P(jvn({Xi, 0}) — v(9)] > €) < 85(A,n) exp "</ (A.14)

The proof is exactly that of (Devroye, @ifi and Lugosi, 1996), Sections 12.3, 12.4 and
12.5, Theorems 12.5 and 12.6. We have dropped the “sup” to emphasize that this holds
for any of the function®. In particular, it holds for thosé which minimize the empirical
error and for which all training data take the valjesl }. Note however that the proof only
holds for the second definition of shattering given above. Finally, note that the usual form
of the VC bounds is easily derived from Eq. (A.14) by usitigl, n) < (en/h)" (whereh
is the VC dimension) (Vapnik, 1995), setting= 8s(A, n) exp~"¢ /32, and solving fore.

Clearly these results apply to our gap tolerant classifiers of Section 7.1. For them, a
particular classifiepp € @ is specified by a set of parametgr8, H, M}, whereB is a
ballin R4, D € Ris the diameter of3, H is ad — 1 dimensional oriented hyperplane in
R?, andM e R is a scalar which we have called the margif.itself is specified by its
normal (whose direction specifies which poil{s (H_) are labeled positive (negative)
by the function), and by the minimal distance frdihto the origin. For a giver € @,
the margin seb, is defined as the set consisting of those points whose minimal distance
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to H is less thanV//2. DefineZ = Sy (B, Z+ = Z(\Hy,andZ_ = Z(H_. The
function ¢ is then defined as follows:

p(X)=1Vx € Z, ¢(X)=—-1Vxe Z_, ¢(x)= 0 otherwise (A.15)

and the corresponding setsas in Eq. (A.9).

Notes

P

K. Mulller, Private Communication

2. Thereaderinwhom this elicits a sinking feeling is urged to study (Strang, 1986; Fletcher, 1987; Bishop, 1995).
There is a simple geometrical interpretation of Lagrange multipliers: at a boundary corresponding to a single
constraint, the gradient of the function being extremized must be parallel to the gradient of the function whose
contours specify the boundary. At a boundary corresponding to the intersection of constraints, the gradient
must be parallel to a linear combination (non-negative in the case of inequality constraints) of the gradients of
the functions whose contours specify the boundary.

3. Inthis paper, the phrase “learning machine” will be used for any function estimation algorithm, “training” for
the parameter estimation procedure, “testing” for the computation of the function value, and “performance”
for the generalization accuracy (i.e. error rate as test set size tends to infinity), unless otherwise stated.

Given the name “test set,” perhaps we should also use “train set;” but the hobbyists got there first.

5. We use the term “oriented hyperplane” to emphasize that the mathematical object considered i§ Bhaygair
whereH is the set of points which lie in the hyperplane ani@ a particular choice for the unit normal. Thus
{H,n} and{H, —n} are different oriented hyperplanes.

6. Such a set af: points (which span am — 1 dimensional subspace of a linear space) are said to be “in general
position” (Kolmogorov, 1970). The convex hull of a setaf points in general position defines an — 1
dimensional simplex, the vertices of which are the points themselves.

7. The derivation of the bound assumes that the empirical risk converges uniformly to the actual risk as the
number of training observations increases (Vapnik, 1979). A necessary and sufficient condition for this is that
lim;_, o, H(1)/l = 0, wherel is the number of training samples a#f(!) is the VC entropy of the set of
decision functions (Vapnik, 1979; Vapnik, 1995). For any set of functions with infinite VC dimension, the VC
entropy isl log 2: hence for these classifiers, the required uniform convergence does not hold, and so neither
does the bound.

8. There is a nice geometric interpretation for the dual problem: it is basically finding the two closest points of
convex hulls of the two sets. See (Bennett and Bredensteiner, 1998).

9. One can define the torque to be

Pptipin_o = €uioopn®upn_1 Fu, (A.16)

where repeated indices are summed over on the right hand side, anctugigretotally antisymmetric tensor
with €1, = 1. (Recall that Greek indices are used to denote tensor components). The sum of torques on
the decision sheet is then:

E €ptopin Sipg 1 Fipy = E €putapin Siptg 1 XY Wpn = €y in Wiy Wyyy =0 (A.17)

7 2

10. In the original formulation (Vapnik, 1979) they were called “extreme vectors.”

11. By “decision function” we mean a functigi{x) whose sign represents the class assigned to dataxpoint
12. By “intrinsic dimension” we mean the number of parameters required to specify a point on the manifold.
1

w

. Alternatively one can argue that, given the form of the solution, the possgibfeist lie in a subspace of
dimension.
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14. Work in preparation.
15. Thanks to A. Smola for pointing this out.
16. Many thanks to one of the reviewers for pointing this out.

17. The core quadratic optimizer is about 700 lines of C++. The higher level code (to handle caching of dot
products, chunking, 10, etc) is quite complex and considerably larger.

18. Thanks to L. Kaufman for providing me with these results.

19. Recall that the “ceiling” sigfi] means “smallest integer greater than or equal to.” Also, there is a typo in the
actual formula given in (Vapnik, 1995), which | have corrected here.

20. Note, for example, that the distance between every pair of vertices of the symmetric simplex is the same: see
Eq. (26). However, a rigorous proof is needed, and as far as | know is lacking.

21. Thanks to J. Shawe-Taylor for pointing this out.
22. V. Vapnik, Private Communication.

23. There is an alternative bound one might use, namely that corresponding to the set of totally bounded non-
negative functions (Equation (3.28) in (Vapnik, 1995)). However, for loss functions taking the value zero or one,

and if the empirical risk is zero, this bound is looser than thatin Eq. (3) whe 21/’1)*[1)710%("/4) >
1/16, which is the case here.
24. V. Blanz, Private Communication
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